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The Use of Large Scale Computing in Physics 


JOHN SHELDON, Department of A pplied Science, International Business Machines Corporation, New York 


AND 


L. H. Tuomas, Watson Scientific Computing Laboratory, Columbia University, New York 
(Received April 24, 1952) 


A number of methods of numerical solution of systems of partial differential equations are surveyed. 
The size and speed of computing machines required to solve problems of varying complexity is discussed. 
Finally, a number of typical problems which have been solved numerically by various authors are described. 





1. INTRODUCTION 


HERE is need for numerical solution of equations 
both in fundamental and in applied physics. For 
example, in fundamental physics, the numerical solu- 
tion of the equation systems for problems involving 
many particles without simplifying approximations 
would lead to stringent tests of our theories, and com- 
parison of the numerical results with experiment would 
facilitate the development of new theories. In applied 
physics the numerical solution of the classical differ- 
ential systems of physics (Laplace’s equation, the wave 
equation, the equation of conduction of heat, the 
Navier-Stokes equations of viscous motion, the bihar- 
monic equation, for problems in elasticity, etc.) with 
practical boundary conditions would be valuable in the 
design of electron focusing systems, antennas, reactors, 
cooling molds, airfoils, turbine blades, continuous struc- 
tures, and so on, as well as for more fundamental work. 
While mathematical analysis may make the computing 
trivial in simple cases, in more difficult cases the sheer 
weight of calculation has often made numerical solution 
impossible, although most of the methods of solution 
have been known at least since the time of Gauss. 
This impasse is now being surmounted by the use of 
large digital computers. 

In 1946 an electronic digital computer called the 
ENIAC was put in operation at the Aberdeen Proving 
Grounds, and in 1948 another electronic digital com- 
puter, the FSEC, was put in operation by International 
Business Machines Corporation at New York City. 
Since 1946 at least 25 major general purpose digital 
computers have been under construction by universi- 


ties, government laboratories, and private industry in 
various parts of the world. Some of these projects are 
the IAS Computer at Princeton, the ORDVAC at the 
University of Illinois, the EDSAC at Cambridge, 
England, the CALDIC at the University of California, 
the Mark II, Mark III, Mark IV, at Harvard, the 
EDVAC at Moore School, the Whirlwind at MIT, the 
UTEC at the University of Toronto, the SWAC at the 
Institute for Numerical Analysis, Los Angeles, the 
A.C.E. at the National Physical Laboratory, Tedding- 
ton, England, the SEAC at the National Bureau of 
Standards, Washington, the UNIVAC by Remington 
Rand Corporation, the RAYTHEON computer, the 
“604,” the CPEC, and the “Defense Calculator” by 
International Business Machines Corporation, the ERA 
computer by Electronic Research Associates, and the 
FERRANTI machine by the Ferranti Company, Man- 
chester, England.! 

As these projects are completed, more computers will 
become available to physicists everywhere. We discuss 
in this article what this new facility may mean to 
physicists within the next few years. Since partial 
differential equations underlie almost every mathe- 
matical description of physical phenomena, we take 
these as our starting point. We survey known methods 
for solving Poisson’s equation, the time dependent heat- 
conduction equation, and the static wave equation and 


' Brief descriptions of most of these } earete may be found 
either in a series of publications called the Digital Computer 
Newsletter (hereafter called DCN) published by the Office of 
Naval Research, Mathematical Sciences Division, or in the publi- 
cation Mathematical Tables and other Aids to Computation (here- 
after called MTAC). 
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discuss how much more computing might be required 
for more complicated systems. We can then estimate 
what is required for computers capable of solving 
problems of varying complexity. 


2. METHODS FOR SOLVING LAPLACE’S AND 
POISSON’S EQUATION 


A. Series Expansion 


This method is immediately applicable to homo- 
geneous linear elliptic equations (e.g., Laplace’s equa- 
tion). Suppose we want to solve Laplace’s equation for 
a region R with boundary conditions on a boundary C. 
If we know a complete set of harmonic functions for a 
region R’ which is somewhat similar to R, we can write 
the solution in R as an infinite series in the complete 
set of harmonic functions for R’. By truncating the 
series, we obtain an approximation to the true solution. 

If we take NV terms of the series and substitute these 
' into the boundary conditions at N points, we obtain NV 
simultaneous linear equations for the N coefficients in 
the series. The solution of the V simultaneous equations 
may be obtained by a number of arithmetical opera- 
tions of order N*. This method is only practical in 
rather specialized circumstances, since the boundary 
must approximate a boundary for which analytical 
solutions are known. 


B. Gaussian Elimination 


The differential equation and boundary conditions 
may be replaced by a second-order difference equation 


Taste I. The number of operations required to solve elliptic 
problems by iteration of network equations. 
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and boundary conditions. A sufficient number of points 
Nz, N,, N., are taken across each dimension x, y, z to 
represent the differential system as a system of V2, N,N, 
and N,N,N, simultaneous linear equations in one, two, 
and three dimensions, respectively. The matrix of 
coefficients of the system may be reduced to triangular 
form by a number of applications of a formula of the 
type a;;' = 0,;;— @;10);/a;;, where the a,;; represent matrix 
elements. 

In one-, two-, and three-dimensional problems V,, 
N.N,'/3, N.N,'N 2/3 applications of the formula will 
be required. This leads to 3N., N,N,’, N.N,'N.’, arith- 
metical steps for solution. We have V,N,°N,;’ instead of 
(V,N,N,)* operations because it is possible to take into 
account in part that there are many zero elements in 
the matrix of coefficients. In addition to the above, 
there will be applications of the reduction formula to the 
inhomogeneous part of the system requiring 3N., V.N,?, 
N,N,?N-’, operations in one, two, and three dimensions, 
and then the solution of the triangular system will 
require 2N,, N,N,?, N.N,?N,? operations. If the differ- 
ence system and boundary conditions are self-adjoint, 
as is true in most physical problems, then the number of 
operations required for triangularization may be re- 
duced to one-half. 

This method is generally applicable to linear elliptic 
problems. It may also be applied to some nonlinear 
problems. For example, consider 

VV=f(V). (2.1) 


Let Vo be an approximation to V, and let e=f(Vo) 
—V?V>. Then 


V=Vot+ dV, (2.2) 


(2.3) 


V)=f(V ot sy 
f(V)=f( oy, 


of 
v*(8V) -——8V =«. (2.4) 
av 


0 


We have a linear equation for 5V which we may solve 
by the elimination method. Then we obtain a new 
approximation from Eq. (2.2) and repeat the process. 
When the method converges, convergence should be at 
a rapid rate since the error in Eq. (2.3) is proportional 
to (6V)?, i.e., the method is quadratically convergent.’ 
Four or five iterations will often be sufficient. 


C. Iterative Methods 


We replace the differential system by a difference 
system as before, but solve the equations by a method 
of successive approximation. There are many different 
iteration methods; some of the fundamental ones are 
the following: 


2 D. R. Hartree, Proc. Cambridge Phil. Soc. 45, 230-236 (1949). 
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(1) Southwell’s relaxation method,® 

(2) Liebmann method‘ (“unextrapolated” and “ex- 
trapolated”’), and 

(3) Richardson method‘ (first and second order). 

Southwell’s relaxation methods in which one im- 
proves in the neighborhood of the place where the 
residuals are largest have not been used extensively on 
computing equipment because in the time to find a 
“largest residual” a computing machine could make 
many systematic improvements. We take the extrapo- 
lated and unextrapolated Liebmann methods as being 
best suited for sequenced computers. 

Consider a two-dimensional problem with a square 
boundary and with equal mesh spacing &. Then the 
difference system for Poisson’s equation may be written 


Vis, pV, sat View st Vi, jp —4Vi, 5= Bij, 
=? ee 
j=1, 2, ---,N—1, 

Voi=fis 
Vy,i=8i, Vin=Vi 


Vio= $i Ne 
Boundary conditions: - - (2.5). 


Suppose we have an mth approximation V;;‘" to the 
solution of the difference system. We obtain V;;‘"*» by 


Vj M= Vista Vin {P+ Vi a 
+ Vin SPV, PAV, $9 — Ep i5]. (2.6) 


If a=}, the method is called unextrapolated. 

If }<a<}, the method is called extrapolated. 

The rate of convergence of the extrapolated Lieb- 
mann method is discussed in a fundamental paper by 
S. P. Frankel.* To find the rate of convergence, it is 
necessary to study the “error eigenfunctions,” which 
decrease at definite rates in successive approximations. 

In order to estimate the number of operations to 
effect solution it is necessary to know (a) the accuracy 
of the first approximation, (b) the accuracy desired in 
the final result, and (c) what parts of the error in the 
original approximation are comprised of error eigen- 
functions decreasing at various rates. In order to make 
a rough computation, we assume that most of the 
error decreases at the slowest rate, which for a=} is 
1—x*/N?, but for the optimum a is about 1—27/N. 
We also assume, as will usually be the case, that each V 
in the bracket multiplied by a in Eq. (2.6) is multiplied 
by a Lagrangian coefficient (which allows us to use 
curvilinear coordinates). Then the Table I gives the 
approximate number of operations and iterations to 
obtain a solution by these methods in one, two, and 
three dimensions. 

As may be seen from the table, the extrapolated 
method is far superior to the unextrapolated method. 


*R. V. Southwell, Relaxation Methods in Engineering Science 





_ (The Clarendon Press, Oxford, 1940). 


*S. P. Frankel, MTAC 30, 65 (1950). 


The trouble is that the optimum a cannot be calculated 
easily exactly for any region except a rectangle with 
an equal interval rectangular mesh. However, since 
values of a near the optimum give almost as much 
improvement, while values of a too large make the 
solution unstable, it may well be economical to estimate 
it by trial and error methods. 


D. Monte Carlo Method (for Laplace’s Equation) 


The region in which solution is required is replaced 
by a mesh of N,N,N, points as in the elimination 
method. Starting at a given mesh point, one simulates 
in a computing machine, a “random walk” from mesh 
point to mesh point. When the walk reaches the 
boundary, the boundary value (from the boundary con- 
ditions) is noted. Random walks are repeated from the 
same mesh point, and the boundary values obtained are 
averaged over the number of walks. The limit of this 
average as the number of walks tends to infinity is the 
solution to the difference equation at the mesh point in 
question. Consider a cube so that V,=N,=N,=N and 
a mesh point near the center of the cube. We would 
expect the order of V? steps to reach a boundary point. 
In order to reduce the statistical fluctuation in the 
average boundary value to less than say 0.1 percent, we 
would expect to trace 10° walks so that we have order 
10°? operations for each mesh point near the center. 
There are in toto N* mesh points. For a complete 
solution the Monte Carlo method requires too many 
operations to compete with iteration methods, and we 
do not consider it further as a practical technique for 
solving partial differential equations. If the value of 
the solution at one point is required, the method may 
well be useful. 


3. THE HEAT CONDUCTION EQUATION 


Consider the equation for heat conduction, dV/dt 
=a’V?V. Suppose that we take steps in the time 7 and 
denote the time pz by a superscript p. Then the differ- 
ential system may be replaced by a difference system in 
two fundamentally different ways: 


2 
a 
V5? — V5j?= 5 (Vin. Pt Vi ji? 


+ Vin P+ Vi, 1? -4V 55), (3.1) 
a? 
rpr= Fair ran PP Vg see? 


+ Vig PHEV; p17 —4V i374). (3.2) 


We call Eq. (3.1) an explicit system, since once given 
the solution V;;? at one p, say p= po, we may solve for 
V,;?°+! immediately. We call Eq. (3.2) an implicit 
system, since given the solution V;;? for p= po, we have 
a system of simultaneous equations for V;;**! and the 
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Taste II. The number of operations required to 
solve various problems. 








Lowest charac- 
teristic value 
Time dependent a4 —~ 


Dimens. Direct Unext. Ext. Implicit®* Explicit method Shortley 





1 240 200000 2100 0(10000) 200000 0(10)  0(10*) 
2 900000 8xX10* 100000 0(105 8X10 0(107) 0(105) 
3 2x10" 3X10® 4X10* 0(10%) 3X108 0(10%) 0(105) 








* Assuming direct method of solution. We triangularize the matrix of 
coefficients once, then use this triangularized matrix at each step. About 
100 steps might be required. 


methods for elliptic equations discussed previously must 
be used at each step forward in the time. 

For the explicit system, the solution of the difference 
system diverges exponentially from the solution of the 
differential system unless ra?/t?<2,5 while for the 
implicit system,® no such stability condition exists, so 
that steps 7 consistent with the concept of having a 
number of straight line segments representing the 
variation of V with the time may be used to determine 
the interval. 

Except in one space dimension, the implicit method 
involves more operations for each step + than the 
explicit method. However, in some problems, for ex- 
ample, when the system has a singularity making 
a*—+e in some regions, one may take very much larger 
steps r using the implicit method than using the explicit 
method, so that both methods have their place. In 
solving the heat conduction equation, 300 steps in time 
using the explicit method and 30 steps using the 
implicit method are about what one expects to need if 
one wants to approach the steady state of the system. 


4. CHARACTERISTIC VALUE PROBLEMS 


Characteristic value problems require by the direct 
method about four times the work of one boundary 
value problem per characteristic value (for instance, to 
evaluate the determinant four times). 

To determine the lowest characteristic value by the 
simplest iterative method,’ we require approximately 
the same number of operations as are required by the 
unextrapolated Liebmann method for a boundary value 
problem over the same mesh. Flanders and Shortley* 
have an ingenious method which substantially reduces 
the number of operations in many cases. 


5. SPECIFIC EXAMPLES 


As specific examples for a computer we consider 
Poisson’s equation, the heat conduction equation, and 
the characteristic values of the Laplace operator in one, 


* Courant, Friedrichs, and Lewy, Math. Ann. 100, 32 (1928). 

*The implicit method is due to J. von Neumann. For an 
analysis of the method see Seminar on Scientific Computation 
a Business Machines Corporation, New York, 1949), 
ws * 

7L. H. Thomas, Phys. Rev. 51, 202 (1937). 
(1950) A. Flanders and G. Shortley, J. Appl. Phys. 21, 1326 
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two, and three dimensions, assuming that we require 30 
points across each dimension and four-decimal accuracy 
in the solution. We also assume for the time dependent 
problem that we wish to approach the steady state to 
four decimal places. Table II shows the approximate 
number of operations which would be required using 
various methods. 

For more complicated equations we must multiply 
the number of operations given in Table II by factors 
which we suppose lie between 1 and 100. 


6. COMPUTERS 


Sequenced digital computers must have, besides 
sequencing, a definite amount of selective storage avail- 
able at any operation as well as a much larger secondary 
storage flowing at a sufficient rate. In addition, the rate 
of input and output of information to and from the 
computer must be adequate. 

The operation times of most computers vary with the 
operation (addition, multiplication, etc.) which is being 
performed. We take the multiplication time to be 
fundamental. The time for addition in most computers 
is shorter than the multiplication time. 

From current experience, a capacity of secondary 
storage for everything computed in the whole problem 
seems to be required with a rate of flow of about one 
number per multiply time, while the input and output 
required vary with the problem. For differential systems 
the input-output requirement, while increasing with the 
complexity of the problem, does not generally increase 
as fast as the rate of flow of secondary storage required. 
It is necessary to read in and out of secondary storage 
from selective storage at this same rate. In addition, 
the number size must be adequate. Number size is 
dictated in part by the accuracy with which results are 
required, which we have arbitrarily assumed to be four 
decimal digits, much more by the loss of accuracy 
occurring during long computations. Six decimal digits 
seem enough for simple problems, and it is hoped twelve 
or thirteen will be enough for most. If more are required, 
double and even triple accuracy should be sequenced 
with corresponding loss of speed. Thus, computers may 
be characterized by input, output, rate of flow of 
secondary storage, size of selective storage, multipli- 
cation time, addition time, and number size. 


7. THE PHYSICAL PROBLEMS COVERED 


A. Problems with the Time the Sole Independent 
Variable 


These include projectile and rocket trajectories, 
astronomical orbits, and the motion of machines. 
Selective high speed storage of from thirty to three 
hundred numbers and from 300 to 30 000 operations per 
dependent variable, according to the complexity of the 
problem, are required. Single problems are within the 
reach of hand computing, but machines make possible 
the tabulation of many trajectories. 








st 









- 
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B. Problems with One Space-Like Dimension 


These problems all occur as very special idealized or 
simplified cases of problems really involving more 
dimensions. The computing of tables of univariant 
functions such as Bessel functions would also come in 
this class or in class A. 

(a) Linear static problems: the computing require- 
ments are about the same as for class A. 

(b) Nonlinear static problems: selective high speed 
storage of from thirty to three hundred numbers only 
is needed, but from 1000 to 100000 operations are 
needed per problem. 

(c) Characteristic value problems: From 1000 to 
100 000 operations are needed per characteristic value. 

(d) Time dependent problems: If the secondary 
storage is reasonably available we can still manage 
with thirty to six hundred numbers in selective high 
speed storage, but from 10 000 to 1 000 000 operations 
are needed. The special symmetrical cases of heat flow, 
shock waves, and similar problems are included. These 
being beyond hand computing and simple computers, 
much interesting work on them remains to be done. 


C. Problems with Two Space-Like Dimensions 


These problems begin to cover cases of general 
interest and are sometimes applicable to actual engi- 
neering problems. The simplest cases may be solved 
analytically by the use of conjugate functions. 

(a) Linear static problems: The simplest cases of two- 
dimensional flow and of problems in elasticity and heat 
transfer are covered. We need from 100 to 2000 numbers 
in selective high speed storage and from 100000 to 
10 000 000 operations per problem. Secondary storage 
must be available at a rapid rate. 

(b) Nonlinear static problems: Here problems in 
steady plastic flow, compressible flow, and viscous flow 
can be reached. The requirements for computing, using 
iteration, are the same as for class C(a). 

(c) Characteristic value problems: 100 000 to 10 000- 
000 operations per characteristic value may be required. 
Perhaps some problems in elastic stability and stability 
of fluid flow of engineering interest might be included. 

(d) Time dependent problems: Here we deal with 
fluid flow in two dimensions and elastic waves. Many 
problems of engineering interest can be treated such as 
flow around airfoils, shock waves in air, earthquake 
waves, and so on, so long as these last do not require 
three dimensions of space. From 10000000 to 1 000- 
000 000 operations are required. 


D. Problems with Three Space-Like Dimensions 


These cover most problems of engineering interest. 

(a) Linear static problems: Three dimensions of 
steady fluid flow and three-dimensional elastic deforma- 
tion. Some problems of heat conduction and diffusion 
including pile theory are included here. From 300 to 
6000 numbers may be needed in selective high speed 


USE OF LARGE SCALE COMPUTING IN PHYSICS 


239 





storage, though ingenious sequencing may reduce the 
maximum needed. Secondary storage must be available 
at the rate of one word per multiplication time. From 
4 000 000 to 400 000 000 operations will be required. 

(b) Nonlinear static problems: The computing re- 
quirements are the same as for class D(a), but diffi- 
culties as to the possibility of solution may considerably 
multiply the work. Problems in compressible, plastic, 
and viscous flow are included. 

(c) Characteristic value problems: The storage re- 
quirement is the same but from 4000000 to 40 000- 
000 000 operations per characteristic value may be 
required. Fairly accurate solutions to some problems of 
molecular structure, including metal lattices, would 
perhaps be attained, as well as some of the simplest 
problems of atomic and nuclear structure. We also have 
problems of elastic stability and stability of fluid flow 
of real engineering interest. 

(d) Time dependent problems: Here the number of 
operations ranges from 300 000 000 to 30 000 000 000. 
Solution of three-dimensional propagation problems of 
engineering interest are included. 


E. Problems with Four or More Space-Like 
Dimensions 


The problems of interest are characteristic value 
problems of quantum theory comprising problems of 
atomic and nuclear structure. Some 1000 to 10000 
numbers may be needed in high speed storage and from 
4 000 000 000 to 400000000000 operations will be 
needed. 


8. APPRAISAL OF COMPUTER 


For comparative purposes we shall impose a time 
limit of a million seconds, about seven working weeks, 
per problem. Desk computers with an effective speed 
of one arithmetical operation in forty seconds are then 
practical only for problems requiring less than twenty- 
five thousand operations. Standard punched card equip- 
ment with very limited automatic sequencing requires 
many problems, at least a hundred, to be done in 
parallel; it then has an effective speed of about one 
operation per second. We will not discuss specific com- 
puters. Most computer projects are in a state of flux 
so that the final characteristics are not definitely known. 
We therefore discuss three typical machines, A, B, 
and C of increasing size and speed. Most computers 
presently in operation or under construction may be 
interpolated somewhere in this series. 


A. Machine A 


Machine A is a machine with standard punched card 
input and output and uses punched cards for secondary 
storage and for sequencing. Selective storage is electro- 
mechanical with storage facility for 25 to 100 ten digit 
words. The operation rate is about two operations per 
second including transfer in and out of storage. 
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B. Machine B 


Machine B has a magnetic drum selective storage for 
1000 to 10000 ten decimal digit words. Input and 
output and secondary storage are punched cards or 
punched tape. Sequencing is effected by numbers read 
off the drum (“stored program’’). The operation time, 
including transfer of numbers to and from storage, is 
20 milliseconds (i.e., the machine is capable of 50 opera- 
tions per second). 


C. Machine C 


Machine C has an acoustic delay line or electrostatic 
selective storage for 500 to 2000 ten decimal digit 
words. Input and output are punched cards or punched 
tape. Secondary storage is magnetic tape flowing at the 
rate of one word per millisecond. Multiplication time is 
one millisecond, addition time 0.1 millisecond, including 
time for transfer of numbers to and from storage. 
Sequencing is effected by numbers read from storage. 

In Table III, the types of problems are listed in 
order of numbers of operations required, the selective 
storage also being given. The typical machines are 
listed opposite in the order of their speed of operation. 

We see that simple problems with two space dimen- 
sions (class C(a), (b), (c)) and problems with one space 
dimension and the time (class B(d)) are reached by 
machine A. More difficult problems with two space 
dimensions, simple problems with 3 space dimensions 
(class D(a), (b), (c)) and with 2 space dimensions and 
time (class C(d)) are reached by computer B. More 
difficult problems with three space dimensions as well 
as simple problems with three space dimensions and 
time are reached by computer C. 

Computers of type A are commercially available now, 
some computers of type B are in operation, and com- 
puters of type C are under construction. 


9. A BRIEF DESCRIPTION OF SEVEN TYPICAL 
COMPUTATIONS TAKEN FROM THE 
PUBLISHED LITERATURE 


A. S Wave Proton-Proton Scattering® (G. Breit) 


The radial Schroedinger equation for two potentials 
was integrated numerically. These equations were 





d? a3 
|—tartoe——ly=o, (9.1) 

dx? x 

d? boe~/* bs 
—+b,4 ——;y=0. (9.2) 

x x x 


The boundary conditions were 
(0) =0, 
y’(0)=1. 
* Hatcher, Arfken, and Breit, Phys. Rev. 75, 1389 (1949). 
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TaBLe III. Requirements for problems and the 
computers available. 











Opera- 
tions per 
Operations per million 
Problem Storage problem Machine Storage sec 
A, Ba 30-300 300-30 000 
Desk cee 25 000 
Bb, c 30-300 1000-100 000 
Bd 30-300 104-106 
A 25-100 2X10 
Ca, b,c 100-2000 105-107} 
Da, b,c 300-6000 4X 1084 « 108 
B 1000-10000 5X10’ 
Cd 30-300 107-109 
Dd 300-6000 3 X 108-3 X10” 
. € 500-2000 10° 
E 1000-10000 4>X<10°-4 x10" 








¢ 


The equations were integrated step-by-step using 
methods taking account of higher-order differences. 

Various combinations of the parameters (41, de, a3), 
(b;, b2, bs) were chosen to cover ranges of physical in- 
terest. Equation (9.1) was integrated on the auto- 
matically sequenced relay calculators at the ballistic 
research laboratories. Equation (9.2) was integrated on 
the automatically sequenced relay calculators at the 
Watson Scientific Computing Laboratories at Columbia 
University. 


B. The Stability of the Free Laminar Boundary 
Layer Between Parallel Streams'® (M. Lessen) 


The behavior with respect to time of a small two- 
dimensional disturbance in a steady flow was analyzed 
to determine whether the disturbance grows or is 
damped out. By analytical methods, the problem was 
reduced to an eigenvalue problem for the equation 
system: 


(f’—c)(g” — a2 o) — f’” gp =0, (9.3) 


(f’--c)( ge” — ae) — fg 
_ gor — 2a? gO’ 4 arg | (9.4) 


ff+2f’=0. - (9.5) 
The boundary conditions were 

f= aot aye"?+ are"-+ a3e!"+ ---, (9.6) 

gp = e+ hype(4tton fiogedtang ... (9.7) 


go) = 4 fry elton fy e(dtan ... (9.8) 


when real part of y>. 

The equations were integrated along a path in the 
complex plane (avoiding the singularity f=c) to a large 
positive y. Thence the Reynolds number R was evalu- 
ated from 





(9.9) 


_ ©) + ag(+ ms 
g (+ 0)+-ay(+ 0) } 


a 


1@ M. Lessen, NACA Technical Note, 1929, August 1949. 
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For a physical solution R must come out real. (a, the 
disturbance wave number, was taken real, and c, the 
disturbance phase velocity, may be complex.) Hence, 
we have an eigenvalue problem between a, R, and c. 
The problem was solved by a process of successive 
approximation, i.e., assume a value of a, vary ¢ till R 
comes out real. Finite difference step-by-step integra- 
tion was used to solve the problem in the SSEC. The 
flow was found to be unstable except for small R’s. 


C. Eigenvalve Problems Related to the Laplace 
Operator! (D. A. Flanders and G. H. Shortley) 


Several eigenvalue problems of the Laplace operator 
in two and three dimensions were solved using various 
methods leading to the one described in reference 8. 
Calculations were carried out using International Busi- 
ness Machines punched card equipment at the Argonne 
National Laboratories. 


D. Dynamics of Nuclear Fission'? (D. L. Hill) 


The irrotational motion of a liquid drop under the 
influence of a fluid pressure p; and Coulomb body force 
—Vu was obtained. Under the additional assumption 
that the gradient of the acceleration is zero, the pseudo- 
pressure p= 1u-+ p; satisfies 


v2p=0 (9.9) 
at each instant of time. 
The boundary conditions are 
p=([u+OK ], surface, (9.10) 


where O is the surface energy per unit area and K is 
the curvature. Initial shapes for the drop were taken 
to be those calculated by Metropolis and Frankel. 
Initial velocities were taken to be the lowest order 
symmetrical and asymmetrical modes of motion about 
the initial critical form. 

The drop is treated as cylindrically symmetric with 
the surface represented by 11 points. The calculation 
proceeded cyclicly in the following manner: 

(a) determining the curvature by calculating 


p(1+p’)!— pp” 
K= 


p(1+p’?)! 





using 11 point formulas for the derivatives of p; 
(b) determining the surface potential from 





“1 p(z) dp 
U;=2p; J pe [e+ (60+ 2) —| 


X[K (K*)—2p(2;)D(K?) ]dz, (9.11) 


1D. A. Flanders and G. H. Shortley, Proc. I.B.M. Seminar 
(November 1949), pp. 64-70. 
#D—. L. Hill, Proc. I.B.M. Seminar (1949), pp. 9-16. 
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where 
4p(z) p(z:) 
K?=——_—_—__, (9.12) 
g"(z, 2s) 
and 
g°(z, 21) = (2—2,)*+[(z)+e(z;) *, (9.13) 


K is the complete elliptic integral of the first kind, 
and D is a linear combination of the complete elliptic 
integrals of the first and second kind; 

(c) calculating the pseudo-pressure p as an expansion 
in solid harmonics 


p= > LBy(p, Z), 
A=0 


determining the coefficients ), by minimizing the surface 
integral {(p—o)*ds (this leads to a system of eight 
simultaneous equations for the dy) ; 

(d) calculating Vp and thence the new surface coordi- 
nates from udV /di= — Vp by step-by-step methods. 

The method used for solving Laplace’s equation is 
analogous to the method described in Sec. 2a, and the 
method for treating the time dependence is analogous 
to the explicit method, Sec. 3. Stability was investigated 
by introducing a small amount of a three-loop surface 
oscillation of known period and observing that these 
oscillations persisted at the expected rate. 

The calculations confirmed the experimental observa- 
tion that “unequal splits” are more probable than 
“equal splits.” There was not time to perform enough 
calculations to obtain the theoretical probability dis- 


tribution. The calculations were performed on the 
SSEC. 


E. Solutions of the Fermi-Thomas-Dirac Equation” 
(N. Metropolis and J. R. Reitz) 


The Fermi-Thomas-Dirac equation was integrated 
numerically for various atoms and ions. The equation 
was put in the form 


a? p/dx? = x(e+ gt/x')*, (9.14) 


where e= (3/327?)!z-! and z is the nuclear change in 
atomic units. 
Boundary conditions were 


¢(0)=1, 
(dg/dx)z=29= (¢/x)z=z9 for neutral atoms, are 
= 2X (dg/dx)z=2;= 24 


for positive ions with change z,. x and x,; were the 
“radii” of the atoms. By integrating the equations with 
different initial slopes ¢’(0), different radii were ob- 
tained. 

Integrations were started at the origin by means of a 
power series and then continued using step-by-step 
methods. 

Calculations were performed on the ENIAC. 


081) Metropolis and J. R. Reitz, J. Chem. Phys. 19, 555 
(1951). 


(9.15) 
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F. Calculation of Temperatures in the Skin of a 
Hypervelocity Missile (H. Polachek and 
R. P. Eddy) 


In a one-space dimension approximation the time 
dependent heat conduction equation was solved with 
boundary conditions to account for (a) heating effect 
of the turbulent boundary layer of gas and (b) cooling 
effect of radiation into space. The coefficients in the 
heat conduction equation were dependent on the tem- 
perature in order to take account of the variation of 
heat capacity and thermal conductivity of steel with 
temperature. 

The differential system was 


oT @ oT 
pc(T)—= —|xn—|, (9.16) 
ot Ox Ox 


and the boundary conditions were 
att=0 T7(x,0)=constant, 
att>O «x=/ (inner surface) dT/dx=0, 
att>0O «x=0 (outer surface) K(dT/dx) 
=h(t)[T,— To ]—alTP—T?]. 

Both the implicit and explicit methods (of Sec. 3) 
were used at various times. Calculations were carried 
out for six trajectories and two skin thicknesses. 


The calculations were performed on the Mark II 
calculator. 


G. X and Y Functions for Isotropic Scattering 
(S. Chandrasekhar) 


The X and Y functions are defined as solutions of the 
pair of integral equations 


t o(u’) 
X(u)=1+u | —— 
0 wre 


CX (u)X(u’)— V(u)¥(w’) dy’, (9.17) 
1 p(y’) 
Y(u)= inten f = 


0 up 
XLV (u)X(u’)—X(u)V(u’) dy’, (9.18) 
where, in the case considered, (uu) = wW»= constant. 
4H. Polachek and R. P. Eddy, BOCA Symposium on Aero- 


ballistics, University of Texas, November 15-16, 1950. 
% S. Chandrasekhar, Astrophy. J. 115, 245 (1952). 
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For significance and application of the X and Y 
functions, see Chandrasekhar’s book.'® 

For computing, the equations were transformed by 
introducing 


F(u)= e(u)X(u), G(u)= o(u) ¥(u), 


so that 


F(u)= ¢(u)+u f 


dy’ 
<(F(u)F(u’)—G(u)G(u’) -—, (9.19) 
wtp’ 


l 
Gu)= owen f 


d / 
X (Gu) Fu) —FW)Gu')}H—. (9.20) 


p—p’ 


Solution was obtained using a direct iteration method, 
i.e., starting with approximations Fo(u), Go(u) calculate 
F,(u), Gi(u), Fe(u), Go(u), etc., by evaluating the in- 
tegrals using the previous approximation. 

It was found that the process converged only when 
starting solutions were sufficiently close to the true 
solution. 

This iteration process is an analog, for integral equa- 
tions, of methods discussed in Sec. 2c. 

In order to avoid trouble at the singularity u—y’=0, 
values of the functions for “even” values of the argu- 
ment (u’=0.02, 0.04, ---, 1.00) were used for evaluating 
by numerical! integration the iterates for “odd” values 
of their arguments (u=0.01, 0.03, ---, 0.99). 

Solutions were obtained for 5 values of Wo and 7 
values of r. 

Calculations were carried out using the automatically 
sequenced relay calculators at the Watson Scientific 
Computing Laboratory, Columbia University. 


16S. Chandrasekhar, Radiative Transfer (The Clarendon Press, 
Oxford, 1950). 
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Analog Computer Elements for Solving Nonlinear Differential Equations 
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The authors present the design and construction of an analog computer unit which is particularly well 
adapted for solving nonlinear differential equations. The units are readily combined to solve simultaneous 
nonlinear differential equations. The unit is carefully checked by using it to solve some nonlinear differential 
equations for which known solutions exist. Finally the unit is used to find the solution to some nonlinear 
differential equations whose solutions are not given in the literature. 





INTRODUCTION 


HE idea of studying certain phenomena by means 

of an analog is an old one. If it is possible to 

find a phenomenon which can be easily studied and 

which obeys the same differential equation as that of 

another phenomenon, then we can study the latter by 

observing the former. A study of the first phenomenon 

actually constitutes a study of the governing differen- 
tial equation. 

The intriguing challenge of this old problem is there- 
fore the choice of the first phenomenon which is easy to 
study. Obviously as new experimental techniques de- 
velop and new equipment becomes available, this choice 
will change. In this paper the authors present an analog 
of their choice in the hope that its features might also 
prove useful to others. 

After some consideration it was decided an electro- 
dynamical analog constructed somewhat after the sug- 
gestions of Minorsky' and Ludeke? would serve our 
needs and have the following characteristics: 


(1) Each “unit” represents a homogeneous second- 
order differential equation. 





Fic. 1. Photograph of fixed coil and movable coil. 





* Major Morrison is now stationed at Wright Air Development 
Center, Dayton, Ohio. 

{Parts of the material herein presented were submitted by 
C. L. Morrison as partial fulfillment of the requirements for the 
Ph.D. degree. 

1N. Minorsky, Introduction to Non-Linear Mechanics. (J. W. 
Edwards Company, Ann Arbor, 1947) p. 190. 

*C. A. Ludeke, J. Appl. Phys. 20, 600 (1949) ; 20, 694 (1949). 
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(2) Each “unit” contains a very accurate continuous 
function generator which permits easy representation of 
nonlinear differential equations. 

(3) Accessories which make the original second-order 
differential equation nonhomogeneous or which change 
its “damping” coefficient are readily added. 

(4) The “units” can be conveniently coupled linearly 
or nonlinearly to represent systems of second-order 
differential equations. 


A damped physical pendulum can be considered as a 
dynamical analog of the differential equation 


Ab+ Bb+C0=0, 


where A, B, and C, are physical constants which can be 
determined from the system, and @ is the angular dis- 
placement. @ is small so that sin@é=6@ to a close approxi- 
mation. If some method is devised to vary A, B, and C, 
either as any function of time or of displacement, then 
many first-degree second-order differential equations 
can be represented by the pendulum.! 

For our generalized pendulum we shall use a small 
coil suspended in a field coil, see Fig. 1. 


TIME FUNCTION GENERATORS 


The first attempt at introducing functions into the 
analog was by the variation of the current in the vi- 
brating coil as a specified function of time. This was 
accomplished by a cam driven potentiometer. So that 
a record of the input to the vibrating coil might be 
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Fic. 2. Solution of Eq. (1) in which f(¢) is periodic. 
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Fic. 3. Diagram of shutter. 


obtained, the current is also passed through a string 
galvanometer. 

As an example let us use the dynamometer and the 
time function generator to find a solution to 


d°6 dé 
—+C—+ f(t)0=0, (1) 
df dt 


where @ is displacement, ¢ is time, C is the coefficient of 
viscous damping, and f(t) is a periodic function with 
an angular frequency of w;, and a period of 27. The 
solution is shown in Fig. 2. 


DISPLACEMENT FUNCTION GENERATORS 


If one is to solve nonlinear differential equations by 
means of the dynamometer analog, the spring force or 
restoring force must be made a function of the angular 
displacement of the oscillating coil. This means the 
current 7 in the coil must be a function of the coil 
displacement @. 

In order to make i= f(6), a photo-integrating sphere 
is used. A sphere with a light-diffusing inside surface 
has a small opening through which passes a beam of 
light having a uniform density per unit area. A photo- 
tube is placed so that it picks up only indirect light. 
The signal from the phototube is amplified so that cur- 
rent flows, the current being proportional to the amount 
of light flux entering the sphere. The opening consists of a 
movable shutter so that the area of light which enters 
the sphere can be changed with displacement. The 
purpose of the integrating sphere is to eliminate the 
directional effect of the photoelectric cell which re- 
ceives the main beam of light. 

Now, if the shutter has an opening cut into it which 
is bounded by the 6-axis and y= f(6), then the quantity 
of light which passes through the opening is propor- 
tional to 


$(0)= f f(O)d8. 


Input 





Displacement 








Time 
Fic. 4. Solution of Eq. (2). 
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Hence, if we want a spring force k6(), the first step 
is to differentiate ¢(@) so that we have f(@). The 
shutter then must have a top perimeter described 
by f(@). 

The shutter which gives a negative spring force of 
k6® is shown in Fig. 3. The shutter is placed at the posi- 
tion shown when the oscillating coil is at its position of 
equilibrium. The upper portion of the curve, which in 
this case is proportional to @, is such that on a 23X34 
negative the clear portion of the shutter comes to 
within about { in. of each edge. The amplifier control 
is used to control the constant of proportionality. 

The block wiring diagram for the phototube, the 
control box, the recording stririg galvanometer, and the 
de amplifier are standard. The maximum amount of 
current used was about 25 milliamperes. Over the range 
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Fic. 5. Amplitude versus frequency for Eq. (2). 


from no light to enough light in the integrating sphere 
to cause the amplifier to give an output of 25 milli- 
amperes, the output was found essentially proportional 
to the amount of light which entered the sphere. For 
any given curve a corrected curve on the shutter can 
always be drawn so that the spring force-deflection 
curves are what one desires. When recording, the input 
as well as the displacement is always recorded. Over the 
range used in the following examples no corrections 
were needed. 


SOLUTIONS OF NONLINEAR DIFFERENTIAL 
EQUATIONS 


a. As a first example, let us consider 
P6/d?+kF=0, (2) 
an equation which has a periodic solution, the period 
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of which can be found in terms of the amplitude.’ 
Figure 4 is a photographic record of Eq. (2) and shows 
the various graphs from which can be obtained the 
solution and a check on the input. The bottom curve is 
the record of the input into the small coil, while the 
top curve represents displacement as a function of time. 

Theory shows that the influence of damping is of the 
second order when a relationship between the period 
and the amplitude is sought. It will be assumed here 
that over a given period it is possible to ignore the damp- 
ing. It follows from theory that the relationship between 
amplitude and frequency should be linear. The experi- 
mental results displayed in Fig. 5 show that this is 
the case. Since the restoring force k6* can be written 
(k@)0@, we know that the curve on the shutter should be 
2k@. The constant & can be varied by changing the out- 
put of the amplifier; a new shutter does not have to be 
made for each value of k. 

b. Consider next the equation 


d’6 
—+k,6—k,#=0, k,>0, k3>0. 


(3) 


The solution of this equation has a period which is 
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Fic. 6. Solution of Eq. (4). 


dependent on the amplitude. This period-amplitude 
relationship can be determined theoretically.’ 

Figure 6 is a photograph of a record taken as a solu- 
tion of 


d’0 
—+6—(k3/ki)@=0, ks=1, ki=6. (4) 
dr 


On this record curve a was produced by turning the 
drum one revolution with no current flowing in the coil. 
Curve c is a curve drawn at the peak current flowing. 
This is the current flowing at no displacement. Curve 5 
represents the actual current flowing in the coil while it 
is oscillating. Curve d is the displacement record. The 
line of dots e is the time record. Since we have simul- 
taneously recorded the current input and the displace- 
ment, we can check on the accuracy of the spring force 
at any time. 

The spring force is obtained in the following way. 
Suppose we wish k;/k, to equal 1/6. A plot of this spring 
force is shown in Fig. 7. 

3 J. J. Stoker, Non-Linear Vibrations in Mechanical and Elec- 


trical Systems (Interscience Publishers, Inc., New York, 1950), 
p. 21. 
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Fic. 7. “Spring force” for Eq. (4). 


o(y) 














Fic. 8. @(y) for Eq. (6). 


Our spring force 6[.¢(8) ] is equal to 6[1—@/6] and 
goes to zero over 4/6 radians. In order to represent this 
motion on the analog, a displacement of 1/(365)! 
radians represents a displacement of 1 radian in the 
original equation. If we let 02=Ay, and r=/hi, then 
Eq. (3) becomes 





Py ks 
+y—N—-Y=0. (5) 
dr ky 
Using k3/k; as 1/6 and A= (365)!, Eq. (5) becomes 
= sy (6) 
—+y—60.8yY=0. 6 
dr? 


The function ¢(y) is, therefore, equal to (1—60.8y) 
and is shown in Fig. 8. Curve a represents unit force; 
curve 5 represents 60.8y”; and curve c represents ¢(y). 
In order to achieve this constant on the machine, the 
amplifier is adjusted to cause 19.8 milliamperes to flow 
in the oscillating coils. This fixes the value of k; at 23.8, 


TABLE I. Tabular results of solution of Eq. (4). 








Amplitude Period (sec) Period (sec) 





(radians) fromrecord calculated % Error 
0 1.845 1.710 1.705 0.29 
1 1.48 1.532 1.521 0.72 
2 1.25 1.452 1.440 0.83 
3 1.10 1.412 1.405 0.50 
4 0.923 1.373 1.375 —0.15 
5 0.775 1.340 1.339 0.07 
6 0.656 1.325 1.325 0.00 
7 0.559 1.319 1.320 —0.08 
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Fic. 9. Solution of Eq. (10). 


and hence determines \*k; as 1450. Since Eq. (3) can 
be written as 


dy 
—+kiw—\kwy=0, (7) 
dt? 


we use a triangular shaped shutter whose area increases 
with y’. In the analog there is a conversion factor of 
1.24 between the restoring force and the coil current, 
so that the coil current i for this problem is given by 
the equation, 


i= (1450/1.24)y. (8) 


Now if a value of y is chosen and the coil is displaced 
by that amount, the control can be adjusted so that the 
correct amount of current flows. The value of ¥ chosen 
was 0.06 radians, and the corresponding current is 
then 4.21 milliamperes. 

Theoretical values of ¢ at various amplitudes and 
the photographic record for finding / for that amplitude 
have been used to prepare the values in Table I. 
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Fic. 10. Amplitude-frequency relationship for Eq. (10). 
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c. Now consider the equation 


a6 
er ki>0, ks>0. (9) 


This equation is selected because it can be solved by 
several methods for approximate relationships between 
amplitude and frequency when k;/k; is small.' As before 
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Fic. 11. Solution of Eq. (11). 


we use a triangular opening in the shutter, but this time 
the amplifier is adjusted so that a constant current 
flows and a current proportional to @ is added to it. 





Current in coil 








Fic. 12. Currents in oscillating coil when solving Eq. (11). 


Figure 9 shows the solution of the differential equation 


a6 
—+6+yuF=0, pu>0O. (10) 


dr? 


Line a was recorded by running the drum one revolu- 
tion with no current flowing in the small coils; 5 is the 
record of the galvanometer while the record was made; 
and c is a line drawn so that it touches the bottom of 
the loops of 6. Curve d is the solution, and ¢ is a line of 
timing dots. On the photograph we see that the current 
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represented by the galvanometer displacement between 
a and b is a constant and that the variable current is 
superimposed on the constant current. 

Figure 10 shows a plot of amplitude squared against 
frequency squared. Notice that the plot is a straight 


line despite the value of 1= 89.9. For further examples 


using large values of yw, see reference 2. 
d. Consider the differential equation‘ 


d*y 
——iy(1-7')=0, (11) 
dt? 

















Fic. 13. Shutter used when solving Eq. (13). 


which has a solution 
y= [12B? 2e/ 4 Bee2t}} (12) 


in which B is a constant. 

Figure 11 shows the record of displacement and 
current. The record was made by releasing the moving 
coil at 0 and allowing it to move away from its point of 
unstable equilibrium at y=0. Line a is the line of zero 
current. Curve 6 is a graph of the current which flowed 
during the record. Curve c is the displacement curve. 
The line of dots d indicates timing. Curve c is the record 
as given by the machine, and the crosses are points 
calculated from Eq. (12). 

The restoring force is represented in the apparatus 
by setting the amplifier in such a way that a constant 
current is directed so that the oscillating coil is driven 
away from its center position and then a mask with 
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Fic. 14. Solution of Eq. (13). 


f(y)=~y' is used to generate a current in the opposite 
direction. Figure 12 is a graph of the currents in the 
oscillating coil. 

When a is added to 6a current proportional to ki— key" 
is the result. When this is multiplied by y, we have 
y(ki— kgy*) as the spring force. 





*M. W. McLachlan, Ordinary Non-linear Differential Equa- 
tions in Engineering and Physical Sciences (Clarendon Press, 
Oxford, 1950), p. 23. 
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Fic. 15. Solution of Eq. (14). 
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Fic. 16. Solution when a constant spring force 
has a ripple superimposed upon it. 


e. Let us consider the equation 


k3x3 x>0, 
#+ he+| }=o (13) 
k3x3 x<0. 


That is, when ~x is positive + kx+ k32°=0 is the differ- 
ential equation governing the motion, and when x is 
negative £+,x+;%*=0 is the differential equation 
governing the motion. This can be achieved by setting 
the amplifier to deliver a constant current plus the 
current generated by using a mask with two triangular 
openings but with different slopes as shown in Fig. 13. 
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Fic. 17. Shutter used to produce spring force shown in Fig. 18. 
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Fic. 18. Spring force produced by shutter in Fig. 17. 
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Fic. 19. Solution when using spring force shown in Fig. 18. 














Fic. 20. Shutter used to produce spring force shown in Fig. 21. 


In the example shown in Fig. 14 the value of k= 15.5, 
k3=735, and k;=275. In the photograph a is the zero 
current line; 5 is the recording of the galvanometer 
while the record was being run; c is the displacement 
curve; and d is the line of timing dots. 

Figure 15 is a similar example. Here the additional 
line of zero displacement d is shown to emphasize the 
fact that the displacement curve is not symmetrical. 
a is the zero current line; d is the record of current while 
the record was being run; ¢ is the displacement curve; 
and ¢ is a line of timing dots. The equation is 


x>0, 
=0, (14) 


x+ Ltde+| 
x<0. 


ail 
174x4 


Figure 16 illustrates that a ripple on a spring force 
does not greatly change the displacement curves. a is 
the record of zero current in the galvanometer; 0 is the 
record of ripple current on constant current; c is the 
record of constant current; and ¢ is a line of timing dots. 

f. If the shutter is arranged as shown in Fig. 17, 
a spring force such as shown in Fig. 18 is the result. 
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Fic. 21. Spring force produced by shutter in Fig. 20. 
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Fic. 22. Solution when using spring force shown in Fig. 21. 


The resulting record is shown in Fig. 19. a is the 
record made with zero current through the galvanom- 
eter; b is the record of the current; c is the record of dis- 
placement; and d is a line of timing dots. 

g. A shutter as shown in Fig. 20 gives a spring force 
as shown in Fig. 21. 

Figure 22 shows a record with this type shutter. a 
is the record of zero current in the galvanometer; } 
is the record of the current; c is the displacement 
record; and d is a line of timing dots. 

It is a pleasure to thank the Research Corporation 
for the Frederick Gardner Cottrell Grant in Aid which 
was used to purchase equipment for these experiments. 
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The effect of electron encounters on the velocity distribution in an electron beam after passage through 
an accelerating grid is calculated by direct integration of the Boltzmann equation. It is found, with elec- 
tron densities and velocities typical of traveling wave tubes and diodes, that the electron encounters have a 
negligible effect, that the formulas of the usual kinetic theory for heat conduction do not hold, and that the 
longitudinal component of the electron gas pressure is negligible. 





N a recent paper,! Parzen and Goldstein analyzed 

the influence of the electron gas pressure on the per- 
formance characteristics of a traveling wave tube and 
showed that, if the electron gas is in a state of iso- 
thermal equilibrium, there will be considerable modi- 
fication in the characteristics predicted by the theories 
which take into account space charge forces alone. 
They also gave an argument, based on classical kinetic 
theory, for believing that the isothermal state is present. 
Subsequently, Hines? raised the question whether the 
isothermal state is ever reached by an electron beam, 
since thermionic electrons after acceleration through a 
large voltage rise have a distribution of random ve- 
locities which is far from Maxwellian. W. C. Hahn’ 
investigated the influence of the electron gas pressure 
on the space charge distribution in a diode, also using 
the classical kinetic theory. 

In applying this theory to a given case, one must 
examine the validity of the assumptions on which it is 
based. The first of these is that the Boltzmann equation 
can be used. As is well known, for the inverse square 
law of force one meets the characteristic difficulty that 
the effect of multiple encounters must be considered. 
However, when a certain condition is satisfied the effect 
of multiple encounters can be represented as a space 
charge force calculated by “smearing out” the elec- 
trons to a continuous charge distribution, the re- 
mainder of the interaction being attributed to binary 
encounters. The space charge force is entered into the 
Boltzmann equation as an external force.t The condi- 
tion is that the target radius for a binary encounter 
producing a substantial deflection be small compared 
with the average distance between electrons.* The per- 
cise meaning to be attached to “substantial” is not too 
important, since one is concerned only with considera- 
tions of order of magnitude. As will appear in the 
following, this condition is satisfied for the case con- 
sidered by Parzen and Goldstein, and also that con- 
sidered by Hahn, so that the Boltzmann equation is 
applicable to the problems they considered. 


'P. Parzen and L. Goldstein, J. Appl. Phys. 22, 398 (1951). 

*M. E. Hines, J. Appl. Phys. 22, 1385 (1951). 

3 W. C. Hahn, Proc. Inst. Radio Engrs. 36, 1115 (1948). 

*See A. Vlasov, J. Phys. U.S.S.R. 9, 25 (1945). 

*See, for instance, Chapman and Cowling, The Mathematical 
Theory of Non-Uniform Gases (Cambridge University Press, 
Cambridge, 1939), p. 178. 


The second assumption is that the solution of the 
Boltzmann equation used in classical kinetic theory is 
valid in the given case. This solution is the one initiated 
by Hilbert, and carried forward by Enskog, Champ- 
man, and others. Its validity depends on two conditions: 
(1) that the distribution be not too different from a 
Maxwellian one; (2) that the fractional change in the 
non-Maxwellian terms in the distribution function, for 
each range of velocity, be small in the distance of a 
mean free path.* These conditions are interdependent, 
for if the first is not satisfied, neither is the second. 

For electrons, the mean free path can again be de- 
fined with reference to binary encounters producing 
“substantial” deflections. The degree of coupling be- 
tween the internal energy of the electron gas and that 
of the ordered motion is determined by the ratio of this 
mean free path to another length characteristic of the 
problem. For instance, for the case of the diode, the 
characteristic length is the distance in which the frac- 
tional change in the space charge potential is appreci- 
able.” For the propagation of waves in a beam, it is the 
wavelength: The degree of coupling increases as this 
ratio decreases. Thus we can say that the classical 
kinetic theory only holds when the coupling coefficient 
is large; but at the same time, the amount of coupling 
must be kept small so that the initial distribution, if 
Maxwellian, is not changed too much by the external 
forces. These two conditions, working in opposite direc- 
tions, rule out the classical kinetic theory in most 
cases of interest. For the case of propagation of waves, 
the Hilbert solution and its higher approximations fail 
when the ratio of mean free path to wavelength is 
around one-half or larger.’ Thus, there remain cases 
of interest where this ratio is around unity, or larger, 
for which the Hilbert method provides no solution and 
these are the cases of interest for traveling wave tubes. 

It is to be noted that the oft-quoted' principle that 
the distribution function is determined completely by 
the knowledge of certain macroscopic parameters holds 
good only for distribution functions that are repre- 
sentable by Hilbert’s solution.* That non-Hilbertian 
solutions exist which do not satisfy this condition is 


* See reference 5, p. 117, p. 271. 

7C. S. Wang Chang, “On the dispersion of sound in helium,” 
University of Michigan, a of Engineering Report 
UMH-3-F (APL/JHU CM-46/) 1 May, 1948. 
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illustrated by that for a shock wave.* This principle 
does not hold for the solutions applicable to space 
charge in a diode and to traveling wave tubes, which 
must be non-Hilbertian. 

In this paper we shall take up the problem that is 
basic for the analysis of traveling wave tubes, namely, 
the change in velocity distribution within a beam after 
issuing from a grid into a field-free space. It turns out 
that the Boltzmann equation is integrable in this case, 
without use of the Hilbert method. Since we are pri- 
marily interested in finding how the binary collisions 


modify the distribution, we will assume that the space » 


charge forces vanish (as can be realized, in the absence 
of oscillations, through neutralization of the electron 
space charge by positive ions). We will confine our- 
selves to the one-dimensional case. 

Take a coordinate x measured from the grid in the 
stream direction. Let ¢ be the vector velocity of an 
electron, with rectangular components u, v, w (u being 
in the stream direction) and let f(x, c) be the space 
velocity distribution function at x. Then at x=0, 


mc eV 2¢ 
f(, =" exp(-“—+—), w=—V > 
A 2kT kT m 
, (1) 
2e 
= (), w<—Vp> 
m J 








where ¢, m are the electron charge and mass, 7 the 
cathode temperature, Vo the accelerating potential 
measured from the potential minimum in front of the 
cathode, m» the number of electrons per cm’ at x=0; 
and A, the normalizing constant, is given by 


CEG) 
~na(=) (> ~~), for eVo/RT large. 


We assume the beam to be in a steady state, so that 
the appropriate Boltzmann equation is 





r (2) 





of , , i E —_ 
—= f JEMerKe)- KOMEDI e.-ela2des, (3) 


where ¢, c; are the velocities of a pair entering in a 
collision of specified type, c’, c;’ are the velocities after 
collision, dQ2 is the differential cross section for the 
type of collision considered, and de, is an element of 
volume in velocity space. 

We wish to calculate how f and certain averages 
based on it change with x. For this purpose, let f(x) 
be expanded in a Maclaurin series, the coefficients being 
the value of f and of its derivatives at x=0. Then Eq. 
(3) will furnish f/x ].~0 if we put f(0, c) into its right- 


*H. M. Mott-Smith, Phys. Rev. 82, 885 (1951). 
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hand side. Next, differentiating (3) with respect to z, 


we get an equation for 0?//dx* ],~o in terms of 0f/0x Je. 
and f(0); and so on. 


Introduce dimensionless variables as follows: 


2kT\} 2kT \ 3 ) 
u-(—) U, v= (—) V, 
m m 
2kT 
=-(—)™ 


eVo 4 
G=C,—C Uo= ey . 
kT : 


Define $(x, c) by 


ay cl a) 





f(x, ¢)de= no exp(—C*)o(x, C)dC (5) 
and with 


N(x)= f exp(— C*)¢(x, C)dC (6) 


choose the normalizing constant in ¢ such that 
N(0)=1. | (7) 
Then from (1), (2), (4), (5), (7) we find 





2 
¢(0, C)=—Uyexp(Ue), UUs 
us 


(8) 
=0, U<Us. 
In terms of ¢(x, C), Eq. (3) becomes 


U—¥e, C)= f f exp(—C,’) 


X [o(C’)o(Ci’)—o(C)g(Ci) JGdadC,, (9) 
where we have-made use of the relation 
C+-C2=C"+C,” 


which expresses conservation of energy in collision. 
We are interested in finding how rapidly the dis- 
tribution approaches a Maxwellian one. This will be 
indicated by the rate of change of the three component 
“temperatures” T,,, T,, T, defined by 


BRT = 3m(u—t)n?= 3m|@— (a) ], 
$kT,=}mP, $kT.= mi", 
where the bar denotes an average. In terms of the 
variables defined by (4), these equations take the form 
$T,,/T=U?—(U)*, 47,/T=V?, 4T./T=W?, (10) 


where the averages now can be taken over the dis- 
tribution 


exp(—C*)o(x, C). 
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CHANGE OF 


To calculate the space change in the averages, we 
make use of the conservation theorems which follow 
from the fact that 1, U, C? are collisional invariants*® 

iim | 
—NU=0 
dx 


_— 
—NU?=0 
dx 





d 
—NUC?=0. 
dx : 


From the first pair of these we get, substituting in (10), 


~ = [20-07 — (12) 
sini eee a =) epee 

2T dx N dx 
This equation shows that the increase in longitudinal 
temperature takes place at the expense of longitudinal 
mean velocity. By the equation of continuity (first of 
(11)), positive dN/dx implies negative dU/dx. Hines’ 
surmise” that the final beam temperature is $ that of 
the cathode, therefore, cannot be accepted without 
further examination. 


To calculate 7, and T,, which of course are equal, 
we first write 


UC=040(V-+W) 


Now, if Uo is very large, as we are assuming, the ex- 
tension of the distribution in the U direction is very 
small compared with those in the V and in the W direc- 
tions. Consequently, we can write!’ for x=0 


U(V?+W?)=U-(V?+W?). (13) 
By the use of Eqs. (10), (11) this gives, for x=0 
1 1 
-T,=-T,=V?+W 
T T 
1 dT, 
T dx 


1dT, 1 d 2 
—— —(NU*). 
T dx NU dx J 





In Eq. (9), put ¢=¢(0, C) in the right-hand side, 
multiply by exp(—C?)dC/U and integrate. Using the 


* Equations (11) are the macroscopic flow equations in their 
Eulerian form, i.e., written for a frame of reference fixed in space. 
The usual and more familiar Lagrangian form is obtained by 
transforming (11) to a frame moving with the velocity U and 
introducing the mobile operator D/Dt, the time rate of change 
following the motion. 

© The derivation of (14) also requires the assumption that (13) 
can be differentiated with respect to x. Direct calculation of 
(d/dx){(V?+-W*)), from the Boltzmann gee gives a result 
which is identical, to the first order in 1/Uo, with that obtained 
from (14) and so justifies the assumption. 
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theorem" that in any term the primes can be shifted 


from the primed to the unprimed quantities, the result 
can be written 


aN 0g 
| = f ex(—C)—<C| 
dx 20 0x z=0 


=n f ff ex(-C—C200, 0600, C) 


i 1 
x (— -—)@anaCut. (15) 
U U 


Let G’=(C,’—C’ be the relative velocity after colli- 
sion. Then by conservation of energy and momentum, 
G’=G and C’— C=3(G—G’). Taking the x component 
of this last, we get 


U'=U+4(G.—G,’). 


Let X be the angle between G and G’, ¢ the angle be- 
tween the plane through G and the x axis, and the 
plane of G and G’; 6¢ and @q the angles which G and 
G’ make with the x axis. Then 


G,'=G' cos6¢:=G cos0g = G(cos8¢ cosX 
+sin§g sinX cos@) 
=G,cosX+G, sinX cosd¢, 
where 
G?7+G7=C4 


(16 
G2=(Vi—V)*+ (W.-W). 


G,=U,—U, 
Thus, we. find 


U’=U+4G.(1—cosX)—4G, sinX cos. (17) 


For the operator /dQ we can write 


Qn bo 
i do f bdb, 


where b is the usual collision parameter, the perpendicu- 
lar distance from the center of gravity of two colliding 
electrons to the asymptote of the orbit of one of the 
approaching electrons. X is a function of b and G, which 


for the inverse square law can be written (see reference 
5, p. 177) 


cosx= (b6;°—1)/(b;°+1), (18) 


where 
kT 


snail ili 
a 2 ee 


19 
(19) 


For the inverse square law the upper limit bp cannot be 
taken as infinity because the integral then does not con- 
verge. It is clear that this limit must be of the order 


1 See reference 5, p. 67. 
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of the average distance between electrons, no-!. We 
will put 


bo= Ang (20) 


where A is a number around 1, whose exact value will 
not be fixed for the present. We also introduce a vari- 
able S defined by 


b=b)S=Ang tS (21) 


so that S ranges from 0 to 1 in the integration. Then, 
substituting (21) in (14) we find 


b=aGS, (22) 
where 
a=Aay 
with 
kT (23) 
a,= —ng t= 596T ny". 


e 


a; is the dimensionless number which is the ratio of the 
average distance between electrons to the distance of 
nearest approach of two electrons in head-on collision 
with relative kinetic energy kT. It is seen that if a; 
is large, the target radius for a large deflection is small 
compared with the average distance between electrons. 
So, if a; is large and A is chosen not too different from 
1, the approximation of considering only binary en- 
counters (aside from the space charge forces) is justified. 
For the case considered by Parzen and Goldstein, 
T=1000°K and n=10°/cm', a is 596. This is so large 
that the validity of the Boltzmann equation is assured 
under these conditions. 

With the foregoing definitions, we find from (18), (22) 


aGis?— 1 
cosX (G, s) =————__,, 
a’G*s?+1 


sinX(G, s)= 


and the operator /“dQ2 becomes 


2n 1 
fea=aenc f do f sds. 
0 0 


In (15) we now replace (0, C) as given by (8), by 
an equivalent delta-function. This is justified since 
U,=108 for a representative case T=1000°K, Vo 
= 1000 volts.” Instead of (8) we use 


(25) 


1 
$(0, C)=— exp(Uo*)6(U — Us) (26) 


where the normalizing constant is chosen to satisfy (7). 
By (24), (17), and (16) it is seen that the integrand in 
(15) is a function of U,—U, G,, and U, say 


1 1 
o(—-—)-Fw-u, G,, U). (27) 


U’ U 


2 A calculation using (8) shows that the term of lowest order 
in 1/Uo in the result is exactly the same as if the delta-function 
is used. 


MOTT-SMITH 


Substituting from (25), (26), (27) in (15) we get 

dN A? 1 Qe a) ) «© es) 

7 eri ed Md 

dx r=() rr 0 0 —oY —2 Y —aY —an 
Xexp(— V?—-W*-—-V2—W*)dVdWdV dW , 


«ff 


—o” —» 


X 6(U — U)6(U;— Uo) F(Ui— U,7 G,, U). 


exp(— U?— U2)dU dU exp(2U,*) 


For the integrations over dU, dU we get 


f f exp(— U?— U* )exp(2U 0?)6(U1— Uo) 


—o" —o 


xX 6(U—U»)F(Ui—U, G,, U)dU dU 


-{ exp(— U*)exp(U,?)6(U— Uo) 
XF(Uo— U, G,, U)dU= F(0, G,, U9). 
To perform the integrations over V, W, Vi, Wi we put 
1 


V,;=—(x,—r cos6), 


1 
V =—(x,+r cos6), 
v2 V 


1 


W =—(xe+r sind), W,=—(x2—r siné). 
v2 v2 


Then 


G2=2r, (29) 


and the integrations over V, W, Vi, W, give 
A? Cs) 2n 2 2 
—not f exp(—r*)rdr f ao f f 
r 0 0 —2Y —wo 
X exp(—21?—x2")dx,dx.F[0, (2r)'Uo |, 
= 24%net f exp(—r?)rdr- FO, (2r)'Uo }. (30) 
0 


Inserting FO, (2r)*, Uo | from (29), (27), (24), and (17), 
taking note also of (16), Eq. (28) becomes 


aN oo 1 Qn 
—| = 2A?! f exp(—r*)rdr f sds f dgv2r 
dx J,-0 0 0 


2v2ar*®s cospT! 
fo et] 
1+-402r4s? 


0 1 
=4vV2rA'ny! f exp(—r?)r°dr f sds 
0 0 


ae 
vain ee | 
"(14+ 4a%rts?)? ; 
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Since U» is large, we can expand the bracket and keep 
only the term of lowest order in 1/Uo, obtaining, after 
carrying out the integration over s 


“] 
dx r=0 


Tv aie ( ) 
— exp(—?r*dr 
V2 2U3, 


1 
x {logtatr'— L+log( 1+ )+ 
4aPrt 


Our results are only valid when a is large, so that we 
can neglect the contributions of the last two terms in 
the integrand, which vanish in the limit a>. This 
gives 





1 
oad 


dN a Angi 


dx z=0 


exp(—r?) (log4a?r4— 1)dr 
oa om 


_m Angi 17) 

— —+—(loga—log2—}3—Y), 
2 aU 

where Y=0.5772, Euler’s constant. Substituting from 

the first of (23), this becomes 


“] mr! not 
z=0 


dx 


soe (loge +logA —log2—43-—Y). 
ayrUg 


(31) 


To obtain an equation for (d/dx)NU*],~0, we multi- 
ply (9) by exp(—c?Udc) and integrate, obtaining after 
the integral transformation 


“vo =nof ff exn- C?—C,*)¢(0, C) 


x (0, C:)(U"— U*)GddC,dC. 


Then all steps in the integration remain the same down 
to (30), where F is now given by 


F(U,—U, G,, U)=G(U"—U?). 


Carrying out the remaining integrations as before, we 
get a result which leads to 


é . dN 
sro] eA 
dx r= dx z=0 


We must now calculate the average in Eqs. (10) at 
*=0. For the calculation of U?—(U)?, the exact form 
(8) for ¢(0, C) must be used; for the other averages, 
(26) can be used. Thus we find, using (8) 


(32) 


. 1 
+--+, Ut=Us+1-—+--- 
2U¢ 
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Also, for the other averages, to the lowest order 
2(U)?— 


U=Ue, V?+W=1. 


ga? | 
{<2} ons 
dx T z=) 


ra 2s 
xi —_ — +... 
idx T z=0 d 


We now write 

Ty. [Tu] 
r UF 
Te. fe. 














s Gra 


Substituting from (7), (10), (12), (14), (31), (32), (33), 
and (34) in (35), we get results which can be written 
in the form 





No 5 
—=n(2r)! 


Xo ay” ' Jo 


—(loger+ logA —log2—3—Y) 


Not 
7.875(loga,;— 1.7703+logA), 


a’Uo 





a, and U» being defined by (23) and (4), respectively. 

From (36) it is seen that the rate of change of the 
component temperatures depends on a characteristic 
length xo given by (37). The dependence of x on the 
undetermined constant A is only logarithmic. A varia- 
tion of A between the limits $ and 2 will make little 
change in xo, when a, is so large as 596. The rate of 
change of the longitudinal temperature is twice as 
great as that of the transverse. Since 1/2U,? is negli- 
gibly small for the conditions of a beam tube, the two , 
temperatures will become equal, according to (36), 
when x= 3x9. This, however, is only an indication of the 
order of magnitude of the equilibrium distance, since 
according to (36) the temperatures would continue to 
change beyond this point. The way the equilibrium 
temperature is approached, and its value, can only be 
determined by calculating the terms of higher order 
in (35). 

Let us compare the present solution with that given 
by the classical kinetic theory. The classical theory 
deals only with a single temperature T(x) which in our 
terms is given by 


T(x)=3(T.+-T.+Tw). (38) 
Inserting the values of T., T,, T. given by (36), we 


find that 
1 
)uair (39) 
2U8 


T(a)=47 (2+ 
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so that, to the first order in x, T(x) is independent of 
x. On the other hand, if we calculate the components 
of the heat flux vector q, we find that g, and g, vanish 
by symmetry, but q, is given by 


2kT \! x 
qz= —naeT (—) (s-=) U>. 
m Xo 


Thus, heat is transferred upstream from the warmer 
electrons downstream (negative sign of g,), at a rate 
which decreases as x increases. But g-~0, while dT(x)/ 
dx=0. Thus, in the formula of the classical kinetic 
theory 


(40) 


q2= —dT/x 


the right-hand side vanishes in the present case while 
the left does not. The classical formula, therefore, fails 
entirely to represent the facts of heat flow here. Simi- 
larly, if we calculate the components of the pressure 
tensor, the nondiagonal components vanish by sym- 
metry, but 


P,,=nm((u—&P)w=nkT,, Pyy=nkT», 


P,z=nkT,. (41) 


Thus, for x/xo small, Pz: is small compared with P,, 
and P,,, and the equation 


Pis=} (Pest PyytP.)=P 


(where P is the hydrostatic pressure) no longer holds. 
Then one can no longer use the macroscopic flow equa- 
tions in their usual form, which involves the hydro- 
static pressure only. If we transform the first two of 
“Eqs. (11) to the Lagrangian form and return to the 
usual dimensional quantities, they read 


d d GP os 
—(nai)=0, —nmi#?+ =0 
dx dx dx 


or, using the first in the second, 
du GP as 


nmu—+ = (), 
* dz 


—(ni)=0, (42) 
x 


Now, from (41), using (x) = nN (x) = no(1+2/2U 2x0), 
we find 
1 x 
Pom nk? ( +=) 
2U¢ Xo 


to the first order in x, and the lowest order in 1/U>. 
Hence, 


(43) 


dP ,,/dx=nokT/ x 


to the first order in x. 

Now, if we take the conditions assumed by Parzen 
and Goldstein, T=1000°K, m=10°/cm*, V»=1000 
volts, by Eqs. (37), (23), and (4), and taking A=1, 
xo is found to be 1055 cm. This is so large that it is 


(44) 
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evident first that the electron beam in a traveling wave 
tube cannot reach isothermal equilibrium by the 
mechanism of binary collisions alone. Second, it is clear 
from Eq. (44) that as long as the velocity distribution 
here found persists, the pressure component of the 
force in the equations of motion (42) is negligibly small. 

Let us consider the case of the diode. If the geometry 
is strictly one-dimensional, we can apply the foregoing 
results, for the components of the space charge force 
in the transverse directions will vanish, and so can 
have no effect on the redistribution of the transverse 
velocity components. Taking the case considered by 
Hahn, T~2500°R, no~10"°/cm', we find a;= 692. Here 
too, the condition for applying the Boltzmann equation 
is satisfied. Let us take a point where the electrons 
have been accelerated by 10 volts. Then, at this point 
we find x»>=42.7 cm, taking A =1. Since we must com- 
pare this with the distance in which u changes appre- 
ciably (e.g., doubles) it appears again by Eq. (44) that 
the’ pressure component of the force is very small. 
Thus, in the region where the electrons are accelerated, 
the effect of the pressure forces in modifying the current- 
flow equation must be negligible. On the other hand, 
in the region between the cathode and the potential 
minimum, where the distribution is nearly Maxwellian, 
classical kinetic theory can be applied and the equa- 
tions found by Hahn hold good. 

While the binary collisions with other electrons are 
ineffective in bringing about a Maxwellian distribution 
in the beam of a traveling wave tube, this may come 
about through the effect of focusing fields, as pointed 
out by Hines.? Let us now consider the propagation of 
space charge waves in such a beam. To determine the 
importance of gas-pressure effects on the propagation, 
we must return to the free-path considerations dis- 
cussed in the beginning of this paper. From (18) and 
(19) we find that the target radius corresponding to a 
deflection x is given by cot(x/2)—(kT/e)G*b. To find 
the mean free path, let us use an average for G*. (This 
method of averaging is not strictly correct, but is sufh- 
cient for order-of-magnitude considerations.) For a 
Maxwellian distribution this average is 2, for the dis- 
tribution defined by (5) and (26) it is 3. Using the 
former, and defining the mean free path / for deflection 
X by 


1 /kT\? P 
ux /nar'=—(—) (Pant, 


TN 


j= —ng ta 2 tan*— 
is 


(45) 


for a Maxwellian distribution, where a; is given by (23). 
Taking a,=596 and m=10°, this gives /=450 tan’ 
(2/2) cm. 

Thus / ranges from 4 to 450 cm as X ranges from 10° 
to 90°. The order of magnitude of these mean free 
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paths certainly suggests that gas pressure effects are 
not important in traveling wave tubes. If we multiply 
the right of (45) by 9/4 to allow for the difference in 
the values of G? and put /=x)=1055 cm, we find X 
=91°. Thus, the distance x» is the mean free path for 
a deflection of 91°, which makes the order of magnitude 
of x9 look reasonable. The fact that the mean free paths 
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are comparable with or much larger than the length of 
space charge waves also means that the classical solu- 
tion of the Boltzmann equation cannot be used to 
analyze the effect of the gas pressure on these waves. 

I am indebted to Mr. Herman A. Haus for checking 
the calculations and for suggestions on the form of 
presentation. 
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The drift velocity of electrons in an electric field in argon and alcohol mixtures has been measured. The 
measurement has been taken observing on the screen of a triggered sweep oscillograph the rise time of 
pulses as given by a-particles in an ionization chamber. The results give, for the 10 percent mixture, a be- 
havior of the w(E/p) function, of the w=aE/p type up to E/p=2 v cm™ mm Hg values, and of the 
w=const type for larger values of E/p. Measurements at 0.5 and 5 percent alcohol concentrations are 


also reported. 


INTRODUCTION 


E found it interesting to measure the drift 
velocity of electrons in argon and alcohol mix- 
tures, as the previous measurements do not give a 
decisive answer as to the behavior of this drift velocity 
in function of E/p (E being the electric field and p the 
pressure) for E/p values up to a few » cm™! mm Hg". 
. These researches! which were done studying the 
delay between the primary ionization and the pulse in a 
Geiger counter will always give the integral of the drift 
velocity over a certain E/p interval, which will not 
make the interpretation of the results very easy. 
Through our measurements taken at constant electric 
field the w(E/p) function, where w is drift velocity, is 
directly obtained. 


THE EXPERIMENTAL METHOD 


The Allen and Rossi method® has been used in our 
measurements, which consists in the observation of the 
rise time of pulses given by a-particles in a parallel 
plate ionization chamber. The ionization chamber used 
is shown in Fig. 1. It has been specially developed to 
work at pressures of the filling mixture of the order of 
15 cm Hg, with the objective of conveniently studying 
mixtures with 10 percent alcohol concentrations. 


_' Alberigi, Quaranta, Mezzetti, Pancini, and Stoppini, Nuovo 
cimento 8, 618 (1951). 

* A. R. Laufer, Rev. Sci. Instr. 21, 244 (1950). 

*H. K. Ticho, Rev. Sci. Instr. 18, 271 (1947). 

‘den Hartog, Muller, and Verster, Physica 13, 251 (1947). 
ois Hartog, Muller, and van Rooden, Physica 15, 581 

*J. Allen and B. Rossi, PB 50 914 (Manhattan Engineers 
District LA Rept. 115—Series B MDDC Rept. 448), July, 1944. 


The electrodes are two rectangular brass strips, 14 cm 
long and 3 cm wide, supported and isolated through 
polystyrene supports in a glass tube of 8 cm diameter. 

The a-particles emitted by a Po source are collimated 
at 2 percent, so as to obtain a beam parallel to the 
largest electrode size at a known distance from the 
collecting electrode. Under these experimental condi- 
tions, the pulse will rise linearly and the rise time will 
be equal to the transit time of the electrons in the 
chamber (Fig. 2). 

The electrode distance is limited by the necessity of 
obtaining a satisfactory electron collection, as in the 
mixtures studied, particularly in those containing the 
highest alcohol percentages, poor saturation curves have 
always been observed at E/p values up to ~0.7 v cm™ 
mm Hg, this being presumably due to an effect of 
electron attachment at low E/p values which decreases 
the pulse and can alter the rise shape. 

The values of the rise time obtained through this 
chamber are of the order of 1 usec.~ 

The amplification chain used has 0.1 usec rise time 
made of a preamplifier and of a linear amplifier of the 


collecting 

















Fic. 1. Ionization chamber used for the argon-alcohol mix- 
tures. (1) Brass electrodes. (2) Collimated source of a-particles. 
(3) Polistyrene insulating supports. 
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Fic. 2. Shape of pulses given by a-particles. 


usual style. An amplification of the order of 100 000 is 
used. The pulse is then sent to a Dumont type 248A 
sweep triggered oscillograph, the fastest sweep whereof 
will last 5 usec with 1 usec-time markers. 

With this equipment the values of electron drift 
velocity can be obtained for E/p values ranging from 
0.5 to 5 v cm! mm Hg". 

The argon used for the mixture has been purified by 
circulation on Ca-Mg alloy at 450°C.’ Its purity is 
controlled through the measurement of the electron 
drift velocity using the same apparatus outlined above. 
It has been found from this measurement that the argon 
is to be considered as without molecular impurities over 
the concentration of 1.10~. 

The alcohol used came from two different sources: 
99.99 percent pure anhydrous alcohol of the Merk 
Company, and tridistilled alcohol prepared by the 
Institute of Physics, Rome; the same results were ob- 
tained with both. 
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The entire apparatus was calibrated by means of the 
measurement of the drift velocity of electrons in nitro- 
gen, a particularly helpful measurement as it does not 
depend on the gas purity. In this measurement, the 
results obtained were in accordance with the known 
ones.’ 


RESULTS 





Figures 3 and 4 show the results obtained for the 
drift velocity in argon-alcohol mixtures as a function 
of E/p. Three concentrations have been studied: 0.5 
percent, 5 percent, 10 percent alcohol vapor. The 
measurements were repeated at various pressures, in 
order to avoid errors due to the collimation geometry 
of the a-particle beam. The results of the various 
measurements will coincide within the experimental 
error. 

The curves in Figs. 3 and 4 show that the drift 
velocity increases with the concentration of alcohol 
vapor. However, it is found that for rather high alcohol 
concentrations the drift velocity is not strongly in- 
fluenced by concentration. 

At concentrations of 5 percent to 10 percent, the 
measurements results show that the function w(E/>) 
has two different behaviors. A law of the w=aE/p 
type can be applied at the lowest E/p values, whereas 
above a certain E/p value, the drift velocity keeps 
approximately constant as E/p varies. Both these laws 
have already been proposed to interpret previous meas- 
urements. 

Under these conditions, the comparison with our 
results should be done carefully examining the E/p 
field explored. 
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7L. Colli and U. Facchini, Rev. Sci. Instr. 23, 39 (1952). 
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Fic. 3. Values for the drift velocity of electrons in argon-alcohol mixtures as a function of E/p. 
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Fic. 4. Values for the drift velocity of electrons in argon-alcohol mixtures as a function of E/p. 


The measurements of den Hartog and co-workers,*° 
as taken by measuring the delay between primary 
ionization and pulse in a large counter crossed by a 
collimated beam of cosmic rays, will cover an E/p 
interval from 0.6 to 2 v cm~! mm Hg. They are, 
therefore, to be compared to the first part of our curves. 
From their results, den Hartog and co-workers obtain a 
law for the drift velocity of the w=aE/p type. For the 
5 percent and 10 percent concentrations the values, 
obtained for the coefficient @ when w is given in cm 
sec! are 


a=2.8 10° and a=1.57 10%, 


respectively. 
In our case, we have 


a=4.2 10° and 


ae=2:5 10, 


respectively. 

It is found from our results that a linear law of this 
type, particularly for the 5 percent mixture, is not 
valid up to the E/p=2 value. We also notice that the 
argon used by den Hartog contained 1 percent nitro- 
gen. Considering this, our results can be said to be 
comparatively in accordance with den Hartog’s. 

The other part of the w(EZ/p) curves can be compared 
to the measures of Pancini and co-workers,' Laufer,” 
and Ticho;? these also are made by the method of the 
delay of the Geiger counters in mixtures at 10 percent 
alcohol vapor. In these processes, an E/p field is ex- 


plored extending over 1.5 v cm™' mm Hg. The 
measurements of Pancini and co-workers indicate a 
w=const law, and give the value 


w=5.9+0.5 10° cm sec 


for drift velocity. 
Laufer’s results, revalued by Pancini and co-workers, 
assuming a w=const law, give 


w=4.6 10° cm sec™!. 


The same calculation done on Ticho’s results by 
Pancini and co-workers gives 


w= (5.2+0.8) 10° cm sec™. 


Here again a comparatively satisfactory agreement 
might be said to exist between these previous results 
and ours, which give for the w=const part of the curve 
the value 


w=4.7 10° cm sec 


with the error of ~+5 percent. 

It may be interesting to note the behavior of the 0.5 
percent concentration which is quite different from the 
others.® 

We wish to thank Professor G. Bolla for his stimu- 
lating and helpful discussions and Dr. V. Santoro for 
furnishing the tridistilled alcohol to us. 


8 W. N. English, Phys. Rev. 85, 759 (A) (1952). 
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Wave-Guide Measurements in the Microwave Region on Metal Powders 
Suspended in Paraffin Wax* 


JosernH M. KELLy, JosErpH O. STENOIEN, AND Dwicut E. IsBELLt 
Physical Research Unit, Boeing Airplane Company, Seattle, Washington 
(Received May 5, 1952) 


Artificial dielectrics have been constructed with indices of refraction as high as 7.2 at a frequency of 
9364 mc/sec by imbedding microscopic conducting flakes in paraffin wax. When good conductors such as 
Cu and Al are used, the resulting permeability is observed to be complex while the permittivity is sub- 
stantially real. This phenomenon is in agreement with the theoretical results of Lewin. It is indicated that 
a low loss, high refractive index, artificial dielectric can be constructed by using powdered conductors if the 
particles are very small and possess a high electric polarizability. 





INTRODUCTION 


HE development of artificial dielectrics for micro- 

wave application has been the subject of much 
theoretical and experimental work during the past few 
years.' These materials fall logically into two main 
classes: (1) materials in which the phase velocity is 
greater than in free space resulting in a refractive index 
less than one, and (2) materials in which the phase 
velocity is less than in free space resulting in a re- 
fractive index greater than one. 

Artificial dielectrics of the second type, often called 
obstacle or delay dielectrics, are manufactured by 
arranging conducting or dielectric objects in a non- 
conducting base material. Basically, this type is nothing 
more than a macroscopic reproduction of the molecular 
structure of a true dielectric—the molecules being 
simulated by the particles. The size of the individual 
particles must be small compared to the minimum wave- 
length of radiation to be transmitted so that resonance 
will not occur, and the spacing of the particles must be 
less than one wavelength to avoid diffraction effects. 

The purpose of this investigation was to develop an 
artificial isotropic dielectric with a high index of re- 


fraction and low loss for 3.2-cm radiation. It was ° 


necessary that this material be easily constructed and 
in particular not require the accurate alignment of 
many small elements. In an attempt to satisfy these 
requirements, it was decided to investigate the elec- 
trical properties of a mixture consisting of a conductor 
in powder form with a low loss dielectric material to 
act as the supporting agent. Since the particle dimen- 
sions are well below a wavelength, the phenomenon 
similar to anomalous dispersion,” as observed by Kock*® 


* Note added in proof:—After submission of this manuscript, 
the authors learned of a similar investigation conducted at the 
Eaton Electronics Research Laboratory, McGill University, 
Montreal, Canada, by E. I. Vogan and J. A. Carruthers, under 
Contract AF19(122)-81. 

t Now at Dorne and Margolin, Electronic Research, Westbury, 
Long Island, New York. 

1 An excellent bibliography is found in a USAF document by 
C. Susskind called “Investigation of Obstacle Type Artificial 
Dielectrics.” USAF Contract No. AF19 (122)—270, final report, 
Yale University. 

2J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 324. 

3W. E. Kock, Bell System Tech. J. 27, 58-82 (1948). 


for a metal rod array, does not occur. A reasonable 
estimate of the magnitude of the index of refraction for 
such a mixture can be made when the particle geometry 
and density are known. However, estimates of the loss 
tangents are difficult to make, particularly for irregular 
particle shapes, and it was decided to determine experi- 
mentally all of the electrical constants at a wavelength 
of 3.2 cm. 


LIST OF SYMBOLS 


Mo, €92= permeability and permittivity of free space. 
u, €=permeability and permittivity of the mix- 
ture. 
M1, €1=permeability and permittivity of the me- 
dium. 
M2, €2= permeability and permittivity of the ma- 
terial of the particle. 
Lp, €p= effective permeability and permittivity of 
the particle. 
\=free space wavelength. 
VSWR = voltage standing wave ratio. 
a.= electric polarizability of a particle. 
o=conductivity in mhos/meter. 
K=N/f. 
f=ratio of the volume of the particles in mix- 
ture to the total volume of the mixture. 
a=particle radius. 
N=number of particles per unit volume. 
Z sc, Zoc=input impedance of the wave-guide sample 
terminated in a short and open circuit. 
n= index ofrefraction. 
u= complex permeability = yu’ —ipn”’ =| pw] / —4,. 
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Fic. 1. General schematic diagram of the experimental apparatus. 
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METAL POWDERS SUSPENDED IN PARAFFIN WAX 


e=complex dielectric constant=«’ —ie’’= | e| 
/=b. 
5, = magnetic loss angle where tan(6,) = p’’/y’. 
5.= dielectric loss angle where tan(é,)= ¢’’/e’. 


EXPERIMENTAL TECHNIQUES 


The measurements were made using the wave-guide 
impedance method described in detail by Birks.‘ 
Figure 1 shows the general arrangement of the appa- 
ratus. The substance to be measured is made into a 
sample which fills a small section of the wave guide, 
and the input impedance of this section is determined 
for two terminations: (1) a short circuit and (2) a 
shorted quarter-wave section of line. Knowing these 
two input impedances, it is possible to calculate the 
propagation constant and the characteristic impedance 
of the sample and thus the magnitude and phase angle 
of its effective dielectric constant and permeability. 

In practice this method yields the best results when 
the samples to be measured are approximately an odd 
number of §th wavelengths long. At this length the 
Zsc is very nearly the complex conjugate of Zoc and 
the VSWR is about the same for both terminations. 
Unnecessary impedance discontinuities can be avoided 
by placing the specimen in the unslotted portion of the 
measuring line, but the presence of the slot introduces 
an impedance discontinuity plus a slight change in the 
guide wavelength. Corrections taking account of these 
effects are discussed in the literature’ and have been 
applied in obtaining all results quoted herein. Measure- 
ment of a single sample leaves an ambiguity in the 
value of the propagation constant which is eliminated 
by measuring another sample of a different length. 


PREPARATION OF SAMPLES 


Paraffin wax (e’=2.25, tane’/e’<0.0002 at 10000 
mc/sec) was used as the binding material for this series 
of experiments mainly because of the ease with which 
it can be handled. The metal powder was poured into 
melted wax and the mixture stirred until it solidified. 
This mixture was placed in a food blender with some 
dry ice, reduced to a fine powder, and then desiccated 
for twenty-four hours. The wave-guide sample was 
formed in a slightly oversize die under vacuum. This 
technique provided a specimen free of air and water 
and with metal particles evenly dispersed throughout 
its volume. 


Po he Birks, Proc. Phys. Soc. (London) 60, 339, 282-292 
* Weissfloch, Hochfrequenz v. Elektroakustik 60, 67-73 (1942). 
*Arthur A. Oliner, The Calibration of the Slotted Section for 

Precision Microwave Measurements, Report R-267-52, P113-206, 

Microwave Research Institute, Polytechnic Institute of Brooklyn, 

March, 1952. 
7C. G. Montgomery, Techniques of Microwave Measurements 

MIT Radiation Lab Series, Vol. 11 (McGraw-Hill Book Com- 

pany, Inc., New York, 1947), p. 481, 


TABLE I. The electrical constants of pure paraffin. 








Length of 
sample 


0.5933 inch 
0.3560 inch 
0.3535 inch 


Dielectric 
constant 


yh 
2.25 
2.24 


Permeability 


1.003 
0.998 
0.995 


tané, 


<0.01 
<0.01 
<0.01 











Table I contains results of check measurements on 


paraffin samples prepared as described above, but free 
of metal powder. 


RESULTS AND DISCUSSION 


A microscopic examination of the conducting powders 
used in these experiments showed that the Al was in the 
form of flakes, the Zn particles were spheres, and the Cu 
powder consisted of irregular clumps. Since the polariza- 
bility of a flake is higher than that of a sphere of 
comparable size,* it is expected that the Al powder 
should give a higher dielectric constant for a given 
metal volume than either Zn or Cu. The experimental 
results show that this is actually the case and also that 
the irregular Cu clumps have a higher polarizability 
than the Zn spheres. It is also observed that whenever 
good conductors such as Cu, Zn, and Al are used in the 
samples most of the loss is magnetic in character. 

Lewin,® using the results of Mie’ for the scattering 
of an incident plane wave by a sphere, obtained a 
solution for the resultant field in a semi-infinite region 
occupied by spherical particles arranged in a cubic 
lattice. He was then able to calculate the bulk dielectric 
constant and permeability in terms of the particle to 
mixture volume and the permeabilities and permit- 
tivities of the medium and the material of the particles. 
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Fic. 2. Dielectric constant ¢ of the zinc particle, paraffin 
mixture (@) and Ka,/e€ , which is proportional to particle polariza- 
bility as a function of percent zinc by volume. Calculated values 
of the dielectric constant of the mixture were obtained from 


8 See reference 1, pp. 2-3. 
®L. Lewin, J. Inst. Elec. eq 94 (III), 65-68 (1947), 
0 G, Mie, Ann. Physik 25, 377 (1908). 
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Fic. 3. Dielectric constant ¢ of the aluminum particle, paraffin 
mixture (@) and Ka,/e, which is proportional to particle polariza- 
bility as a function of the percent aluminum by volume. 


His results were expressed in the following equations: 


' 3f 
Lt — | (1) 
L (up t+ 2p1/up—mi)—f 


] af 
1+ , 
Ls (€p+26:/€,—41) —f 








where 
€,/€2= Mp/w2= F (8), 


2(Siné— 6 Cosé@) 
(62—1) Sind-+0 Cosd 


2ra 7 
= mel (5) 


3670 
= —i . (6) 
wX10~° 


For spherical conducting particles whose radii are of the 
order of 10~ inch and whose resistivities are of the order 
of 10-* ohm-cm, Lewin’s expression for € reduces to 


e[1+2//1—f], (7) 


since the imaginary part of ¢€ is small. The Clausius- 
Mosotti formula can easily be obtained from (7) by 
letting 
f=Na,/3«€0 (8) 

and thus 

e— 2.25 
-——, (9) 
3€5 e+ 4.50 


Na 


where €, is taken equal to 2.25. 

Equations (1) through (6) indicate that since @ is 
complex for conducting particles the bulk permeability 
of a cubic lattice of nonferromagnetic conducting 
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spheres in a dielectric binder such as paraffin should 
possess an imaginary component or be complex. 

The Clausius-Mosotti formula implies that the 
polarizability of a particle is independent of the number 
of particles per unit volume. However, when the experi- 
mental results on the Zn and Al mixtures are used to 
calculate Na,/3e9 from the Clausius-Mosotti formula 
and this quantity plotted as a function of concentration 
(Figs. 2 and 3), the resulting curves are not horizontal 
even for low values of f. In the case of the Zn mixture, 
since Na,/3e€9 increases with concentration, the experi- 
mental curve for e« has a steeper slope than the theo- 
retical curve calculated from the Clausius-Mosotti 
relation. Particle agglomeration or non-uniformity of 
particle arrangement may account for some of the 
observed variation. No attempt was made to measure 
materials for which f was greater than 0.3 as the results 
were generally unreliable. 

The magnetic loss tangents for both the Al and Zn 
mixtures are plotted in Fig. 4. The dashed curve, in- 
cluded for comparison purposes, is obtained by using 
Lewin’s results to calculate the loss tangent of a sus- 
pension of spherical particles having a conductivity of 
10.8 10° mhos/meter and a radius of 10~ inch. Since 
the actual radii of the Zn spheres varied over a wide 
range and since the Al particles were not spheres, the 
agreement of the experimental data with the theory is 
considered satisfactory. 

The modulus of the complex permeability for both 
the Al and Zn mixtures is plotted in Fig. 5. It is seen 
that the experimental results lie between the curve 
calculated for a spherical particle of radius 10~ inch 
and conductivity 10.8X 10® mhos/meter, and the calcu- 
lated curve for spheres of infinite conductivity. If a 
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Fic. 4. Magnetic loss tangent as a function of percent metal by 
volume for the aluminum (@) and zinc (4) mixtures. The dashed 
curve (—) is calculated from Lewin’s results assuming the metal 
spheres to have a radius of 10‘ inch and a conductivity of 
10.8 10® mhos/meter. 
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Fic. 5. The permeability of the aluminum mixture (@) and the 
zinc mixture (A) as a function of percent metal by volume. The 











dashed curve (—) is calculated from Lewin’s results assuming 20 30 40 


the metal spheres to have a radius of 10~ inch and a conductivity 
of 10.8 10® mhos/meter. The dot-dashed curve (—-—) is calcu- 
lated assuming the particle conductivity to be infinite. 
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Fic. 6. Index of refraction as a function of volume concentration 


for Al and Zn. The dashed curve is calculated from Lewin’s results 
assuming particles of very high dielectric constant. The dash-dot 
curve is obtained in the same manner by assuming an infinite 


range of particle sizes with a proper distribution in particle conductivity. 


number were assumed, it should be possible to approxi- 
mate more closely the experimental results for Zn 
spheres than either of the theoretical curves in Fig. 5. 

Figure 6 illustrates the high index of refraction ob- 
tainable with a mixture of flakelike particles such as 
the Al used and a dielectric binder such as paraffin wax. 
For comparison, the curve for Zn as well as the calcu- 
lated curves for spherical conducting particles (infinite 
conductivity) and for spherical nonconducting dielectric 
particles (very high dielectric constant) are shown. 

Figure 7 is a plot of |u|! and tan(é,) as a function of 
particle radius for Zn spheres of conductivity 17.1 10° 
mhos/meter using Lewin’s formula. Over the range of 
particle size considered, the dielectric loss tangent is 
so small as to be entirely negligible and only magnetic 
losses need be considered. The graph thus indicates that 
it should be possible to manufacture an artificial di- 
electric of high refractive index and low loss by using 
small conducting particles having a high electric polar- 
izability. 

Measurements were also made on samples containing ethan aiaikaa 
Fe;O,4, carbon in the form of lampblack, and the rutile 
form of TiO: in addition to the Al, Zn, and Cu samples 
already discussed. Table II shows that only the carbon 


and the higher concentrations of Zn exhibit a meas- 
urable dielectric loss. Since carbon has a comparatively 
low conductivity, Lewin’s formulas predict that most 
of the loss in the sample should appear as a dielectric 
loss. By the same reasoning, the dielectric loss of the 
Zn mixture is likely due to a lower than normal effective 
conductivity of the Zn particle. Unfortunately, no 
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Fic. 7. The effect of particle size on permeability and magnetic 
loss tangent computed from formulas given by Lewin with f=0.18, 
o=17.1X10* mhos/meter, €;=2.25, wi=1. 


TABLE IT. 








Approximate 
particle 
geometry 


Average particle 
size (maximum 
dimension in inches) 


Electric constants of mixture 
tané,, lel 


Density 
(g/cc) 


Concentration 


Suspended material (% by volume) 


Aluminum “A” 
Aluminum “B” 
Carbon 

Carbonyl iron 
Copper 

Magnetite (Fe;0,) 
Rutile 

Zinc 

Zinc 

Zine 


tané, 





~~ 
~ 


18 Flakes 
18 Clumps 
5 Powder 
19 Spheres 
19 Clumps 
18 Powder 
12 Powder 
20 Spheres 
24 Spheres 
29 Spheres 


0.0008 
0.0002 


0.09 
0.07 
<0.01 
0.34 
0.09 
0.25 
<0.01 
0.07 
0.09 
0.10 


<0.01 
<0.01 

0.11 
<0.01 
<0.01 
<0.01 
<0.01 
<0.01 

0.02 

0.04 


bh 
Oo 


wWNnTN FOO, 


0.0001 
0.0006 


0.0002 
0.0002 
0.0002 


SESS SE > Cn G8 SI Po 
SOSwWNOmDON 
2 0 (71 1 D\ G0 Gr 


— 











262 KELLY, STENOIEN, AND ISBELL 


precise information concerning the exact composition 
of the powdered materials used was available. The 
rutile, as expected, had a permeability of 1.00 and both 
its magnetic and dielectric losses were below 0.01. 


SUMMARY 


Artificial dielectrics have been constructed with in- 
dices of refraction as high as 7.2 at a frequency of 9364 
mc/sec by imbedding microscopic conducting flakes in 
paraffin wax. It has been shown that when conducting 
particles are used most of the loss is magnetic in char- 
acter with little or no dielectric loss. This result is in 
agreement with calculations based on formulas derived 
by Lewin. A plot of the magnitude of the mixture 


permeability and its loss tangent indicates that it 
should be possible to construct an artificial dielectric of 
high refractive index and low loss by using powdered 
conductors if the particles are very small and possess a 
high electric polarizability. Future plans include experi- 
mental work along these lines using both nonferro- 
magnetic and ferromagnetic substances. 
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It is shown that the electromagnetic field in a loss-free cavity excited through holes cannot be completely 
expressed in terms of the short-circuit modes of the cavity satisfying the condition that the tangential com- 
ponent of the electric field is zero on the boundary of the cavity including the openings. For a complete 
expansion it is necessary to add an irrotational magnetic field, which contributes a term inversely propor- 
tional to the frequency, to the usual admittance matrix. If the cavity is presumed to include a reasonable 
portion of the guides feeding the openings, this irrotational component becomes almost diagonal. 


I, INTRODUCTION 


| the course of comparing some similar aspects of the 
theory of nuclear reactions and of electromagnetic 
transmission through loss-free microwave junctions, the 
writers were led to a re-examination of the problem of 
expanding arbitrary electromagnetic fields in these junc- 
tions in terms of normal modes. 

The case of a completely closed cavity with perfectly 
conducting walls was disposed of by Weyl'? many 
years ago. Using the theory of linear integral equations, 
he showed that an arbitrary electromagnetic field satis- 
fying homogeneous short-circuit boundary conditions 
on the perfectly conducting surface S of a hollow simply 
connected cavity V (i.e., a field E, H satisfying nx E=0 
on_S, n being the unit normal to S) can be completely 
expanded in terms of the normal short-circuit modes of 
the cavity. These modes satisfy the equations 


curlE,= — jwaH. 


in V ; 
all.-jaR, ” a8) 


* This work was assisted in part by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund. 

t Now at the Research and Development Laboratories, Hughes 
. Aircraft Company, Culver City, California. 
1H. Weyl, J. Math. 143, 177 (1913). 
2 H. Weyl, rend. circ. mat. Palermo 39, 1 (1916). 


and the boundary condition 
nXE,=0 onS. (1.2) 


Throughout this discussion one is, of course, dealing 
with the temporal Fourier transforms of the actual 
fields (j=./—1). 

Weyl attacked this problem mainly to study the 
asymptotic distribution of proper frequencies. In recent 
years the expansion aspect of the problem has acquired 
new interest, because of the large part played by 
cavities (with holes, however) in modern microwave 
system,** and also because of attempts to describe 
stellar electromagnetic fields in terms of normal modes.’ 

In the first of these problems, which is the one of 
interest here, it usually proves convenient to separate 
the effect of the guides and of the junction proper 
(see Fig. 1). The field in the guides is characterized 
by the various guide modes, while in the junction proper 
it must be characterized by some complete set of vectors. 
The junction couples the various modes and guides, and 
the generalized “currents” and “voltages” in the guides 
are then related by the so-called admittance matrix, 

3 E. U. Condon, Revs. Modern Phys. 14, 341 (1942); J. C. Slater, 
Revs. Modern Phys. 18, 441 (1946). 

4K. Franz, Elek. Nachr.-Tech. 21, 8 (1944). 


5 W. Elsasser, “Boundary-Value Problems of Hydromagnetics” 
Tech. Rept. ONR Contract N-7-onr-388 (Sept. 1950). 
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which is a function of frequency in which the proper 
frequencies of the junction play a basic role.*:* It seems 
to have been generally assumed that the short-circuit 
modes of the junction, regarded as a closed cavity, 
form a complete set with respect to an arbitrary admis- 
sible electromagnetic field (excited by the wave-guide 
fields through the openings). While these modes can 
indeed be made basic to any such expansion, they are 
not complete. Instead, it is necessary to add an irrota- 
tional magnetic field; similarly, in the case of open- 
circuit modes (i.e., modes satisfying the boundary 
condition nX H=0 on S) it is necessary to add an irro- 
tational electric field in order to permit expansion of the 
relevant fields. Since these facts do not appear to be 
widely known, this paper is intended to elucidate them 
and to estimate the effect of the additional field on the 
admittance matrix. 


II. CHARACTERISTIC FIELDS OF THE CAVITY 


The problem one has to consider is how to char- 
acterize the electromagnetic field adequately in a 
hollow simply connected cavity with perfectly con- 
ducting walls, which is excited via holes out in these 
walls. 

The simplest way to attack this is to introduce a set 
of orthogonal vectors (in Hilbert space) and add further 
such vectors until the set is complete, i.e., permits an 
expansion of all the fields of interest. The natural 
starting point is, thus, the set of normal vectors, satis- 
fying short-circuit boundary conditions on the entire 
“surface” S of the cavity, consisting of the conducting 
portion S', and the holes (wave-guide openings, hence- 
forth called terminal planes) 71, T2, ---, assumed to 
be plane. The total open area is denoted by T=)ou 
Tu=T,+T:2+:--. These normal modes thus satisfy 


curlE,= — jwaH. 


2.1 
curlH.= jwaE. 2.1) 


in the cavity V, and the boundary condition 


nXE,=0 (2.2) 


on S. The we are real, and there is no loss of generality 
in taking E, real, and H, imaginary. E., H. may be 
normalized to satisfy 


f (E,,-E,—H,-H,)dV = ben. (2.3) 


The solutions occur in pairs we,E.,H., and w_a= —Wa, 
E_.=E,, H_2=—Ha. It will generally prove conven- 
ient to combine these. 

It is clear at this stage where the difficulty may arise. 
The above equations assert that the E, are the proper 


*A comprehensive treatment of the background material is 
given by J. C. Slater, reference 3. A treatment giving the notation 
and some of the results stated below in more detail may also be 
found in T. Teichmann, J. Appl. Phys. 23, 701 (1952). 
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vectors of the boundary value problem 
AE,+w.’E.=0 (2.4) 


with the boundary condition (2.2). If w.0 this implies 
that the H, are the proper vectors of the problem 


AH,+.2H.=0, 
with the boundary condition 
(n-H,)=0 onS. 


(2.5) 


(2.6) 


This last condition follows from Eqs. (2.1) and (2.2) if 
#a*0, but not if w.=0. In this latter case, neither (2.6) 
nor the vanishing of the divergences of H and E follows 
from (2.1) and (2.2). However, since their curls vanish, 
they can be represented as gradients of scalars, 


Es=gradw Hs=gradu. (2.7) 


The zero-frequency fields (2.7) appear to lack physical 
reality, and it is customary to assume that they are not 
needed for the expansion of the actual field E, H in the 
cavity. That this is not so will be demonstrated in two 
steps. We shall show, first, that the Es, Hg of (2.7) is 
orthogonal in the sense of (2.3) to every E., Ha. field 
with w.0, as long as w assumes a constant value on the 
surface S of the cavity (u can be arbitrary). The second 
step will show that a 


E;=0 H;= gradu (2.8) 


field is, in general, not orthogonal to the actual field, 
although a 


Es=gradw Hs=0 (2.9) 


field is. Hence, the expansion of the actual field will in 
general contain a term of the character (2.8). 

The first step will be carried out first for the field 
(2.8). We have 


[He Hav=— [Hp-curB.av 
Wa 


=| fave.xnyav+ [B.-cunttsav. (2.10) 


However, the second term of this vanishes because Hg 
is a gradient, and the first term is equal to the surface 
integral of 


(E.X Hs) -n=(nXE,)- Ha, (2.11) 


which vanishes by (2.2). A similar calculation for 
JS Es-E.dV leads to the surface integral of (H.XE,)-n 
which will vanish only if (H.XEzg) is parallel to the 
surface S. Since H, can be any vector parallel to S, 
(H.X Ez) is parallel to the surface S. Since H, can be 
any vector parallel to S, (H.XEzg) will be parallel to 
S only if Es is perpendicular thereto, i.e., if w is constant 
on S. The condition on Eg is, therefore, the same (2.2) 
as on E,. 
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The second step of our demonstration is very similar 
to the first one, with the difference, however, that the 
actual field E, H replaces E., H.. We can assume, with- 
out loss of generality, that the actual field E, H is 
periodic with a finite period w (this excludes static 
fields), this then replaces wa. in (2.10). The transforma- 
tion (2.11) finally gives 


fae nav=* [ (xk) Has. (2.12) 
v Ww Ss 


This is not zero in general because nX E vanishes only 
on the conducting portion S' of S, not on 7), T2, ---.On 
the other hand, a similar calculation with the field 
(2.9) leads to the surface integral of 


—(nX H)- Es= (nX Eg) -H, (2.13) 


and this vanishes because Eg is perpendicular to S. 

The component (2.8) is most significant in the de- 
scription of the actual field if the linear dimensions of 
the cavity are small as compared with the wavelength 
of the radiation which one wishes to describe, i.e., for 
which one wishes to obtain the admittance. In general, 
the significance of the static component (2.9) can be 
best gauged by means of the final formula and this will 
be done following (3.35). Naturally, no (0, gradu) term 
would be necessary if one wanted to expand only fields 
which can exist in the cavity S the walls of which are 
actually all conducting. However, this is not the object 
of the admittance matrix. 

One could avoid using the static portion (0, grad) 
by replacing the boundary condition (2.2) by an im- 
pedance boundary condition relating the tangential 
components of E, and Ha, viz., 


(nXE,)=%U(nX H.,), (2.14) 


where % is a two-dimensional dyadic’ with zero trace 
(to insure orthogonality). For %+0, the boundary 
value problem thus defined has a double infinity of 
proper solutions (as compared to the case 2{=0), be- 
cause the boundary conditions have, as it were, an 
additional degree of freedom. In the limit 2{=0, these 
normal modes coalesce in pairs to give the normal 
modes of the original problem with short-circuited 
boundary conditions. The field gradu is thus required 
to make up for this deflection of half the modes. How- 
ever, this method appears rather artificial. 


Ill. EFFECT OF THE IRROTATIONAL COMPONENT 


In light of the considerations of the previous section, 
the electromagnetic field E, H, excited in the cavity 


7 We have been informed that boundary conditions of this na- 
ture have been considered already by J. Schwinger in an as yet 
unpublished article. 
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may be represented by the series 
E=)) faE., 


(3.1) 
H=>> f.H.+gradu. 


If this field is of frequency w, E, H satisfy the equations 


curlE=—jwH divE=0, 


divH=0. (3.2) 


curlH = jwE 
Thus, 


div(EX H,—E.XH)= j(w~w.)(E-E.—H-H.) (3.3) 


and application of Gauss’ theorem, and the orthonor- 
mality relations (2.3) leads to the result 


pee f H,-(EXn)dT (3.4) 
T 


[since (EXn)=0 on S']. The f, are therefore completely 
determined by the frequency and the transverse com- 
ponent of E on the terminal planes. To determine u, 
one notes that Aw=0, so that « is completely deter- 
mined by the value of its normal derivative over S. 
Since n- gradu=n-H on S, one has 


uie)= f No,0u-M@T@, 
T 


where p, g are points of V or S, and V({, q) is the Neu- 
mann function’ of the cavity, determined as follows: 


(i) N(p, q) = (4arp,)'+ v9, 9) 


with v(p, g) regular and harmonic (i.e. Av=0) in V; 


ji) f No, oas@=0; 
° (3.6) 
” ON(p,q) 1 
(iii) ————=-—-— forgonS. 
Ong S 
In the last equation S denotes the area of S. 

In order to estimate the relative contribution of the 
irrotational component, one proceeds most conveniently 
by expressing E and H on the terminal planes 7'y in the 
“canonical”’ form, i.e., in terms of the electric and mag- 
netic modes of the wave guide, which has the terminal 
plane in question as cross section. Thus one writes 


E=>" p welt, NetineZyeF;, Ns) 
N 8 


(3.7) 
H= re Z. insGs,wst0n.Zns Gy, ws. 


8S. Bergman and M. Schiffer, Duke Math. J. 14, 609 (1947). 
This article also contains an account of various properties of these 
Neumann functions which are used below. See also O. D. Kellog, 
Foundations of Potential Theory (J. Springer, Berlin, 1929), 
Chap. IX. Neumann’s function is also called Green’s function 
of the second kind. 
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Fy,, Gws are the electric and magnetic fields of the 
sth modes in the Nth guide (i.e., on the Nth terminal 
plane or “hole” Ty), and the suffixes /, s denote the trans- 
verse and longitudinal components of these fields (with 
respect to the normal 7). Zy, is the impedance of this 
mode. A full description of these modes may be found 
in Condon’s work (reference 3); the properties relevant 
to the present discussion are listed below. 

When we introduce the scalar solutions Uy, of the 
equation 


(grad, vw)? Uy.+KveUy,=0 (3.8) 


on the terminal plane 7, subject to the boundary 
conditions 


(grad; vUns)n=0 sodd, s=1,3,--- (3.8m) 
Uy,=0 seven,s=2,4,--- (3.8e) 
on the boundary cy of Ty, and placing 
kyZf='— Ky’, (3.9) 
the wave-guide modes are given as follows. 
Magnetic modes, s odd 
G, v.= grad, Uy, 
G..vs=—(jKnekns")Un.en —_(3.10m) 
F,.vs= (en X Gy, ws) 
F.v.=0 
Zy.=wkys. (3.11m) 
Electric modes, s even 
F,v.= grad, vUy, 
F..ve= —(jKyekvs Uy en (3.10e) 
G,, v.= (Fi, .Xen) 
G.,vy,=0 
Zy,=w tks. (3.11e) 


ey denotes the unit normal to the terminal plane Ty. 
It is directed away from the cavity and is equal to n on 
Ty. Fy, and Gy, are defined to be zero on all parts of T 
except Ty, where they are given by the previous equa- 
tions ; hence they satisfy the orthonormality relations 


G.,v.°G, vw dTL= 


TL TL, 


Fis . F,, M aT 1, 


= (Five Gi, wr) erdT , (3.12) 
TL 


= 51 MOn Mrs, 


the Uy, being normalized by 
J (grad, nUn,)*dTy=Kyn? f Uy?edTy=1. (3.13) 
TN TN 


The Uy, may be taken to be real without introducing 
any essential restriction. 

Putting the expression (3.7) for Z into Eq. (3.4), and 
using the above results one finds that 





1 
fa= DX L Vanes, (3.14) 
Wa—-WwN s 
where 
YaNs> —j H.,- G, ndTy (3.15) 
TN 


is real and independent of frequency. Similarly, com- 
bining Eqs. (3.7) and (3.5) yields 


j 
—u(p)=- } pag tv Kw? f 
w N T 


N(p, g)Un.(q)dT n(q) | 


N 


(3.16) 


>.’ means that the sum is to be taken only over odd 
values of s, since only the magnetic modes contribute 
to the normal component of H at the terminal planes. 
The factors 


K Ne N ; Ins N 
J Np, WU saat @| 


are independent of the frequency w, so that for fixed 
values of the voltages vy,, u(p) varies as w. 

Using these values for the /. and u() in the expan- 
sion (3.1) of H and comparing this with the expression 
(3.7) which holds for the same quantity on the terminal 
planes 7'y, it follows simply that 


H-G, vdTy=inu; 








TM 
=D DL (AmrnetCur,ns)0ne (3.17) 
N 8 
=>, > Y Mr, NsUN sy 
N 28 
where 
. YaMrYaNs ’ YaMrYaNe 
A Mr,Ns=— J = 2jw 7 ° (3.18) 
a Waa W a>0 W2—w 


The last part follows from the remark following Eq. 
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(2.3). Similarly, 


Gurne=— jw Ky? 


‘! 


dT u(p) grad, Mu l ’ ur(p) ° grad; M 


M 
x f dT y(q)N(p, g)UN.(q) 
T 


"N 


(3.19) 


for r, s both odd, and zero otherwise. A direct applica- 
tion of Green’s theorem enables C y,, vy, to be written in 
the more symmetrical form 


Cur.ne=— jo 'KurPKye 


x f f dT x(p)dT v(q) 
Tu“ Tn 


XU ur(p)N(p, 9)Un.(q). 


In matrix notation one may therefore write the equation 


(3.20) 


i= Yo, (3.21) 
in which the admittance matrixf 
Y=A+C (3.22) 


is composed of two parts, the contribution A of the 
cavity short-circuit modes and the purely inductive 
(irrotational) part C. 

Before proceeding to estimate the matrix elements of 
C and to compare them with those of A, it is instructive 
to show how these two terms contribute to the total 





energy 
Wu= f |H|2dv. (3.23) 
» 
From Eq. (3.1) and the results of Sec. IT, 
W=> |fa +f | gradu |*dV. (3.24) 
a V 


When Eqs. (3.14) and (3.18) are used the sum on the 
right is given simply by 


—§ pm pe > > > vv. A Na, MrUMr’, 
N «@ M ¢ 


or in matrix notation 


x | fal2= — joAv*. (3.25) 


The dot denotes differentiation with respect to w, 
f=df/dw, etc. The contribution of the irrotational 


t Because the transverse components of the wave-guide modes 
have been defined to be independent of frequency, the admittance 
matrix here derived does not contain the inconvenient factors Z! 
which occur in reference 6 and introduce an unnecessary additional 
frequency dependence which is quite independent of the proper- 
ties of the cavity. 
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part is 


f | gradu|*dV 
Vv 
= w? p 2 » thy _ ig UN sUM Ky eK ur 
a N f¢ 


x f ave) grad f dT y(q)N(p, 9)Uw.(q)-grad 
v T 


N 
x J dT u(y)N(p, 9) U aly). 
TM 


It is a quite simple consequence of potential theory that 


f dV(p) gradN(p, q)-gradN(p, y)=N(q, y) 


V 


(see reference 8, for example), and hence the expression 
on the right reduces to 


J zz y iy z dy UnsCNe, MrUMr’, 
N 


8 M fr 


or, in matrix notation 


f | gradu|*dV = — jrCov*. (3.26) 
i. 
Consequently, 
W =— jo(A+C)o*. (3.27) 


If the excitation of the cavity is such that there is no 
normal magnetic field over the terminal planes C will 
not contribute anything to W, because the v’s for 
which C is finite are then zero. 

In order to calculate Cys,, , exactly it is necessary to 
know the Neumann function NV(/, 7) of the cavity, 
and to carry out the double integration on the right of 
Eq. (3.20). Both the determination of N(#, g) and the 
subsequent integration may generally be expected to be 
rather laborious. However, if suitable assumptions 
are made about the position of the terminal planes 
Ty, Cmr,ne may be estimated without too much diff- 
culty, and the approximate form turns out to be rather 
simple. 

One therefore supposes that the terminal planes Ty 
are displaced outward by an amount dy from the 
“natural” boundary of the cavity, along the wave guides 
which they generate. The cavity now consists of the 
“natural” cavity plus sections of guide of length dy 
(see Fig. 1). The calculation now rests on the fact that 


on.(p)= N(p, g)Un:(g)dTn(q) 


TN 


(3.28) 


is the potential at the point » due to a normal field 
Uy.(q) over Ty, and zero elsewhere on S. In the region 
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ELECTROMAGNETIC FIELD EXPANSIONS 


between the natural boundary and Ty, it is possible to 
determine $y.(p) directly, by using the fact that the 
Uy, form a complete set of solutions of the boundary 
value problem [given by Eqs. (3.8) and (3.8m) ], and the 
well-known potential theoretic results that ¢y.(p) can- 
not have any maxima or minima in V, but only at the 
boundary. A simple calculation then yields the result 
that 


ons(P) ~ Kye" (1 = Oy ge tENetn)-1 

¥ (e~ Keen + Oy 6 2KNsdNeKNsen) Uns. (3.29) 
Here zy denotes the distance of p from the terminal 
plane Ty. Oy, is a constant of absolute magnitude less 
than unity, 


|@ns| <1. (3.30) 


It then follows from the formulas (3.20) and the ortho- 
normality relations (3.12) and (3.13) that 


j 
Cyr,Ne= — —Ky bre" (1 — Oy e7KN od r 
w 


X (1+Oye7X"e4"), (3.31) 
It is clear that if dy is made sufficiently large 
Cnr, Ne —Kwibrs. (3.32) 


e)) 


The extension to matrix elements Cy, 7, with M¥N is 
now also plain. If Cys;, v.° represent the matrix elements 
of C when the terminal planes Ty coincide with the 
natural boundary, then (3.29) shows that 


CurnscovCmu . nel (KMrdMt+KN ody) | (3.33) 
For large dy and dy these matrix elements also become 
negligible. Hence, if the cavity is defined to include a 
reasonable length of each entering guide, one has 


Cur, ns——Ky bun drs. 
w 


(3.34) 


Since C has a frequency dependence of the form 1/w, 
while A has an infinity of poles extending to infinity, 
it follows that C can contribute appreciably to Y only 
for low frequencies (small w). This is, of course, con- 
sistent with the interpretation of C as the manifestation 
of the quasi-static part of H. 

The above considerations show that the usual ad- 
mittance matrix 
YaMrYaNs 


A Mr,Ns=— 2jw yo 


2 ” 
a>0 Wa a 


must be augmented by the additional “‘irrotational” 
(i.e., purely inductive) matrix Cy;, vs, given by formula 
(3.20). If the cavity is chosen so as to include a portion 
of each wave guide larger than the diameter,. then 
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Fic. 1. Sketch of cavity showing terminal planes 
and natural boundary. 


Cmr,ns becomes approximately diagonal and has the 
form (3.34). 

One may obtain a rough estimate of the relative 
contributions of the two terms by using the asymptotic 
relation between the yay? and the wa, derived in 
reference 6, viz., 


w<Yane>—~Da, (3.35) 


where < yan.’> denotes an average of yan.” over several 
values of a, and D, the average spacing between the wa 
in this region. Applying this result to all the individual 
terms a, except the lowest a=1, and supposing that 
ww), one finds (see reference 6 for details) 


re (1+2>) (3.36) 
=~ pa @. q 
. D 


2 2 
Wi — Ww T 1 


2jwy 1N é 


r ~~. 
A N &, N , eed 


Thus, the nonresonant contribution of Ay, Nn, for 
ww, is approximately equal to 7/2, while Cy,, vy, con- 
tributes —jKwy,/w: which is of the order —jV!Ty7-! 
for the lowest wave-guide mode s, Ty being the area of 
the Vth terminal plane. This latter term will be larger 
than the nonresonant part of A ws, v. except if the cavity 
is very shallow in the direction of the guide. Since the 
nonresonant part of Y at any resonance (pole) wa serves 
only to change the width and position of the transmis- 
sion resonance slightly, one may say that at the lowest 
resonance w;, these changes are determined largely by 
the inductive component C; at the higher modes, C 
becomes small because of its 1/w frequency dependence, 
and the changes in width and resonance position are 
then due mainly to the cumulative effect of the other 
(nonresonant) terms of A (see also reference 6, Sec. III). 

We are very much indebted to Professor R. H. Dicke 
for many valuable discussions. 
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A few formal observations are made concerning wave propagation through an inhomogeneous medium. A 
modification of Kirchoff’s formula is suggested and an integral equation derived which, if certain integrals can 
be evaluated, gives an estimate of the error made in the usual approximate methods. Applications are 
indicated to the equivalent earth’s radius model and to the flat earth, modified index model. 


HE earth we live on is a large, approximately 
spherical body surrounded by an atmosphere 
whose refractive index is not a constant but rather a 
function of both time and position. If we put a radio 
antenna near the surface of this earth and then try to 
compute the electromagnetic fields that result, we are 
working on a problem that has interested men for many 
years. Now the usual methods for the treatment of this 
problem are for very specific cases and are often very 
difficult to understand intuitively. Such is true, for 
instance, of the flat earth, modified index technique and 
of the spherical mode analysis which results in an 
equivalent earth with a homogeneous atmosphere but 
with an altered radius. A more direct and more intuitive 
approach to this problem is to be found in a modification 
of Kirchoff’s formula. 
To simplify the problem somewhat, let us suppose 
that we have a scalar function @ satisfying the wave 
equation 


Vo+k’o=—Aar (1) 


at all points outside of the earth. The propagation con- 
stant k is a function of position which tends to po, say, 
at large distances from the earth; and the function 7 
represents the sources of the field—to make the problem 
more precise we shall suppose that 7 is effectively zero 
at all but a single point P». As for boundary conditions, 
we demand that at the surface S of the earth a homo- 
geneous boundary condition 


0o/dn=ikid on S (2) 


be satisfied (m being the normal directed into the earth), 
while at infinity @ is regular (i.e., if R is the radial 
distance from the origin, the limit, as R->, of R¢ is 
bounded) and satisfies the Sommerfeld radiation con- 
dition 


dg 
R+2 \OR 


Now let ¥(P;, P2) be an arbitrary function of the two 
points, P;, P2, which is suitably regular and which 
satisfies the following two conditions: 

(a) for P; very close to P2, 


y~ 1/ris, (4) 


where 72 is the radial distance between the two points; 


(b) for P,; fixed and P, tending to infinity, y is 
regular and satisfies the radiation condition 


oy 
lim R(=— ixy,) =0, (5) 
rox \OR 


K being a constant. 

Consider the volume Vr which is bounded by the 
surface S and by the japnene Zr of radius R—supposedly 
R is so large that Le pentins eerne encloses the earth. 
Then from Green’s theorem there follows 


f [o(P2)Vo"y—WV22o(P2) |dre 
VR 


-4nf Pde f $(P2)(V2"y+ k*y) doz 
VR VR 


oy gee 
= 419(P;) +f at (P2)— - ~ fas 


Ne On» 


or, rearranging and making use of (2), 


o= J. = ~ f (#0) 
4 on 


1 
+—| f o(VY +k) de 
4dridve 


+f (-8)a al. 


Now this equation must be satisfied for all R and so it 
will also be satisfied in the limit. Thus 


1 oy 
=f rbdet— fof itoy—— )aa 
VR 4r Ss on 


1 
+— lim | o(V°Y-+ kYy)do 
VR 


4nr R--x 


+i(ko— K) 


ZR 


ovda}. (7 
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This equation represents a generalization of Kirchoff’s 
formula. The thought behind this development is that 
¥(P1, P2) is to be some sort of trial solution of the 
problem and then (7) is an integral equation defining ¢. 
The first volume integral is essentially ¥(P1, Po) and so 
represents that portion of the field which can be ex- 
plained away by the trial solution y. The surface inte- 
gral represents the effect the earth has upon this trial 
solution. It can be disposed of by requiring that y 
satisfy the boundary condition 


dy/dn=ikéy on S. (8) 


However, in order to retain generality we shall continue 
to suppose that this is not necessarily so. 

The remainder of the right-hand side of (7), to which 
we shall refer for short as T¢, represents the effect the 
inhomogeneity of the atmosphere has on the trial 
solution. Ordinarily we will try to satisfy the equation 
V'y+ky=0 as closely as possible. The quantity T¢ is 
therefore a measure of the degree to which we fail in this. 

Let us define the function ¢(P,) by means of the 
integral equation 


1 ay 
gp) = f rydv-+— 6° (itoy-— aa, (9) 
v 4nrvs 


on 


This will be a first approximation. By substituting ¢” 
into (7) we find for a second approximation 

o? = g%+ To. (10) 
Thus if ¢ is thought of as being the trial solution ¥ 
after it has been diffracted around the earth, T7¢™ is a 
measure of the error involved. 

Perhaps a more elegant form of (7) is one in which the 
surface integral over Dp is discarded. If K is defined 
equal to ko, there is, of course, no problem. But if this is 
not so, then the surface integral is definitely needed to 
make the limit convergent. On the other hand, let. us 


define the vector field A(P;, P2) as any solution of the 
equation 


V2-A(Pi, P2)= —(P2)¥(Pi, P2), (11) 


which satisfies the boundary condition at infinity 


A=———+, + 0(R), 
i(ko+b) 


where 7; is a unit radial vector. And let g(P1, P2) be a 
suitably regular arbitrary function which for any fixed 
P; is zero for P2 on S and which tends to ko?— K? as P22 
goes to infinity. Then 


f goydv= A-Vgdv— f gA-nda 
VR VR S+=R 


(12) 
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so that 


A-Vgdv 


VR 


aw R>™” 


Te=— tim | f. o(V5y-+ kYy— gy)do+ 


+ [ilty~K)6y—gA-n1 a 


=R 


1 
- f A- Vedo-+— f H(VY+ky—gy)dr. (13) 
Vv 4n dy 


In this equation, we are to think of g as a function which 
makes V’y+k’y—gy=0 or very closely so. Thus the 
second integral vanishes or at any rate is very small 
compared to the first, and we may write 


Tim f a Vedv. (14) 


AN EXAMPLE 


Let us suppose that & has the same value K. at all 
points of the surface S. And let us define y to be that 
function which satisfies the conditions (4), (5), (8), as 
well as the wave equation V’°y+ K*y=0. Then V*¥+ ky 
= (k’— K*)y and we can define g= k?— K?. Thus 


(15) 


1 
To=— f A-V(k?)dv. 
nr V 


This, then, is the correction to be added to a field 
calculated on the basis of a homogeneous atmosphere. 


THE EFFECTIVE EARTH’S RADIUS 


As a second example, let us suppose that S is a sphere 
of radius a. We shall assign to any point P the coordi- 
nates h, s, n, where / is the height radially out from the 
earth, s the distance along the earth’s circumference, 
and 7 the azimuth. The usual spherical coordinates are 
then r=a+h, 0=s/a, and 7. We shall also assume that 
k=k(h) is a function of h/ alone. 

In terms of h, s, 7 the Laplacian becomes 


“(it 6, 1 
~ (ath)? ah yt sin(s/a) 


0 s Ow 1 ary 
x2 aat)s | 
(a+h)? sin*(s/a) dn? 








Os a os 


At this point it is quite possible to introduce an effective 
radius a* simply by requiring y to satisfy a wave 
equation in which the Laplacian is written in terms of 
this new radius a*. Thus if we introduce for simplifica- 
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tion y= x/(a+h) and define x(h, s) by the equation 


d%x a* 2 gry 
“x 
oh? a*+h/ as? 


1 a* 3 s Ox 
+—( ) cot— —+ K*x=0, 


a*\a*¥+h a* as 














(17) 

it follows that y*=x/(a*+h) is a function which 

satisfies the wave equation 
V.2y*+K3y*=0 (18) 


over an earth whose radius is a*. But substituting back 
into (16) 


Pee 2 a* 
vv+iy= (eK +| (—) -(—_)| 
L\ath a*+h 
ay fly a\? s 
x + -( ) cot- 
O*s? La\ath a 


1 a* \? s ]oy 

—— col F—. 

a*\a*¥+h a* Jas 

Furthermore, if we are interested in y only near the 
earth, i.e., when ha, then we might suppose that 


0y”/ds°-— K*y. If this can be done and if the last term 
in (19) can be ignored, we find 




















(19) 


a 
V+ rva| K?+ x21 ( —_ -) \ (20) 


aa 


This will be very closely zero if we define K= (0) and 


1 1 1 /fdk 

si) 

a* a K\dh/, 
which is the well-known formula for the effective earth’s 
radius. 


. Once again, the distance 7:2 between P;= (hy, 0, 0) 
and P2= (he, s, 7) is defined by 


(21) 


ri? = (a+h)?+ (a+h2)?—2(a+hy)(a+hz) coss/a. (22) 
Let us instead write 


r*2 = (a*+ hy)?+ (a*+ hz)? 





— 2(a*+h;)(a*+hz) coss/a* (23) 
and put 
eiKr* 
y= > (24) 


Then ¢ as defined in (9) becomes once again the field 


HUFFORD 


over an earth of radius a*, while we have 


a 


* 2 P 2 
ersavlecwsid(52)-(25) 
a*+hy ath, 


a* sins/a* a*+h, a*+h2\? 
x( )\ 
a* 


r* a* 


1 1 a*+ho\?/ a 2 
+A 
r* r* a* a+he 


a* s Ss 
x (14= cot- tan) — 2 


a a a* 


F \ a \? 
1G) tl 
a*+he at+he 


a* sins/a* a*+h, a*+h2\? 
x( ) lv. (25) 























r* a* a* 


FLAT EARTH, MODIFIED INDEX 


This time let us require y to satisfy the equation 


+{2-( ~ ) |ev=o. (26) 
ath 


In other words, ¥ must satisfy the wave equation over a 
flat earth with a modified propagation constant of 
approximately k(a+/h)/a. Then 


a 2 O*y 
rerev| (=) -1] St] 
at+h ds? 


2 dW lf a \? sdy 
aa —+-( ) cot-—. (27) 
athodh aX\ath a os 


ay dy 
dh? as? 























THE WKB APPROXIMATION 


Suppose that S is a plane above which we erect 4 
rectangular coordinate system P(x, y,z) and that 
k=k(sz) is a function only of the height above S. Let 


x = (k?(z) — k?(0) sin?n)-? exp|ik(0) sinn 


+f (k?(z) — k2(0) snta) as (28) 


This is the well-known WKB approximation for a plane 
wave traveling perpendicular to the x axis and starting 
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off from S at an angle 7 from the z axis. Then 


3 kk’ . 
Vx+h x= -( ) 
4\ k2—k2(0) sin?y 


“3 








k(0) sinnk’ ) 
2— k2(0) sin?» 


1 kk” 


2 k2—k2(0) sin2n 





x (29) 


To get a proper function for y we need only take a 
suitable linear combination of these functions x. 
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What we have done in the above is to give a short 
catalog of possible ‘‘trial solutions” y. Observe that in 
all cases V*¥-+-k*y is, roughly speaking, small—at any 
rate when suitable hypotheses about the nature of k& are 
made. To proceed further, however, we must substitute 
this value of V’¥-+-k’y into (7) or (13) and evaluate the 
resulting integrals. Unfortunately, this seems at present 
a very difficult thing to do—even a valid estimate of the 
order of magnitude, despite considerable efforts that we 
have put forth, cannot be made in this paper. It is to be 
hoped that this difficulty will soon be surmounted. If it 
can, then we shall have a method for evaluating directly 
the errors being made in the rather confusing and now 
contested approximations that are commonly used 
today. 
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An extension of the Emmons numerical method for temperature fields is developed for application in 
cases of solid-fluid heat transfer in which a gas or fluid passes through a porous wall generating nonuniform 
heat. The numerical approach is first presented in general form and then applied to the two specific cases 
(26) of a porous power-producing cylindrical pipe and porous power-producing plain wall. 

INTRODUCTION that include this nonuniformity in the heat develop- 
yer a OROUS materials have become increasingly attrac- mes am tractable, although the results — ee 
t of tive for application in high temperature heat = — and difficult ye er . a 4 ly. —_ 

exchangers and for conduits transporting high tem- oe a - 
: ; att numerical-relaxation method of Emmons and Southwell 
perature fluids or gases. The particular application of . Aceh tie f solid-fluid heat 
porous heat transfer in a wall generating uniform heat eal we _— ‘nich ¥ ag d _ Fos . h on one 
has been shown to be exceptionally effective in either es Se en ee ee 
heating the gas or depressing the wall temperature! * all generating nonuniform internal heat. The analysis 
In both instances the high effectiveness of heat exchange ™ = a ys —— — neacs and ps — 
is due largely to the intimate contact between a large SUC" “ Se ee ee ee ee 
(27) : , , being independent of time. It is also assumed that gas 
proportion of the gas particles and the porous specimen. 4 wall t ‘ hetantiall | in th 
Weinbaum and Wheller have presented analytical evi- mor es q ta provnsdneases = — rs 2 ee ee 
dence of this low internal thermal resistance by demon- SS 
strating that in a nongenerating porous specimen the RESIDUAL EQUATIONS 
gas and wall temperature profiles are substantially the : , 
ct a same throughout the wall thickness.” The numerical approach for porous heat sources is 
that In th . al f ‘ best illustrated by reference to the general one-dimen- 
r n the practical application of a porous heat source, ~. ; ‘1 Fi 
was . . sional system in Fig. 1. The porous wall of thermal 
the solid is made to generate internal heat by passing a cs : 
constant electric current through it. Owing to the tem- conductivity (i) develops internal heat 9(é), and a gas 
perature dependency of the electrical resistivity for the forced through it - by — Cle va gs has 8 com- 
wall material, the generated Joulean heat is not uniform Pa ten ar . k( “y ( ). ). d C. begets 
but varies with the local temperature from point to ri i A ye wrt . bs = ‘ s po ae 
(08) point. Exact analytical solutions for the temperature “akbaee ae Pe a a 
distribution in a plain porous wall and cylindrical pi Mis , , : 
P P y pipe The removed region of unit cross-section area A is 
~ save, Gao, qr, ‘ ~ Mech. Trans. Am. Soc. Mech. first subdivided into a number of smaller regular 
lane 2 Sidney Weinbaum and ti L. Wheller, Jr., J. Appl. Phys. 20, volumes » (in this case three) which — then replaced 
ting 113 (1949). by a one-dimensional network of fictitious heat-con- 
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ducting rods terminating at the mid-point nodes 1, 2, 
and 3. If an appropriate thermal conductance K is 
assigned to a particular rod, then the heat conducted 
by this rod will approximate the steady and linear 
heat flow by conduction between the nodal points of 
the two subregions for which the rod was substituted. 
This conductance is K(t)=k(t)A/L, wherein A is the 
mean conducting area normal to the assumed path of 
heat flow and L is the linear length of this path. One 
imagines further that each rod is, in effect, a pipe which 
serves to transport the gas in amount G between each 
nodal point with the same pressure drop as would occur 
between identical points in the original system. Then 
the heat conducted is simply AQ.=K(é)At, the heat 
generated per subregion AQu= q(¢)v, and the heat trans- 
ported by the gas AQ,=GAC,(0)l. 

A heat balance for a general nodal point 7 having an 
adjacent upstream nodal point J and adjacent down- 


stream nodal point j is given in reasonable approxi- 
mation by 


0:;= K (tm y)Aty+ K j(tm;) At;+-qi(ti)0; 
+GA C p(ty)ts—GA C p(titi, (1) 


wherein 


ty+ 


ti 
K sms) = Kills) =R( = ) \ea/tdes 


and Aty=;—1;, the denotatien for 7 being the same. 
In the majority of cases both the thermal conductivity 
of the region and specific heat of the gas vary so little 
with local temperature that mean values over the 
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Fic. 1. Subdivision of plain power-producing porous wall. 
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Fic. 2. Subdivision of cylindrical power-producing porous pipe. 






expected temperature range may be assigned without a 
substantial loss in generality. With this in mind, the 
general residual Eq. (1) reappears as 
Q:= [Ky+GA Cp tat K jt;+ qi(ti)2; 
—[K s+Kj;4+GAC, I}. (2) 
Then in general for a subdivided region of » nodal 
points, one writes the set of simultaneous linear alge- 
braic residual equations 
Q:=[Koi1t+GAcCp tot Koatot qi(ts)as 
—(Ko-1t+K2it+GAiC, lh 
Qo=[Ki-2+ GA Cp lt t+ Ks_otst go(te)v2 
—(Ki2t+ K32+GA, |r 
















0, = [Kent GAC, |it+ Kyente+ Qn(tn)Un 
— [Kent Ky at GA rom 5 


In the steady state all Q; must be zero. Specifying the 
arbitrary functions g,(¢;) and setting all Q;=0 leaves 
a set of m linear equations in » unknowns which are 
then to be solved simultaneously for the » unknown ,. 
With nonintegral coefficients the simultaneous solution 
of Eqs. (3) is most easily accomplished by the relaxa- 
tion procedure of Southwell. 


























POWER-PRODUCING POROUS PIPE 






As an example in the application of Eqs. (3), con- 
sider an electrically heated porous pipe used for heating 
a gas with the direction of flow as indicated in Fig. 2. 
With Joulean heating the temperature variation in the 
electrical resistivity p is nearly linear over a wide tem- 


TABLE I. Tabulation of geometric and thermal constants. 





























1, =0.0332 A\= 1/2 A 2-1= 9/16 Ko1=4.5X 10° 
v= 0.0781 A2=5/8 A3.2= 11/16 K32=5.5X10° 
v3= 0.0938 A3=3/4 Ag3= 13/16 Ky3=6.5X10° 
%=0.1093 Ay=7/8 As 4= 15/16 Ks 4=7.5X10° 
v5= 0.0605 A;= 1/1 
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Fic. 3. Family of temperature profiles in cylindrical 
power-producing porous pipe. 


perature range as p= po(1+ aol). Here ap is identified as 
the temperature coefficient of electrical resistivity at a 
base temperature ‘=0. If J is the constant electric 
current density, then g(/)=J*?p=qo(1+ aol) and the 
residual equation for the nodal point 2, for example, 
in Fig. 2 reads 


Q.=([Ki2+GA Cp li +Ks_2tst+qo,02 
—([Ki2+ K3-2+GAC,— Go, V2 to. 
For this particular example choose g=12 Btu/ 
sec-in#, ay=10-*/°F, GC,=6X10 Btu/sec-in.*-°F, 
k=10~ Btu/sec-in.-°F, and 4s=0°F. A tabulation of 
the computed coefficients in Table I according to the 
boundary dimensions and subdivision in Fig. 2 leads 
directly to the five required residual equations as 


Q,’= 4.5to+ 398— 7.108, 
Qe’ = 7.50,4+5.5t3+ os —12.81 
Q3’= 9.25t.+6.5t4+ 1125— 15.3815 +. (4) 
Q4 = 11.00t3+7.5fs+ 1311—17.940, 
Qs! =12.75t + 726—12.77ts 
The relaxation of Eqs. (4) can be carried out by the 
familiar Southwell tabular method and the final /’s 
verified either by substitution or by a suitable check of 


the network heat balance. The generation of a family 
of wall-temperature profiles as a function of the power 
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9 


production go merely requires an appropriate change in 
the last two terms of each residual equation and a new 
relaxation for each profile. Such a family of temperature 
distributions is illustrated in Fig. 3. 


ACCURACY OF THE NUMERICAL SOLUTION 


An exact analytical solution for the plain porous wall 
generating uniform Joulean heat (ao=0) is given by 
Green! as 


GC x 
of 4-9) 
t—lo x k l 


nde , (SxS). (5) 
gl/GC, 1 GCyl/k 








If g=10 Btu/sec-in.*, GC,=6X10- Btu/sec-in.?-°F, 
k=10~ Btu/sec-in.-°F, /=0.5 in., and 49=0°F, then the 
corresponding numerical solution for a six nodal-point 
network is given by the set of residual equations 


G,'= tot 50—1.64; | 
Q2! = 1.6t,+-t3+ 100—2.6¢2 
Qs’ = 1.6t2+14+ 100—2.6¢3 | 
Q4' = 1.6t3+t;+ 100—2.6t, 
Qs! = 1.6t4+t6+ 100—2.6t5 
Qe’ =1.6t5 + 50—1.6%6} 


U——@-— OOo © 


2800 | | 


Numerical 
Equation (5) ---- 
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Fic. 4. Temperature profiles in plain power-producing porous 


wall for various temperature coefficients of electrical resistivity. 
Accuracy of the numerical solution. 
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The two solutions according to Eqs. (5) and (6) are 
compared in Fig. 4 and seen to be in substantial agree- 
ment. If the number of nodal points is increased in 
the vicinity of the expected maximum temperature 
gradient, the two solutions become virtually identical. 

The temperature profiles in Fig. 4 for variable heat 
generation were obtained numerically, and serve to 
point out the need for a method with sufficient flexibility 
to encompass the marked influence of this particular 
nonuniformity. 

REMARKS 


A numerical method for temperature fields in porous 
structures generating nonuniform heat has been pre- 


SCHNEIDER 


sented and exemplified by several practical one-dimen- 
sional applications. Similar numerical solutions can also 
be effected for more general one- and two-dimensional 
cases encompassing the effects of temperature-depen- 
dent properties as well as the effect of heat generation 
dependent on local temperature. 

While it is apparent that the actual physical situation 
encountered in porous heat transfer is substantially 
removed from that suggested by the general residual 
equation (1), the method does appear to give sufficiently 
accurate results to warrant its application in explora- 
tory design of either generating or nongeneration porous 
structures. ’ 
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The dynamics of a line of traffic composed of vehicles is studied mathematically. It is postulated that the 
movements of the several vehicles are controlled by an idealized “law of separation.”” The law considered in 
the analysis specifies that each vehicle must maintain a certain prescribed “following distance” from the 
preceding vehicle. This distance is the sum of a distance proportional to the velocity of the following vehicle 
and a certain given minimum distance of separation when the vehicles are at rest. By the application of this 
postulated law to the motion of the column of vehicles, the differential equations governing the dynamic 


state of the system are obtained. 


The solution of the dynamical equations for several assumed types of motion of the leading vehicle is 
effected by the operational or Laplace transform method and the velocities and accelerations of the various 
vehicles are thus obtained. Consideration is given to the use of an electrical analog computer for studying 


the dynamical equations of the system. 
I. INTRODUCTION 


URING the last few years there has been expressed 
considerable interest in, the applications of the 
methods of “operations research” to the study of 
problems in many diversified fields of investigation.'? 
The study of automobile traffic flow provides an excel- 
lent subject for the application of these techniques. 
Several types of investigations are being carried out in 
the field of traffic engineering. One is a statistical study 
of the behavior of traffic at intersections. Another field 
of investigation is the study of the dynamics of a line 
of traffic.“ 
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It has been found that when the light at an inter- 
section turns green, the whole line of vehicles controlled 
by it does not begin to move as a unit but a wave of 
“starting” travels down the line of vehicles. Observa- 
tions have disclosed the remarkable fact that the ve- 
locity of this wave has the approximate constant value 
of thirty miles per hour along the row of vehicles. The 
implications of these investigations>~” are that certain 
fundamental parameters involving driver character- 
istics may be discovered and incorporated into the 
design of motor vehicles and roads to improve traffic 
flow and prevent congestion. 

The purpose of the present discussion is to develop a 
mathematical analysis of the dynamics of a line of 
traffic which results on assuming that the drivers of the 
various vehicles of the line at all times obey a postu- 
lated traffic regulation. This regulation is suggested by 
the following statement in the California Vehicle Code 

5 R. Mayne, Elec. Eng. 207 (March, 1951). 

6F, V. Taylor, “Certain characteristics of the human servo” 
Elec. Eng. 68 (March, 1949). 
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continuous pursuit task,” American Institute of Electrical Engi- 
neers Technical Paper 52-8 (November, 1951). 
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Summary. “A good rule for following another vehicle 
at a safe distance is to allow yourself the length of a 
car (about fifteen feet) for every ten miles per hour you 
are traveling.”’ This regulation is based on the fact that 
thousands of tests (and accidents) have proved that as 
a consequence of human nervous characteristics and 
the many distractions encountered while driving, it 
can easily take one full second for the driver’s eyes to 
see that the fellow ahead has clamped on his brakes and 
for the operator’s brain to direct his right foot to get 
off the accelerator and put on the brakes. It is ap- 
parent that during this short period the vehicle will 
continue to travel without changing its speed and there- 
fore a minimum of one second’s reaction distance should 
be maintained between the vehicles. 

The dynamics of a line of traffic developed in this 
discussion is based on the assumption that the driver 
of each vehicle of the line obeys a generalization of the 
above rule at all times. By the application of this 
postulated regulation to each vehicle of the line, the 
dynamical equations of the system are obtained. These 
equations are then solved by the Laplace transform or 
“operational” method for various specified motions of 
the leading vehicle. The possibilities of solving the 
dynamical equations of the system by the use of an 
electrical circuit are also discussed. 


II. NOTATION; THE DYNAMICAL EQUATIONS 


Consider the line of » vehicles moving to the right 
as shown schematically in Fig. 1. The following nota- 
tion will be used in the analysis: 


n= the number of vehicles in the line of traffic. 

k=an index number. 

{=the time in seconds. 

x,=the coordinate of the front of the kth 
vehicle (feet) in an arbitrary Cartesian 
reference frame. 

L,,=the length of the &th vehicle (feet). 

0,4=2,= the velocity of vehicle #k. (ft/sec). 

a,=0,=4,=the acceleration of vehicle #k. 
(ft/sec?). 

b=the prescribed legal distance between the 
vehicles at standstill (ft). 

T=a time constant’ (seconds) prescribed by 
the postulated “traffic law.” (T=15.00/ 
14.67=1.02 sec, California Vehicle Code.) 

Tv, = the legal “‘Speedometer distance of separa- 
tion of the kth and (k—1)th vehicles.” 
(6+Tv.41)=the postulated legal distance between the 
(k+-1)th and the &th vehicles. 
S,=the distance moved by car #& in time ¢ 
(feet). 


= f v,(t)dt. 


nra= (oe Meea)s k=1, 2,3, --+-(nm—1). 


OPERATIONAL ANALYSIS OF TRAFFIC DYNAMICS 

































275 


(The set of dynamical equations of the line of traffic.) 
o)= f e~“u*-Ddu=(k—1)!, k=1, 2, 3,4--- 
0 
=the complete gamma-function. 


t 
Q1(k) = f e~“u“*-Ydu=the incomplete gamma- 
0 


function. 


Q:(®) 


G;,(t)= ——-= the ratio of the incomplete to the 
Q(k) 
complete gamma-function. 


In the analysis, the quantity Tv,,; will be termed 
“the speedometer distance” between the vehicles k and 
(k+1). The parameter T has dimensions of time, and 
its magnitude may be determined from the postulated 
“law of separation” of the vehicles. If the separation 
law of the California Vehicle Code is taken as an ex- 
ample, then the “speedometer distance” Tr,4; has the 
magnitude of 15 ft when the vehicle speed is ten miles 
per hour or 14.67 ft/sec. Hence, to determine 7, we 
have the equation 


T041= T(14.67) = 15.00, (2.1) 
or 
T= 15.00/14.67 = 1.023 seconds. (2.2) 


In the analysis it is convenient to take the value of 
one second for T. 


The Dynamical Equations of the Line of Traffic 


The dynamical equations that govern the line of 
traffic may be obtained by requiring that each vehicle 
shall be separated by the postulated “legal distance.” 
By reference to Fig. 1, it can be seen that when the 
“traffic law” is obeyed, the coordinates, x44: and x,* of 
two successive vehicles of the line must satisfy the fol- 
lowing set of equations: 


Xe= Kept (b+ Treg) + Li 
k=1, 2,3,4,---(m—1). (2.3) 


If these equations are differentiated with respect to 
time, the result is, 


te=FepitTings, k=1,2,3,4,---(m—1). (2.4) 


These equations may be written in terms of the 
velocities of the vehicles in the form 


Tirest+eui=r%, k=1,2,3,4,---(n—1). (2.5) 


Equations (2.5) are the dynamical equations of the 
system of vehicles. In order to solve them, let the » mul- 
tiplied Laplace transform of the velocity, v,(¢) be intro- 
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duced by the equation," 


Lv, (t) = Vi(p). 


By the transformation formula for the first derivative 
of a function, we have 


Lix(t)= pV i(p)— pri(0), (2.7) 


where the »,(0) quantities are the initial velocities of 
the vehicles at ‘/=0. By the introduction of the trans- 
forms (2.6) and (2.7), the differential equations (2.5) 
are transformed into the following set of algebraic 
equations: 


(T p+ 1) Vesi=Vit Tpreys(0) 
for k=1,2,3,4,---(m—1). (2.8) 


This set of equations is fundamental in the study of 
the motion of the line of vehicles under the postulated 
“traffic law” and will be used to study special cases of 
practical significance. 


(2.6) 


Ill. THE MOVEMENT OF A LINE OF VEHICLES 
INITIALLY AT REST 


The simplest type of motion to analyze is the one in 
which it is desired to determine the subsequent motion 
of the various vehicles of the line of traffic when it is 
initially at rest at ‘=0, and the motion of the leading 
vehicle is specified for ‘>0. This case simulates the 
practical situation in which a line of vehicles is 
standing still and waiting for the change of a traffic 
signal. It is assumed that the traffic signal changes from 
“stop” to “go” at ‘=0, and that the leading vehicle 
begins to move forward after ‘=0 with a specified 
known velocity given by 


v,(t)=F(t) for t>0. (3.1) 


Let the Laplace transform of the velocity of the 
leading vehicle be given by 

Lv,(t)= LF(t)=V1(). (3.2) 

Since »,(¢) is assumed known for />0, V1(p) is also 


known. Because the vehicles are assumed initially at 
rest, we have zero initial velocities and hence 


M%41(0)=0, for k=1,2,3,4,---(n—1). (3.3) 


Therefore, the fundamental equations (2.8) in this case 
may be written in the following form: 


Vie 
k= , k=1,2,3,4,-+-(n—1). 
(Tp+1) 


By substituting the value of V, given by the kth 
d 


(3.4) 





Vilt) 
Vm 











.¢) 


t ———+ 


%L. A. Pipes, Applied Mathematics for Engineers and Physi- 
cists. (McGraw-Hill Book Company, Inc., New York, 1946), 
pp. 119-140. 
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equation into the (&+1)th equation, one obtains 
V; 
Fagg nw P k= 1, 4 -* -(n— 1). 
(Tp+1)* 


This set of equations relates the transform of the 


(3.5) 


velocity of each vehicle to the known transform of the § 


velocity of the first vehicle. A formal solution that gives 
the velocity of every vehicle of the line in terms of the 
given velocity of the leading vehicle »;(¢) may be ob- 
tained by the use of the Faltung or superposition 
theorem of the Laplace transform theory." The velocity 
of each vehicle may be expressed in the symbolic form 


tina LVen(—)= 4 


for k=1, 2, 3,4, ---(m—1). (3.6) 


The Faltung or superposition theorem states that, 
under suitable conditions, if 


gi(p) = Lhy(t) (3.2) 


and 
g2( p) = Lh,{0), 


[ef hy(u)ho(t—u)du. (3.9) 
p 0 


To compute the inverse transform of (3.7), let 


(3.8) 
then 


gi(p)= (3.10) 


(Tp+1)* 
&2(p) = Vi(p)=LF(). 


and 
(3.11) 


Now from a table of Laplace transforms," we have | 


tk-1 e tT 


I-1g(p)= 1] =hy(t) (3.12) 


p 
a" eae 


and, by hypothesis, we have 


L-go(p) LV 1(p) =ho(t) = F (1). (3.13) 


Hence, on applying the Faltung theorem to (3.7), J 


the following result is obtained: 


T-k 
Ve41(t) = — | 
(k—1)! 


t 
x f u*—) exp(—u/T)F(t—u)du 
0 


for k=1,2,3,4,-+-(m—1). (3.14) 

This formal solution gives the velocities of the 
various vehicles of the line of traffic when the velocity 
F(t) of the leading vehicle is given. However, to obtain 
the solution of special cases of practical significance it is 
simpler to proceed from (3.7) directly rather than by 
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the use of the general equation (3.15). Three special 
cases will now be considered. 


IV. IMPULSE ACCELERATION OF THE 
LEADING VEHICLE 


The simplest case from a mathematical standpoint is 
the one in which it is assumed that the leading vehicle is 
standing still and suddenly acquires a constant ve- 
locity 1, at =0. This case is, of course, not a physically 
realizable one since it requires the leading vehicle to 
undergo an impulsive acceleration of the delta-function 
type. The velocity of the leading vehicle is now assumed 
to be a step function as shown in Fig. 2. Because of its 
mathematical simplicity and because it is fundamental 
in the study of other more realistic cases an analysis of 
this case will be given. 

The transform of the velocity of the leading vehicle 
is now, 


Lv,(t) =m, (4.1) 


where v is the magnitude of the step function velocity 
of the leading vehicle for ¢>0. 

The transforms of the velocities of the subsequent 
vehicles of the line are obtained by substituting (4.1) 
into (3.6). They have the form 


Um 
(Tp+1)* 


For simplicity, the time parameter T will be taken to 
be one second. This does not entail any loss in generality 
because as may be seen from the entry No. 2 of the 
Table of Transforms (see Appendix), the solution for 
any other value of T is the same as that for T=1, if 
the unit of time is chosen to be equal to T. If this is 
done, the velocities of the various vehicles are given by 
the equations, 


Views(p)= , for k=1,2,3,4, ---(n—1). (4.2) 


Um 
Ve+1(2) = L“'- 
p+1)* 


The function (p+1)-*, for k>0O, has the well-known 
transform" 


1 
I-\(p+1)-#= 
Q(k) 


where 


, for k=1, 2,3,4, ---(n—1). (4.3) 


t 
feud, k>0O (4.4) 
0 


o@)= f e~“u*-Ydu, k>O (4.5) 
0 


is the complete gamma- function.“ For positive integer 
values of k, we have 


Qk+1)=k!, 
The integral, 
t 


O(k)= | e“u*Ydu, k>O 


0 


has been the subject of considerable investigation,!*-"” 


“ See reference 13, chapter 12. 


'* E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1927). 


the factorial. (4.6) 


(4.7) 


THE FUNCTION G,(t) 





75 Z 4 1 
i(t) 
50 LZ 


so_/ 
Riis 
fe) — 















































Fic. 3. 


and has been termed the incomplete gamma-function. 
For t=, it becomes identical with the complete 
gamma-function Q(k). It is apparent from (4.4) and 
(4.7) that, 

Q:(k) 


L-"(p+1)-*=——=G,(), k>0. = (4.8) 
. Q(k) 


The function Gilt) has the properties that, 


G.i(0)=0, Gi(~o)=1, for k>O. (4.9) 


If k is a positive integer, the integral in (4.4) may be 
evaluated by parts to give the result 


i? te-D 


G.(i)= ef t+—+—+ oe | (4.10) 
2! (k—1)! 


1! 


A short table of the functions G,(/) for k= 1 to 6 and 
t from 0 to 10 is given in the Appendix. These functions 
are illustrated graphically by Fig. 3. It can be shown 
that the functions G;(#) satisfy the following recursion 
formula: 


Git) —Gizr(t) =e~t*/k !=Giyr'()), k>O. (4.11) 


As a consequence of (4.3), the velocities of the 
various following vehicles produced by a step-function 
velocity of the leading vehicle are given by 


k=1,2,3,4, -+-(n—1). (4.12) 


The variations of the velocities of the various vehicles 
are therefore proportional to the curves of Fig. 3. 
The accelerations of the vehicles are given by, 


Ve¢1=UmGx(L), 


Cr41= Lm, 
(p+1)* 


t(®-De-t 


k=1, 2, 3, 4, ---(n—1) 


= ‘ (4.13) 
(k—1)! 
The distances traveled by the vehicles at a time / 
after the first vehicle has begun to move are 


t t 
Seam f Vx41(Edt= Um f G;,(t)dt. (4.14) 
0 0 


1K. Pearson, Tables of the Incomplete Gamma Functions 
(London, 1922). 

17K, Pearson, Tables for Statisticians and Biometricians 1, 
(London, 1930), third edition. 
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V. EXPONENTIAL ACCELERATION OF THE 
LEADING VEHICLE 


A more realistic type of acceleration is one in which 
the final cruising velocity v,, of the leading vehicle is 
attained by a period of gradual acceleration of the type 


(5.1) 


where c is a constant having dimensions of sec~'. Since 
it is supposed that at ‘=0 the vehicle is standing still, 
this leads to the following variation of velocity: 


a;(t)=0,;=crpe~*, 


0)=0m(1—e~*). (5.2) 


This variation of the velocity of the leading vehicle 
is illustrated by Fig. 4. The Laplace transform of the 
velocity of the leading vehicle is 


Vi(p) = L0y(t) = mc/(p+c). (5.3) 


The Laplace transforms of the velocities of the 
various following vehicles may be obtained by means of 
(3.6). They have the form 


V +1= en ’ k 
(p+c)(Tp+1)* 


For simplicity, take the constants c and T equal to 
unity. Then (5.4) reduces to 





=1,2,3,4,---(m—1). (5.4) 


Um 
(p+ 1) 


The inverse transform of this equation gives the 
following expression for the velocities of the following 
vehicles: 


Viewi= k=1, 2, 3,4, ---(m—1). 


(5.5) 


Uk +i(t) = UmGn+1(t). (5.6) 


It is thus seen that the velocities of the several vehicles 


are again proportional to the ordinates of the curves of 
Fig. 3. 


VI. CONSTANT ACCELERATION OF THE 
LEADING VEHICLE 


Another special case that yields to a simple mathe- 
matical analysis is the one in which the leading vehicle 
begins to move with a constant acceleration at ‘=0, 
until it reaches its cruising velocity J» seconds later. 
Figure 5 illustrates the assumed type of velocity varia- 
tion of the first vehicle. 

The Laplace transform of this function is 


1- —PTo) 


= V,(). 


m( 


In(t)=- (6.1) 


0 


The Laplace transforms of the velocities of the fol- 
lowing vehicles of the line are obtained by substituting 
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vi(t) Vm Fic. 5. 
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(6.1) into (3.6) and obtaining 
Um(1—e~?7°) 


pgm, 8 23k ee 9). 
pT o(Tp+1)* 


(6.2) 


As a consequence of entries No. 2 and No. 8 of the 
Table of Transforms (see Appendix) we have 


=G,(t/T), k>0. (6.3) 


[L-i———_— 
(Tp+1)* 


By the use of No. 3 of the Table of Transforms and 
the integration theorem of the Laplace transform 
theory,’ we have 


im 
moral) = LV rs?) = f G,(t/T)dt, 0<t<T (6.4) 
os 


and 


Um t (t—To) 
mad=—| f Gu(t/Tat— f Gulu/ Tyan, 
Tol 0 


t>To, for k=1,2,3,4,---(m—1). (6.5) 


Equations (6.4) and (6.5) are the velocities of the follow- 
ing vehicles before and after the leading vehicle has 
reached cruising speed. 


The transforms of the accelerations of the various f 


vehicles are 


Loss) =— ———_,, 
To (Tp+1)* 


The inverse transform of (6.6) may be obtained by 


No. 8, No. 2, and No. 3 of the Table of Transforms given 


in the Appendix. Hence, the accelerations of the | 


various vehicles are 


Um 
ai+41(t)= eyed 0<t<To, 
0 





k=1, 2, 3,4, ---(n—1). (6.7) § 
and 
Um t—to 
orsa(-=—"| Gult/T)-Gil )I t> To, 
To 4 
k=1, 2,3, ---(n—1). (68) | 


Equations (6.7) and (6.8) give the accelerations of the 


following vehicles before and after the leading vehicle J 


has assumed cruising speed. 


VII. GENERAL EQUATIONS GOVERNING THE 
DECELERATION OF THE LINE OF TRAFFIC 


The general equations that govern the deceleration of 
the line of traffic under the operation of the postulated 


k=1, 2, 3,4, ---(n—1). (6.6) 
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“traffic law’’ will now be considered. It will be assumed 


that at ’<0 all the vehicles of the line are moving with 
the same cruising speed v and that at />0 the leading 
vehicle begins to decelerate because it approaches a 
“stop light” or some other impediment to its progress. 
The functional dependence of the deceleration of the 
first vehicle with the time is assumed to be known, and 
it is desired to obtain the velocities and decelerations of 
the other vehicles after the leading one has begun to 
decelerate. In order to obtain the transforms of the 
velocities of the various vehicles under the conditions of 
deceleration, we return to Eqs. (2.8) and place 


M%41(0)=v9 for k=1,2,3,4,---(m—1). (7.1) 


Equation (2.8) may then be written in the following 
form: 


Ue = 





[VitT pro ], 


Tp+1 
vn k=1, 2,3, 4, -- 


-(n—1). (7.2) 


This equation may be used to relate Vo, V3, V4, etc., 
to the transform of the velocity of the leading vehicle 
V, and the following equations are obtained: 


1 
Vo= feeir ot T pv 0], 
(Tp+ 
T pro 
{Vit Tpr]+——,, 
(Tp+1) 
T pro m T pro 

(Tp+1)? (Tp+1)’ 


~ (Tp+1)? 





“app TTP 


1 
an; 
or li 
(7.3) 
T pro T pro a T pro 


~ ~ 
(Tp+1)* (Tp+1)? (Tp+1) 





1 
(Tp+1)F" 


1 1 
$f p | oe. 
(Tp+1)** (Tp+1) 


Equations (7.3) are the general equations for the trans- 
forms of the velocities of the vehicles of the line of 
traffic in terms of the transform of the velocity of the 
leading vehicle during the period of. deceleration. Two 
different types of deceleration of the leading vehicle will 
now be considered. 


Viwi= 





(Tepe? “lt 





Vill. THE MOVEMENT OF THE LINE OF TRAFFIC 
AFTER A SUDDEN STOP OF THE 
LEADING VEHICLE 


A special case of practical importance is the one in 


which the leading vehicle is initially moving with a 
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velocity of v9 along with the entire line of traffic at 
t<0 and at ‘=0, it comes suddenly to an abrupt stop. 
This type of motion of the leading vehicle simulates the 
effect of a collision on the movement of the line of 
traffic. The velocity of the leading vehicle is represented 
graphically as a function of time by the step-function 
of Fig. 6. The transform of the velocity of the leading 
vehicle is 





L(t) =Vi(p) =0. (8.1) 
Hence, the system of equations (7.4) now reduces to 
= 7% 
- (Tp+1) 





7 1 1 
Vi=|——+ |ro% 
L(Tp+1)? (Tp+1) 


F 1 1 1 
V.= + T pro 
sand or _— 


1 1 1 
Visi=| + t+ |ror. 
(Tp+1)* (Tp+1)*" (Tp+1) 


For simplicity let T equal one second since no loss of 
generality is lost in so doing. Now by No. 11 of the 
Table of Transforms (see Appendix), we have 


(8.2) 











pe! epee, OD 
‘tig = = u(t = ,(2). " 
(p+1)* (k—1)! 


This result may be used to express the inverse trans- 
forms of Eqs. (8.2) with T=1, in the following form: 


o,3™ voP, (2) 


03= VoL Po(t)+ 4, (1) ] 
etaiawideniel (8.4) 





Vep1= Vo rate ()+%.()+-- +401 


This gives the distribution of velocities of the various 
vehicles for ‘>0, after the first vehicle has come to an 
abrupt stop. The variation of the velocities of the first 
five vehicles is shown graphically in Fig. 6. 

The decelerations of the various vehicles may be 
computed most simply by writing Eq. (2.5) in the form 





1 
our) =— [eros], for k= a 2, 3, 4, sibadig (n— 1). (8.5) 
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If T is taken to be one second, the deceleration of the 
second vehicle is given by 








o(t) = (01 — v2) = — v9, (t) = — v9e~*. (8.6) 


Under this assumption, the maximum deceleration of 
the second vehicle is seen to have the magnitude of 7». 
For example, if the line of vehicles were moving at 
fifty miles per hour, the maximum deceleration of the 
second vehicle would have to be 73.4 ft/sec? in order to 
satisfy the postulated traffic regulation. With T equal 
to one second, the deceleration of the third vehicle is 
given by (8.5) in the form 












































a3(t) = (v2—03) = — voo(t) = — vole. (8.7) 


As a consequence of (8.5) and (8.4) the deceleration of 
the (k+1)th vehicle of the line is given by 
Ox41(t) = — v9, (t), k=1,2,3,4, ---(n—1). (8.8) 


The variations of the decelerations of the various 
vehicles as functions of time are shown in Fig. 7. 

For T=1 second, the distances traveled by the ve- 
hicles during the period of deceleration are given by 












































. Sua= f Ve+1(t)dt 
"anf Gel) +-Gra+++-+G,()]. (8.9) 


This result follows as a consequence of Eqs. (8.3) 
and (8.4). 




















IX. EXPONENTIAL DECELERATION OF THE 
LEADING VEHICLE 








An interesting case of practical importance is the one 
in which the leading vehicle undergoes an exponential 
acceleration of the form 

















a;(t)=6,;= —cne~“, 





(9.1) 


where c is a constant whose dimensions are 1/sec. The 
velocity of the leading vehicle for ‘>0 is now given by 
the equation 


















































01 (t) = ve“. (9.2) 
The transform of the velocity of the leading vehicle is 
pro 
Ln (t)= =Vi(9). (9.3) 
(p+c) 
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If this is substituted into (7.4), the following trans. 
form for the velocity of the (+ 1)th vehicle is obtained: 








Vieww= WF in +Tp}+{ ——— 
(Tp+1)*L(p+c) (Tp+ 1) 
1 . 1 
+ (Tp+ pe de a (Tp+ 5 [Poe (9.4) 


For simplicity, let the numerical values of the con- 
stants c and T be taken to be equal to unity. Then (9.4) 
reduces to 


1 1 1 
View= | — + +——|pre 
(p+1)*** (p+1)* (p+1) 


k=1, 2, 3,4, ---(m—1). 





for (9.5) 
The inverse transform of (9.5) may be computed by 
means of (8.3) and it has the form 


Vegi = VoL Peg i(L)+Px()+ +--+ 4,0) J. (9.6) 


This gives the velocity of the (k+1)th vehicle during 
the period of deceleration. The deceleration of the 
various vehicles in this case has the form 

Api (t)= — voPy+1(t), k= 1, A a 4, oan (n— 1). (9.7) 

The distance traveled by the vehicles during the 

period of deceleration is 


Sips(d) = voLGeys(O+-Gi()+---+Gi(4) ]. 


(9.8) 





X. THE USE OF AN ANALOG COMPUTER FOR SOLVING 
THE DYNAMICAL EQUATIONS OF A LINE 
OF TRAFFIC 


The special cases discussed above yield readily to 
mathematical analysis. However, if a complete study is 
desired based on complicated velocity functions of the 
leading vehicle, the analytical work may soon become 


quite formidable. In order to solve problems involving § 


complicated velocities of the leading vehicle, it is sug- 
gested that the problem be attacked by the use of an 
electrical analog computer. 

Electrical circuits in which the potential distribution 
satisfies the same differential equations as the dynamical 
equations of the line of traffic (2.5) are easy to construct 


or are commercially available.'*—'® Figure 8 illustrates a 


18D, J. Mynall, “Electrical Analog Computing,” Electronic 
Eng. (Brit.), Part 1, 178 (June, 1947); Part 2, 214 (July, 1947); 
Part 3, 259 (August, 1947); Part 4, 285 (September, 1947). 

8G. D. McCann and H. E. Criner, Mach. Design (December, 
1945, and February, 1946). 
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block diagram of a four-terminal network which is 
called a “‘Lagger”’ by exponents of electrical computa- 
tion. 

The Laplace transforms of the potential input and 
output of this four-terminal network are related by the 
equation 


1 


V2(p) =————V 1(). 
(Tp+1) 


(10.1) 


This is identical with the first of the equations (3.5). 
It is thus apparent that by taking the “Lagger” net- 
work as a building block, a cascade connection of 
“Laggers” as shown in Fig. 9 can be connected. 

The transform of the potential to the right of 
“Lagger” k is related to the transform of the potential 
applied to “Lagger” No. 1 by the equation 


1 
~ (Tp+1)! 


Viewi Vi. (10.2) 


This is exactly the set of equations (3.6). It is thus 
seen that to study the motion of the line of traffic under 
different assumed types of motion of the leading vehicle, 
it is necessary to insert a potential to the left of the first 
unit of Fig. 9 and then to measure the potentials to the 
right of the several units by means of an oscilloscope or 
other suitable device. 


XI. CONCLUSION 


The analysis of a line of traffic presented in this dis- 
cussion is based on postulates that are considerably 
removed from reality. However, in keeping with the 
spirit of “Operations Research” it was thought valuable 
to study the distribution of velocities and accelerations 
of the various vehicles which would result if the 
“following law” of the California Vehicle Code were 
obeyed by the operators of the vehicles at all times. 
It is hoped that by investigations of this type, even- 
tually certain fundamental parameters involving ve- 
hicle and driver characteristics may be discovered that 
may in time be incorporated into the design of motor 
vehicles and roads to increase the ease of traffic flow 
and the safety of driving. 
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APPENDIX 
TABLE I. Table of Laplace transforms. g(p) = p i @ e- th(t)dt. 
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TABLE II. Short table of the function. G;(é). 








Gx(t) 
Gilt) Gilt) G:(t) Galt) Gi(t) 
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0 0 0 0 0 

0.632 0.264 0.080 0.019 0.004 

0.865 0.594 0.323 0.143 0.053 
0.800 0.577 0.353 0.185 
0.908 0.762 0.566 0.371 
0.959 0.875 0.735 0.559 
0.983 0.938 0.849 0.715 
0.993 0.970 0.918 0.827 
0.997 0.986 0.957 0.900 
0.999 0.994 0.979 0.945 
1.000 0.997 0.989 0.970 
1 1 1 ‘1 
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Quantitative studies of the influence of the surface composition on the creep of zinc single crystals under 
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constant loads have been carried out. The creep curves of crystals with clean and oxidized surfaces were 
obtained in air and in acid. It is shown that a continuous layer of oxide strengthens the crystal only at low 
loads, and that the presence of cracks in this layer allows the metal to creep at its normal rate. These facts 
support the theory that the oxide film acts to relieve the metal of part of the load. An increase in creep rate 
is observed when the pure metal surface is treated with dilute mineral acids. The heat liberated by the 
reaction is considered as a possible explanation of the sudden increase in creep rate when the surface layer of 
the crystal is removed. The normal creep curves of unoxidized crystals in air may be described by an empirical 


equation of a new form, and its application to other types of curves obtained is discussed. 





I. INTRODUCTION 


T has been demonstrated by a number of workers 
that the creep of metal single crystals is dependent 
upon the chemical composition of their surface layer. In 
a study of the critical shear stress required to bend 
cadmium single crystals, Roscoe! found that increasing 
the thickness of an oxide layer on the crystal caused a 
corresponding increase in the magnitude of this stress, 
and that the removal of the oxide by acid returned the 
stress to that for unoxidized crystals. . 

Rehbinder and co-workers? further showed that 
several minutes after the application of a dilute solution 
of oleic acid in a hydrocarbon solvent, an increase in the 
creep rate of oxide-coated wires took place. This result 
was confirmed by Andrade and others in his laboratory, 
and extended to show that surrounding the wires with 
various salt solutions caused a similar effect.* Harper 
and Cottrell‘ found that single crystals of zinc behaved 
in an analogous manner, and that for oxidized crystals, 
the time required for the Rehbinder effect is proportional 
to the viscosity of the solvent. 

Phillips and Thompson* correlated the reduction of 
the creep rate with the thickness of the oxide film on 
cadmium crystals. Solutions of a number of cadmium 
salts were tested and found to influence the creep rate; 
the effect was assumed to be the result of the formation 
of a thin surface film of Cd(OH)>2. Electron diffraction 
studies by Menter and Hall® confirm the presence of 
such a film. 


'R. Roscoe, Phil. Mag. 21, 399 (1936). 

2 P. A. Rehbinder and E. K. Venstrem, Bull. acad. sci. U.R.S.S., 
Classe sci. math. et nat. 2, 531 (1937); Rehbinder, Lichtman, and 
Maslennikov, Compt. rend. acad. sci. U.R.S.S. 32, 125 (1941); 
V. I. Lichtman and P. Rehbinder, Compt. rend. acad. sci. U.R.S.S. 
32, 130 (1941). 

R. F. Y. Randall and E. N. da C. Andrade, Nature 162, 890 
(1948) ; E. N. da C. Andrade, Nature 164, 536 (1949); E. N. da C. 
Andrade and R. F. Y. Randall, Nature 164, 1127 (1949) ; Andrade, 
Randall, and Makin, Proc. Phys. Soc. (London) 63B, 990 (1950). 

*S. Harper and A. H. Cottrell, Proc. Phys. Soc. (London) 63B, 
331 (1950). 

5D. J. Phillips and N. Thompson, Proc. Phys. Soc. (London) 
63B, 839 (1950). 

* J. W. Menter and E. O. Hall, Nature 165, 611 (1950). 
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In explanation of these effects, a number of theories 
have been put forth. Rehbinder attributes the increase 
in creep rate to the absorption of the fatty acid in the 
microcracks on the crystal surface. The acid molecules 
tend to widen the cracks and thereby facilitate the glide 
process through an increase in local stress concentra- 
tions. This hypothesis ignores the presence of a thin 
layer of oxide which is removed by the reaction with the 
fatty acid. Andrade postulates that an oxide film forms 
in the cracks, preventing them from propagating. 
Hence, the disintegration of this oxide film by organic or 
inorganic acids will cause an increase in creep rate. 

Alternately, a decrease in creep rate may occur be- 
cause the oxide film supports a portion of the load. 
Phillips and Thompson have calculated that if this is 
the case, the oxide film must withstand a stress of 10° 
dynes/cm?, which is of the order of the tensile strength 
of steel. They believe such a high value for the oxide to 
be improbable. However, Orowan’ estimates the theo- 
retical strength of materials to be of the order of 10" 
dynes/cm*?. While such high values are not usually 
observed, it is known that very fine quartz fibers show a 
strength which approaches the theoretical value as their 
diameters diminish. The oxide layers with which we are 
concerned are less than a micron thick ; hence they may 
exhibit similar behavior. If this is the case, the thin oxide 
layer will increase the creep resistance of a zinc crystal 
manyfold. It is therefore of interest to investigate more 
fully the behavior of crystals covered by such films. 

There is the further possibility that the heat generated 
by the reaction of the acid may be responsible for the 
sudden increase in creep rate. If we assume a layer of 
zinc oxide 1000A thick on a crystal 1.5 mm in diameter 
and 1 cm long is completely dissolved by the action of 
the acid, 6.3 calories of heat are produced. If this 
amount of heat is spread uniformly throughout the 
crystal, the temperature rise is negligible. If however we 
consider it localized initially in the outer 1000A layer of 
the crystal and ignore heat losses to the surroundings, 4 


7 E. Orowan, Proc. Phys. Soc. (London) 12, 192 (1949). 
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rise of 2000°C could result. The existence of such a 
temperature spike, even if only for a few microseconds, 
might cause some long term change in the nature of the 
creep curve. 

This hypothesis implies that there should also be an 
increase in creep rate when the outer layer of a pure 
metal crystal whose surface is free from oxide is dis- 
solved in acid. It is of interest therefore to determine 
whether such a rate change can be observed. 

Previous work on the influence of the surface compo- 
sition on creep has been qualitative in nature. Since it is 
nearly impossible to obtain comparable data from 
different crystals, the work described below was carried 
out using several sections from each single crystal to 
obtain quantitative results. The availability of an 
electron diffraction apparatus permitted the determina- 
tion of the exact chemical composition of the surface of 
the crystals. It is to be hoped that the quantitative 
information thus obtained will lead to a better under- 
standing of the mechanism whereby the surface is able 
to influence the nature of the creep process. 


Il. EXPERIMENTAL 


Zinc was chosen for these experiments because it is a 
hexagonal metal having a unique slip system which 
creeps readily at room temperature. High purity (99.99 
percent) zinc wire 1.5 mm in diameter was obtained 
from the Platt Brothers and Company, Waterbury, Con- 
necticut. Chemical analysis of the zinc crystals as pre- 
pared for testing showed them to be better than 99.999 
percent pure. The impurities were 0.0001 percent cop- 
per, 0.0005 percent cadmium, and less than 0.0002 
percent bismuth. 

The crystals were grown by the method of Andrade 
and Roscoe.* The glass tubes were filled with helium 
prior to being sealed off to prevent the zinc from 
distilling around the inside of the tube and leaving a 
rough surface on the wire. The temperature gradient in 
the furnace was 18.4 deg/cm and the crystal velocity 
was approximately 6.5 cm/hr. 

The crystals were checked in two ways: initially, a 
short section cut from each end was pulled by hand. If 
the crystal seemed soft and pulled uniformly (about half 
the crystals were acceptable by this test), then the 
orientations of additional sections from each,end of the 
crystal were determined from rotating crystal x-ray 
photographs. For about 60 percent of the crystals, the 
orientations of the two ends agreed within 2 percent of 
each other. For all crystals whose orientations were 
determined, the angle ¢ between the wire axis and the 
normal to the (0002) plane lay between 20° and 60°. 

To obtain a pure zinc surface, free from oxide, the 
crystals were electropolished in a 40 percent solution of 
HPO, in ethyl alcohol first at a current density of 25 
ma/cm? for six minutes, then at 3 ma/cm? for an 





* E. N. da C. Andrade and R. Roscoe, Proc. Phys. Soc. (London) 
49, 152 (1937). 


CREEP OF ZINC SINGLE CRYSTALS: I 








283 


additional six minutes. The crystals were washed suc- 
cessively in distilled water, dilute ammonia, and meth- 
anol. The resultant crystal surface was finely etched 
which made it easier to detect any small included 
crystallites. Electron diffraction photographs of the 
surface showed the metallic zinc pattern without any 
trace of oxide rings. This surface remained clean for at 
least 24 hours in air at room temperature, as was shown 
by the electron diffraction patterns; hence it may be 
assumed that negligible surface oxidation occurred 
during the creep tests. 

For creep testing, 2-cm sections of crystal were 
employed. Loops were soldered on each end and the 
crystal placed in the apparatus, which consisted of one 
hook rigidly attached to a support and a second attached 
to several thicknesses of nylon thread which supported 
the weights after passing over a 4-in. pulley wheel. Pivot 
bearings were employed for the pulley wheel and the 
large diameter helped to decrease the possibility of 
frictional losses. Gauge marks were made on the speci- 
men by applying a small amount of glyptal far enough 
from the ends so that the solder joint did not affect the 
section which was being observed. The usual separation 
between marks was 10-12 mm. For these short lengths, 
less difficulty was experienced in finding satisfactory 
single crystals, free from inclusions of slightly different 
orientation. The resulting curves were smoother even 
though the accuracy of the measurements was decreased. 
The measurement of specimen length was made with a 
traveling microscope. The mean cross-sectional area of 
the specimen was determined by weighing the sample 
and measuring its total length before soldering on the 
loops. The initial gauge length was determined with the 
specimen under a very light load, before adding the 
desired weight. The specimens were surrounded by glass 
tubes, to protect them from air currents and to permit 
immersing the crystals in various solutions. 

Usually, noattempt was made at temperature control, 
since the variation in the room temperature during any 
given experiment was less than 2°C. The resultant 
fluctuations in creep rate were smaller than the other 
errors involved. For measurements not at room tem- 
perature (24°C), it was possible to circulate water at 
constant temperature around the crystal. For the short 
times and low temperatures involved, the presence of 
the water did not affect the state of the surface. 


Ill. RESULTS 


A. Analysis of Metal Creep Curves; 
An Equation for Creep 


The initial series of runs was made to establish the 
degree of reproducibility of the data. It was not possible 
to compare data obtained from different crystals; how- 
ever the sections from any one crystal when tested under 
identical condition gave creep rates which spread over 
a narrow range of values. When elongation versus time 
for all sections of a crystal is plotted on the same graph, 
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Fic. 1. Creep curves for sections from a single crystal of zinc. 
Crystal No. LB-162, ¢= 68°, \= 23.5°. Load = 329 g/mm*. 


it is readily seen that the latter portions of the curves 
are roughly parallel (see Fig. 1). Table I gives the 
measured creep rates after 350 min for the individual 
curves. The agreement obtained between the rates is 
reasonable for creep data. 

By fitting an empirical equation to the experimental 
curves, it is possible to obtain parameters which may 
serve as a more satisfactory basis for the comparison of 
creep data. An unsuccessful attempt was made to fit the 
data to Andrade’s /! law, as well as to numerous other 
equations currently proposed.’ Since many of these 
equations are for creep under constant stress, it is not 
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Fic. 2. Comparison of calculated (solid line) and experimental 
(points) creep curves. Crystal No. 31-E: ¢=35°, \=53.5°, load 
= 125 g/mm*. Crystal 36-B: ¢=40.5°, A=51°, load= 138 g/mm’. 

* A. D. Schwope and L. R. Jackson, National Advisory Com- 
mittee for Aeronautics TN 2516 (1951), 
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surprising that they do not fit the creep data obtained 
under constant load. Tyndall'® gives an equation for the 
creep of zinc under constant load of the form S= A?" 
where S=strain occurring at time /, and A and n are 
constants. This equation was found to give an approxi- 
mate description of the initial portion of the curve, but 
later stages of creep deviate widely from it. However, 
the maximum extensions considered by Tyndall were 
less than 1 percent, in contrast to extensions of 100 
percent—200 percent observed in this work. 

Further investigation showed that an equation of the 
following form gave the most satisfactory agreement 
with the experimental data: 


e=al/(1+1), (1) 


where e= elongation, ‘= time in minutes, and a, b=con- 
stants. This gives for the creep rate 


de a 
= (2a) 
dt (1+0t)? 


de b\? 
—=a(1--e) ; (2b) 
dt a 


TABLE I. Reproducibility of creep rate for sections from a 
zinc single crystal. 








Creep rate 
at ¢=350 min 
Section (cm/cm/min) 
LB-162 B 
> 


D 
E 





load = 329 g/mm* 


av 7.4 (+29 percent) 








* ¢=angle between the C axis and the axis of the wire. ; 
> \ =angle between the glide direction and the axis of the wire. 


Equation (1) predicts that the value of the elongation ¢ 
approaches a/b asymptotically ; that is, there is a limit 
to the amount of creep which may occur for a given 
crystal under a given set of conditions. This has not been 


- observed experimentally, but the curves appear to be 


approaching a limit asymptotically. Equation (2b) has 
the form of a second-order rate equation ; the constant 4 
being analogous to the specific reaction rate constant, in 
this case,*a specific creep rate. Figure 2 shows the 
agreement of the calculated (solid line) and experi- 
mental curves (dots) for two experiments. Table Il 
gives the constants for a series of runs from a single 
crystal. A comparison of Tables I and IT will show that 
the agreement of the specific creep rates is better than 
that for the measured creep rates. 

With an equation of this form, it is possible to describe 
nearly all the types of creep curves encountered, 
although occasionally the fit near the beginning of the 


FE. P. T. Tyndall, paper presented before Symposium on 
Plastic Deformation of Crystalline Solids, Mellon Institute, 
Pittsburgh, May, 1950, 
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curve will be poor. If the elongation e is replaced by 
(e—e), where é is a factor representing the large 
amount of initial shear, it may be possible to improve 
the fit in this section of the curve where the largest 
discrepancies occur. 

For sections of the same crystal when pulled under 
identical conditions, the fluctuations in the values of the 
parameters a and a/b were less than those observed for 
the measured creep rates. The exact dependence of these 
parameters on suth factors as load and orientation was 
not determined. It appears however that for any one 
crystal, the maximum elongation a/b as well as the 
specific creep rate a may be roughly proportional to the 
initial load. 

The parameter a is temperature dependent; in one 
experiment, a decrease in temperature from 26.5° to 
5.5°C caused a to drop from 0.091 to 0.009. If we assume 
that the specific creep rate obeys the Arrhenius equa- 
tion, it is possible to calculate an activation energy from 
these values for a. It is approximately 17 kcal/mole, 
which is of the same magnitude as the value of 16.8 
kcal/mole given by Seitz." 

The majority of the curves were like those of Fig. 2; 
however a few S-shaped curves also occurred (see curve 


TaBLE II. Reproducibility of parameters defining creep curves for 
sections from two single crystals. 








a X10? 





1.84 load =129 g/mm? 
1.82 ¢@ =42.5° 
1.80 d =55.5° 


(+16 percent) 1.82 (+1 percent) 


6.67 1.97 
6.67 1.61 
5.41 2.04 
7.87 2.20 


6.46 (+19 percent) 


load =329 g/mm? 
¢ =68° 
A =23.5° 


1.95 (+15 percent) 








E in Fig. 5). There are several possible explanations for 
these. According to Cottrell and Aytekin,” they occur 
when the angle between the axis of the crystal and the 
C axis is less than 45°. An examination of our data 
showed that the proportion of curves with this shape 
was independent of the angle in question. Hence, it is 
apparent that other factors must be considered. 

The presence of an oxide layer on the crystal fre- 
quently results in the appearance of an S-shaped curve. 
This will be considered further in section B. 

A possible explanation for the occurrence of an 
S-shaped curve in the creep of a clean metal crystal is 
that such a curve may be due to the creep of two or 
more crystals simultaneously. An S-curve is frequently 
obtained from a crystal in which nearly all of the ex- 
tension appears to be confined to one section. It seems 
probable that such a crystal may consist of two grains of 

" F. Seitz, The Physics of Metals (McGraw-Hill Book Company, 


Inc., New York, 1943), p. 138. 
* A. H. Cottrell and V. Aytekin, J. Inst. Metals 17, 389 (1950). 
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Fic. 3. Comparison of calculated (line) and experimental 
(points) creep curves for creep of a bicrystal. Crystal No. 33A, 
load= 126 g/mm?, ¢=32°, A=58°. (Dotted line is a continuation 
of initial portion of curve.) 


different orientations. If Eq. (1) is applied to the creep 
curve from such a crystal, it is found that the data are 
best represented as the sum of two creep curves with 
different parameters. Figure 3 is an example of this; the 
experimental points fall closely on the solid line which 
has been calculated as follows: 


0.00205¢ 
o——— 
1+0.00875¢ 

0.00205¢ 


t<80, 


0.00452(t—80) 
e= + 
1+0.00875¢ 1+0.00641(t—80) 





t> 80. 


The second crystal is assumed to have started creeping 
at !~80 min. This assumption is based on the shape of 
the curve; as yet there is no explanation of the phe- 
nomenon which would cause this delay. 

No indication was found that third stage creep 
actually occurs with single crystals of zinc. If the 
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Fic. 4. Creep curves for metal and oxidized sections of a 
crystal at high loads. Crystal No. 26, ¢=53°, \=43.5°, load 
= 478 g/mm*. 
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TABLE III. Comparison of creep parameters for clean and oxide- 
coated sections of a single crystal under high loads. 








Crystal Sur- 
No. face a/b 


26A Metal 1 load =478 g/mm? 
“ @ =53° 
E Metal 


C dh =43.5° 
G Metal 


0.0 
C Metal 6.3 
7.1 
8.7 


1.52 


(+23 percent) 1.30 (+15 percent) 


av 8.0 
Oxide 8.0 1.36 
D Oxide 6.9 1.34 
F Oxide 8.0 1.50 
H Oxide 9.5 1.64 
8. 


av 1(416 percent) 1.46 (+10 percent) 





TaBLE IV. Comparison of creep parameters for clean and oxide- 
coated sections of zinc crystals under low loads. 








Crystal 


Load a X10? a/b 
No. (g/mm?) Metal Oxide Metal Oxide 


an/ao 





32 156 0.88 0.32 2.8 1.47 0.87 
35 129 3.55 0.074 47. 1.83 0.02 
36 125 227 1.23 1.8 1.12 0.97 
37 130 0.50 0.0007 700. 1.06 0.003 








measurements plotted in Fig. 3 had been terminated at 
t= 120 min, the curve up to that point would apparently 
show the three stages of creep, and fracture would be 
expected. However, as shown by the figure, this is 
merely the steep portion of the S-shaped curve, and 
continued creep will not lead to fracture. Results of ex- 
periments continued for periods up to 21 days have been 
found to conform to Eq. (1). 

The curve obtained when a crystal is treated with 
acid may also be described by Eq. (1). This will be 
discussed further in section C. 


B. The Effect of an Oxide Layer 


The influence of an oxide layer upon creep may be 
shown by comparing the results of tests on oxidized and 
pure metal sections of the same crystal. Equation (1) 
may be used to describe the creep behavior of the oxide- 
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Fic. 5. Effect of increasing load on creep curves for oxidized 
sections of crystal No. 35. ¢=33.5°, \=57°. Loads: A, B= 200 g, 
E=210 g, C=250 g. 
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coated crystals as well as that of clean metal crystals 
(see curve 36B in Fig. 2). Oxide coatings were formed on 
the polished crystals by one of two methods: steaming 
the crystal for four hours or allowing the crystals to 
oxidize in air at 390°C for 20 hours. Both methods gave 
good films of zinc oxide as shown by electron diffraction 
photographs of the surface. The film thickness as 
estimated from the width of the diffraction rings was 
about 1000A. 

The creep curves for oxide coated-and clean metal 
sections of the same crystal under a high load are shown 
in Fig. 4. The oxide contributed little to the creep 
resistance of the crystal—the creep rates were identical 
with those of the metal, and their total extensions were 
of the same order of magnitude. The constants a and a/b 
for these curves are given in Table III. 

In contrast, the effect of the oxide at low loads was 
large. Comparison of the following metal-oxide pairs in 
Table IV will show the large influence of the oxide layer 
in this range. (It should be noted that these crystals 
differ in orientation.) 


PERCENT ELONGATION 





TIME (MIN) 


Fic. 6. Effect of initial elongation on the response to acid 
treatment of oxide-coated crystals. Crystal No. 28, ¢=28°, 
A=61.5°, load= 158 g/mm’. 


The change in the creep behavior of oxide coated 
crystals with increasing load is shown in Fig. 5. The 
occurrence of the S-shaped curve may be attributed to 
the break up of the oxide coating rather than bicrystal- 
line creep. Initially, the oxide coating is whole, and 
strengthens the crystal; creep proceeds very slowly. As 
the crystal extends, the coating develops cracks (readily 
visible under a microscope), which expose the metal 
surface, and creep then continues at a rate nearly equal 
to that of the pure metal. 

This assumption of the failure of the oxide coating 
under sufficient load will also account for the fact that 
at high loads the metal and oxide coated crystals creep 
at nearly the same rate. In this case, the oxide coating is 
rapidly broken up by the large initial extension, and the 
creep continues at approximately the rate for the 
metal. 
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CREEP OF ZINC SINGLE CRYSTALS: I 


C. The Effect of Acid 


Most of the previous work upon the influence of oxide 
coatings on creep has been ‘concerned with the removal 
of this coating with acid. (The acid is not allowed to 
react long enough to decrease the diameter of the 
crystal measurably.) When the oxide layer is removed 
by acid (10 percent HCl acting for 1 min), a marked 
change in the nature of the creep curve takes place, but 
only if the reaction is carried out at low extensions. If 
the crystal has been allowed to creep for some time, then 
the change is much smaller. The curves in Fig. 6 show 
this effect of initial elongation. The dotted lines indicate 
the expected course of the curve as calculated from 
Eq. (1). The application of the acid in D causes the rate 
to increase from 0.2 10-*/min to 47.0 10-*/min, that 
is, by 23 000 percent. The ‘‘acid-creep rate” starts to 
decrease immediately and comes down to a value of 
7X10-; it never quite goes back to the initial rate. If 
the acid is added at higher elongation, as in F, the 
immediate rate increase is only 34 percent, and the final 
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Fic. 7. Effect of acid on crystal coated with ZnS. Crystal No. 52-C, 
o=43.5°, \=47°, load= 118 g/mm?. 


rate is much lower than the rate observed just prior to 
the addition of acid. 

H.SO, and H3PO, were tried as well as HCl. No 
differences could be detected in the type of behavior 
caused by the three acids, and it may be assumed that 
the anion plays no part in the reaction. 

Crystals with a coating of ZnS were prepared by 
suspending polished crystals in a saturated solution of 
HS for 4 hours. The coatings were identified from their 
electron diffraction patterns and were approximately 
100A thick. They had the same effect as the oxide 
coatings: the removal of the ZnS by acid caused a rate 
increase of 1900 percent for a typical experiment, and 
the final rate was 7.8X10~/min. The resultant curve is 
shown in Fig. 7. The dotted line calculated with the aid 
of Eq. (1), again denotes the expected creep behavior in 
the absence of acid. 

Previous studies have failed to show any evidence of a 
rate increase resulting from the action of acid on a pure 
metal surface. It is possible however to detect a rate 
increase, though of a much smaller order of magnitude 
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Fic. 8. Effect of acid treatment on clean metal crystal. Crystal 
No. 34A, ¢=45°, A=41°, load=92 g/mm?. 


than that obtained when an oxide layer is removed. For 
the curve shown in Fig. 8, a 230 percent instantaneous 
increase in rate resulted from the addition of acid. This 
was typical of a series of experiments—in each case the 
acid caused a small but measurable increase in rate. The 
dotted line is the calculated curve for the creep without 
acid. 

A better description of the behavior of crystals which 
have been treated with acid may be obtained with the 
aid of Eq. (1) as follows: The constants do and do/do for 
the initial portion of the curve are determined ; then the 
value ¢, of the elongation at the time of acid addition, 
and the time, ¢,, of acid addition are subtracted from the 
elongation and time, respectively, and the constants @m 
and d»/bm for the remainder of the curve computed. 
Table V gives the values found for a series of experi- 
ments. The agreement between experimental and calcu- 
lated curves is shown in Fig. 9. 

The last column in Table V is used as a measure of the 
acid effect and is defined as follows: 


am 
acid effect= (*+ ea) — do/ bo. 


If the acid had no effect on the creep curve, this parame- 
ter should be zero. These figures clearly show that the 
addition of acid to the pure metal causes a change in the 
creep process, although of lesser magnitude than that 
caused by the removal of the oxide layer. 


TABLE V. Comparison of the influence of acid on clean and oxide- 
coated sections of a single crystal. 








Cryst 


ea ta 
No. Surface (cm/cm) (min) ao ao/bo 





29 Metal 
Metal 


A 1.25 
F 

H Metal 

B 

Cc 

G 


1.25 
1.00 
0.018 
0.014 
0.015 


0.138 
0.239 
0.145 
0.067 
0.020 
0.003 


1.65 
1.50 
1.29 
0.016 
0.013 
0.012 


Oxide 
Oxide 
Oxide 
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Fic. 9. Comparison of calculated (solid line) and experimental 
(points) creep curves for acid-treated oxide-coated crystal. 
Crystal No. 29-B, ¢=19.5°, \=71°, load= 165 g/mm?. 


Finally, a comparison of the behavior of sections of a 
single crystal under the four conditions considered is 
shown in Fig. 10. Curves B and C show the creep of the 
oxide-coated and clean metal sections, respectively ; the 
amount of creep for the oxide sample is negligible. Acid 
treatment of the metal in curve F causes a much smaller 
change in rate than that observed when the oxide- 
coated section is treated with acid, as shown in curve E. 


IV. DISCUSSION 


Some progress has been made on the problem of 
obtaining reproducible results. Although it is not yet 
possible to compare data from two different single 
crystals, much useful information may be obtained by 
using several sections cut from a single crystal. These 
sections give results which agree within 20 percent or 
less. When the data are fitted to Eq. (1), it is possible to 
study the variation of the parameters a and a/b. The 
specific creep rate a@ appears to obey the Arrhenius 
equation. Both a and a/b show a tendency to increase 
with increasing stress. 

The creep equation has been shown to give satis- 
factory agreement with the large majority of curves 
obtained. It may be used to reproduce normal creep 
curves (see Fig. 2), S-shaped curves (Fig. 3), and the 
effect of acid on creep (Fig. 9). It is not yet possible to 
employ this equation in the comparison of data from 
different crystals, since the dependence of the parame- 
ters a and a/b on crystal orientation has not been 
determined. 

There is little doubt that the presence of a surface film 
of oxide or other contaminant markedly affects the 
creep properties of single crystals. However, the mecha- 
nism by which this occurs is still obscure. The experi- 
mental results give support to two theories which have 
hitherto been considered implausible. The first of these 
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Fic. 10. Comparison of creep behavior of sections of a single 
crystal under different environments: B= oxide coated, C=clean 
metal, E=oxide plus acid at 103 min, F=metal plus acid at 33 
min. Crystal No. 37, load= 130 g/mm?*, ¢=47°, \=47.5°. 


is the hypothesis that the oxide layer supports a portion 
of the load. The data on the influence of load on the 
creep of oxide-coated crystals is in accord with this. As 
long as the coating is whole, it decreases the creep of the 
crystal. Compare curves A and B in Fig. 5. As the oxide 
film begins to break up (at elongations ranging from 
5 percent-20 percent, as shown in curves C and E£, 
Fig. 5), the creep approaches that of the pure metal. If 
the film on the crystal is observed under the microscope, 
large cracks are readily visible and the shiny metal 
surface can be seen underneath. Once the film has 
cracked sufficiently, it is obvious that it can no longer be 
expected to support a portion of the load. This agrees 
with the observation that at high loads, the oxide 
layer has no effect on the creep of the crystal 
(see Fig. 4). 

At intermediate loads, the oxide layer appears to 
contribute some resistance to creep. This is shown by 
the fact that treating the crystal with acid at extensions 
of 50 percent or greater will result in a small change in 
the creep curve. At these extensions the oxide film 
cannot be continuous enough to support part of the 
load. Hence, some additional effect must be present. 

It seems possible that the heat of the reaction between 
the acid and oxide is partly responsible for the sudden 
increase in creep rate at small extensions and is solely 
responsible at high extensions, as a result of the heat 
liberated by the solution of the residual oxide film and 
some of the exposed metal. The magnitude of this 
change is about equal to that observed when a clean 
metal crystal is treated with acid. In this latter case, the 
heat evolved by the reaction of the acid with the metal 
seems to be the most likely explanation of the phe- 
nomenon observed. 

The two hypotheses considered above are sufficient to 
explain the behavior of clean and oxide coated crystals 
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under a variety of experimental conditions. Whether or 
not they constitute the full mechanism of the surface 
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The authors are indebted to Dr. Sidney L. Simon of 


the National Advisory Committee for Aeronautics for 


effects on creep is a question which must be answered by _ his encouragement and helpful discussions during the 
course of this work. 
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This paper deals with the problem of finding the “optimum” method of detecting a sine wave of known 


frequency and amplitude in the presence of noise. The type of noise considered is the so-called Gaussian 
process, which is obtained when thermal noise is passed through an arbitrary linear passive device. 

The analysis takes into account the fact that in practice only a finite sample of observed signal is available. 

The optimum detection method is defined as that which maximizes the probability of recognizing the 
presence of a sine wave if one has actually appeared; while the probability of falsely announcing the presence 
of a sine wave, if none has actually appeared, does not exceed some prechosen value. 

It is shown that when the noise has a flat spectrum, all the relevant information is contained in the ampli- 
tude and phase of the Fourier transform of the received sample at the frequency of the sine wave. Almost the 
same result holds in the case where the noise has an exponentially decaying autocorrelation, except that in 


I. INTRODUCTION 
A. Background 


HE first systematic statistical approach to the 

problem of detection in the presence of noise 
may be said to be that of Wiener’ who studied the 
problem of designing a linear filter for separating two 
stationary random processes optimally, using the least- 
squares error criterion. Wiener’s work was extended by 
Zadeh and Ragazinni,? and by Davenport, Johnson, 
and Middleton.* 

In Wiener’s analysis it is assumed that one wishes to 
reproduce a signal as closely as possible in a certain 
sense, knowing only signal plus noise. This is true if one 
is interested primarily in filtering, but may not be true 
if detection is the main goal. A realization of this fact 
already shows up in the work of Van Vleck and Middle- 
ton‘ and its extension by Dwork® whose detection 
criterion, however, is of a more or less artificial nature. 

The realization that the problem of detection is es- 
sentially different from that of filtering (i.e. reproducing 
the signal) enables one to obtain a more fundamentally 
acceptable criterion for optimum detection; this aspect 
of the situation has received less attention in the 
engineering literature than it deserves. 





'N. Wiener, Extrapolation, Interpolation, and Smoothing of 
oo? Time Series (John Wiley and Sons, Inc., New York, 
?L. A. Zadeh and J. R. Ragazinni, J. Appl. Phys. 21, 645 (1950). 
us Johnson, and Middleton, J. Appl. Phys. 23, 4 
aod Van Vleck and D. Middleton, J. Appl. Phys. 17, 940 


*B. M. Dwork, Proc. Inst. Radio Engrs. 38, 771 (1950). 


this case the values of the observed sample at the end points of the sample also play a role. 


B. Definition of the Optimum Detector 


Before defining optimum detector it seems advisable to 
define detector. Let 


S(t) =A sin(wi+6) (1) 


be the signal which it is desired to detect. A and w are 
known in advance, and @ is purely random. (By this we 
mean that @ varies randomly from sample to sample, 
with a uniform probability density in the interval 
0=0<27.) Let N(t) denote the noise voltage. If 2(#) 
denotes the observed sample of length 7, we have 


2()=S@Q+N), (O<ts7), (2) 
when S(¢) is present ; and 
2()=N(t), (OStST), (3) 


when S(#) is absent. 

By a detector is meant a black box whose input is 2(?), 
and whose output is a yes-no indication (Fig. 1), 
indicating the detector’s guess as to whether or not 
S(t) was present. 

If an infinite sample were available (T= ©), it would 
be possible, in principle, to design an arbitrarily good 





}-———— yes 


z(t) 


Detector 


—- 











Fic. 1. Block diagram of basic detector. 
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detector by using a sufficiently narrow band-pass filter 
centered at w, or by performing some such process as 
looking for a periodic component in the autocorrelation 
of z(t). Since, however, T is finite, it will, except for 
degenerate cases (such as a missing band of noise fre- 
quencies around w), be impossible to design a perfect 
detector. The errors committed by the detector can be 
of the following two exhaustive and mutually exclusive 
types: (a) detector says “yes” even though S(t) is 


absent; (b) detector says “no” even though S(/) is 


present. Let Py=probability that the detector falsely 
announces the presence of S(/) when S(¢) is not actually 
present, and Pr=probability that the detector recog- 
nizes S(t) when S(t) actually is present. We have 


Pyr=probability of error of type (a), (4) 
Pr=1-probability of error of type (b). (5) 


We define the optimum detector as the one which 
maximizes Pr subject to Pr=prechosen value Pres. 
Generally speaking, the higher the upper limit on Py is 
set, the higher it will be possible to make Pr. 


C. The Likelihood Ratio 


The information upon which the detector must base 
its decision is all contained in the observed sample z(?), 
(O<t<T). 

Put 


t=kT/n, (k=1,2, --+,n). (6) 


We can assume first that the detector knows only 
2,=2(t,), and later let n—. It is physically obvious 
that the information obtained by the detector as n—« 
is all the information in 2(/). This has been shown 
rigorously by Grenander.*® 
In the general case, (21, 22, -++,2n) is a set of ran- 
dom variables with a certain joint probability density 
which depends on whether or not S(é) is present. Let 
Lo(t1, U2, *-*, Un) be the probability density of 
(21, 22, -- +, Zn) when S(é) is absent, and L;(uy, uo, «++, Un) 
be the probability density of (21, 22, ---,2,) when S(é) 
is present; i.e., 
Lo(u1, U2, ***, Un)duydug---du,=joint probability 
that 
uj;S2;<u;+du,, 


when S(t) is absent. 


(i=1, 2, 2°, 9), (7) 


Ly(uy, te, «++, tn)duydur: - -du,=joint probability 


that 


ui<S2;Suzt+du;, (i=1,2,---,n), (8) 


when S(t) is present. (Z» and L, will be given explicitly 
in Sec. IT, A.) 

The detection problem is equivalent to testing the 
hypothesis that (2, ---,2,) has density function L; 


*U. Grenander, Arkiv Matematik 1, 195 (1950). 
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against the hypothesis that it has density function Ly, 
It is a known theorem in the Neyman-Pearson theory 
of testing statistical hypotheses* that in order to 
maximize Pr subject to Pr<Pr* one proceeds as 
follows: 


(a) Define the “‘likelihood ratio” 


“2 Zn) 
’ 
tee, Zn) 


L,(2, 22, °° 





A(21, -**5 Zn) = 
Lo(21, 22, 


A is a function of the random variables 2), 2, --- 
and thus is itself a random variable. 
(b) Let 


Qo(A)=probability density of A under the hy- 


pothesis that S(/) is absent. (10) 


Q,(A)=probability density of A under the hy- 


pothesis that S(/) is present. (11) 


Knowing the functions Lo(m, #2, «++, un) and Ly(ty, us, 
++, %,), and using Eq. (9), we can find Qo and Q). 
(c) Find uh=p(Pr*) such that 


. 0 


(d) For a given observed sample (2, 2, -- 
the detector say “yes” when 


A(z, ay **%5 Zn) > 


*,2n), let 


(13) 
and ‘‘no”’ when 


A(21, 22, +++, Sn) <p. (14) 


Thus, by Eq. (12), the probability of falsely announcing 
a signal to be present will be exactly Pr+. The resultant 
value of Pr will be 


Pr= f i Q,(d)dd. (15) 


II. DERIVATION OF OPTIMUM DETECTOR 
A. Noise with Arbitrary Autocorrelation 


The noise V(¢) is assumed to be a stationary Gaussian 
random process with mean 0, variance o”, and auto- 
correlation function 


o(r)=ELN()N(t+-7)J=ELNWN(t—7)].* (16) 
If a signal is present, it has the form 
S()=A sin(wi+6), (17) 


7H. Cramér, Mathematical Methods of Statistics, (Princeton 
University Press, Princeton, 1946). 

8 J. L. Lawson and G. E. Uhlenbeck (McGraw-Hill Book 
Company, Inc., New York, 1950), Radiation Laboratory Series, 
Vol. 24, p. 167. 

* J. Neyman, Roy. Stat. Soc. 105, Part IV, 292 (1952). ; 

10P, Whittle, Hypothesis Testing in Time Series Analysts 
(Almqvist and Wiksells, Uppsala, 1951). 

* E| X]_means: expected value of X. Sometimes this is de- 
noted by X, or (X)w. 
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where A and w are known constants while @ is equally 
likely to be anywhere in the interval 0<@<2r. 
The total voltage is 


2(t)= N(t) (signal absent), 
2(t)=N(t)+S(t) (signal present). 
Let this voltage be observed at times 


(t=1,2,---,m) 


(18) 
(19) 


t;=iT/n 


and denote 2(t;) by 3;. 
We will assume that the matrix 


Cewl=Leti—t) J (i, j=1, 2, “++, 0) 


is nonsingular (i.e., has an inverse) for each n. 
If signal is present, the conditional probability den- 
sity for (z1, ---, 2n) when the phase is @ is given by’ 


1 


Ly'(u1, te, +++, Un | 0)=————— 
(2x)"?| o|} 


Xexp{—} > £;;[ 4;—A sin(wt;+ 6) ] 
1 


X[uj;—A sin(wt;+6)]}, (20) 
Leul=Leil=Le%—t)], 
| g| =determinant [ ¢;; ], 
Lt J=Ltsl=Leul. 
Thus the joint density function for (2), 22, - - 


-, 3x) when 
the signal is present is 


Ly(u1, U2, +++, Un) 


9 


= 1/2 f Ly’ (uy, U2, +++, Up|0)d0. (21) 
0 


If the signal is absent then the joint density function 
for (2), 2, --+, Sn) is 
L(t, U2, +++, Un) 
1 n 
~ ay) elt exp{—} x £,uuj;}. (22) 
Hence the likelihood ratio A,, is 


A,=L,(21, 22, «++, 2n)/Lo(21, 22, °**, Zn) (23) 


or 


1 2m n 
A,= —f exp{—} > &:;[2:—A sin(wt;+ 4) ] 
2r 0 1 


X[2;-A sin (wt ;+ N-> £;;2;2;}d0 
1 


or 


A,= f exp{c, siné+d,, cos 
0 


2a 


+ gn cos20—h, sin26}d0, (24) 


where 
A* n 


brn=— Dd £:; cosw(t;—t;), 
4 1 
Cn = A >. £552; Coswt ;, 
1 


d,=A yA £552; sinwt ;, 
1 


A? 


£n.= 7 Dd £ij; cosw(t;+4;), 
1 


A® n 


k,= ous » §3; sinw(t;+/;). 
4 1 


The integral appearing in Eq. (24) is clearly a con- 
tinuous function of bn, Cn, dn, fny Zn- 
Assume that, as n>, we haveT 
b,—, (26) 


Cre, dyod, gig, hah. 


We will then have 


An(zi, ++; Sn) A{2()}=M(c, d;b, g,h), (27) 


where 


e> Qn 
M(c, d; b, g, iy=— ff 
2x Jo 


T 


Xexp{c sind+d cos6+ g cos20—h sin20}d@. (28) 


Here c and d are functionals of the observed z(#) and 
are thus random variables. 

If a signal is actually present, the vector (c, d) has a 
density function which we shall denote’ by Fi(u, »); 
if a signal is actually absent (c, d) has a density function 
denoted by Fo(1, v). 

According to what was said in Part I, the optimum 
method of detection is as follows: 


(a) Find Fo(u,v). Thus find by way of Eqs. (27) 
and (28) the probability density for A when signal is 
absent. 


t Finite limits 5, c, d, g, and 4 do not exist for all possible auto- 
correlation functions. In most interesting cases, however, the 
limits will exist. (Since c, and d, are functions of the random 
variables z;, the most we can say is that ¢ and d exist with prob- 
ability one.) The existence of these (finite) limits is closely con- 
nected with the possibility of perfect detection; if these limits do 
exist {perfect detection is impossible, 








292 





E. 





(b) Let Pr+=prechosen upper bound on Pr. 
Choose u(Pr+) such that prob[u<A|signal absent ] 
= Pye. 


(c) For a given observed sample z(t), compute A and 
(i) if A<y(Pre), say signal is not present. 
(ii) if A>(Pre), say signal is present. 
The intervals 0<A<y correspond to regions R, in 
the (c,d) plane which can be determined from (28). 


Thus, the above procedure is entirely equivalent to the 
following one: 


(a) Find (numerically or otherwise) the regions R, in 
the (c, d) plane corresponding to O< A<uy. 

(b) Find Fo(u,v)—the density function for (c, d) 
when signal is absent. 

(c) Choose R, so that 


f Fo(u, v)\dudv= P pe 
R —Ry 


[R denotes the whole (c, d) plane; 
R—R,=complement of R,. ] 
(d) Fora given observed sample 2(/), compute c and d 
and 
(i) if (c, d) isa point of R,, say signal is mot present. 
(ii) if (c, d) is not a point of R,, say signal is present. 
The first three of these steps do not require any ob- 
servations to be made; they can be carried out once and 


for all, once the autocorrelation function of noise ‘is 
known. 


A fifth step which would be of interest is the calcula- 


tion of the probability of detection Pr (which depends 
on Pres). 


(e) Find F(u, v)—the density function for (c, d) if 
signal is present. Then 


Pr(Pr+)= Fi(u, v)dudv. 


R-RyPp F*) 
The calculation of Fo(u, v) and F(u, v) is performed as 


follows: We have 


n 
Cn=A >> £i;2; coswt;, 
1 


d,=A > £5 52, sinwt ;. 
1 


(a) Signal not present (calculation of Fo(u, v)). The 
z; are normal, mean 0, variance o?= ¢(0). Therefore 


REICH AND P. 
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Cn, d, are normal with mean 0. Also 


(Cn?) w= AX > £5 541212 coswt ; COSwL 7) ay 
i,7,k,l . 
=A? DO Ey j€e( 2:24) COSWL; COSwH, 
6.9.08 


I 


A? > Es j;EKI Pik COswt ; Ccoswl; 
i,j.k,l 


II 


A? Y £3, coswt ; coswt; (sincel &;; ]=[¢i; }-). 
7,0 


Thus 
(Cn?) w= A? > £;; coswt; coswt;=2(b,+ gn). (29) 
Similarly, | 
(22m A*S 4; sinect; sinet;=2(b,—g0) (30) 
and | 
(enda)u= APY £;; coswt; sinwt;= 2h,. (31) 


Hence, in the limit, (c, d) has the density function 
F,(u, v)=1/2rD! exp{ —3[Lai0?+ 2a12%0+ a22v* ]}, (32) 
where 


D= determinant 


on 2h 
2h cell 


“ “| ey 2h | 
Qe, Gee 2h 2(b—g) 
(b) Signal is present (calculation of F;(u, v)). The 2; are 


normal with means A sin(wf;+6); variance o?= ¢(0). 
For a fixed @ we now have 


and 


(Cn) w= (Cn) wv(0) = A? > £;; sin(wt;+6) coswt;, (33) 
‘ 1 


(dn)m=(dx)n(0)= A? ¥ £;; sin(wl;+8) sinwt;, (34) 
so 


Cn— (Cn) mv =A Z. §,2;—A sin(wt;+ 6) ] coswt ;, (35) 
1 


d,—(dn)w=A > §,[2;—A sin(wt;+ 6) | sinwt ;. (36) 
1 


But the variables z;—A sin(wt,+@) have the same 
statistical properties as have the z; when only noise is 
present. 

Hence ((c—2)*)m, ((d—d)")m, and ((c—2)(d—d))» 
have the same values as when signal is absent. The only 
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difference is in the means 


Z, (0) = A? > §3; sin(wt;+ 6) cost ; 
1 


= A* > £;; coswt; [sinwt; cosd+ cosw#; sind], 
1 


é,,(0) = 2h, cos6+ 2(bn+gn) sind. 


Hence, 
2(0) = 2h cosé+2(b+-g) sind. (37) 
Similarly, 


d(@) = 2h sind+2(b—g) cosé. (38) 


The conditional density function for (c,d) when the 
phase is @ is then 


1 
Di exp(—}){an[u—<2(6) P 


T 


Fy'(u, »| 6)= 
2 


+ 2ayol u —_ (6) |[v—d(@) J+ Q2o[ u—d(0) P} ; (39) 


where D, a;; have the same values as in Eq. (32). 

Methods for calculating explicitly functionals of the 
type c and d for general autocorrelations are outlined in 
Appendix II. Sometimes it is possible to calculate }, c, d, 
g, h by explicit calculation of bn, Cn, dn, Zn, tin; an ex- 
ample of this appears in Sec. II. B. Once @(@) and d(6) 
have been obtained, the density function F,(u, v) for 
(c, d) in the presence of signal is given by 


(40) 


1 2n 
F\(u, v) =— f F,'(u, v| 0)dé. 
2 0 


B. Noise with Exponentially Decaying 
Autocorrelation 


In this section we consider the case 
¢(r)=Be'"!,_ (a, B>0). 


We will obtain expressions for b, c, d, g, h. 
It is possible to calculate £;; explicitly. We have 


(41) 


(3 + #¥ wr" 
i, t& ¥ es 
Lei J=8| ; ° ° ly 


(42) 
yy" yy 1 

where y=e-**; 5=77/n. As can easily be verified, the 
inverse matrix is 


Lyn 


1 -y 0 O-:- 0 0 
ay ter 
So. =—y By go> 


-—y 0 
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where the main diagonal is 1, 1+”, 1+’, ---, 1+’, 1 
the diagonals immediately above and below the main 
diagonal consists entirely of —~y’s; and all other ele- 
ments are 0. 

The functionals bn, Cn, dn, Zn, 4n Of Eq. (25), the limit- 
ing values of which must be calculated, all contain a 
factor of the form 


Ba=d Eiji, (44) 


where x,=2(k6), yx=y(k5); and where at least one of 
the functions, say y(/), is a bounded analytic function of 
t while the other function, say x(/), is a bounded con- 
tinuous function of ¢. 

Putting (43) into (44) gives 


1 
B.= _ Pr a = XV 


n—1 


n—1 
—-7y¥z XKEVe+1— Y -_ Eph | (45) 
1 1 


Using the relations 
Vez = Vet Yet F/2ji.+ 67/6y,+0(84), 
Vr = Vi — SYA / 27, — 5/6y, +0(64), 
where ¥;,=dy(t)/dt 1x3, etc., we can write 


n—1 


by CVA = 2X LEVETS 3 LeU 


& n—1 63 n— 


ba” u nit E ayu®-+0(8), (46) 


n—1 


X mean EVE 5 DS LY 
2 


& n 63 n 

+—D¥ xiie—— X weve +0(8). (47) 
22 6 2 

Putting (46), (47) into (45) and collecting terms gives 


= ——{ ~2+7)¥ CEV 
B(1—’) 1 


— PD rede t V(L—v) (eave tr enyn) 
1 


mY 
v4 


¥ 
+ Y5(XnYn— “G+ —-Catint xii) 


7s§ 
+ —Cenya®— agi) +0009 | (48) 
6 
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This can be rewritten as 
aT x» T 


ee > XEVe 


3 DL Xeiie 
nm i 


2aBn 1 


n 


1 1 1 
. mont XnVa)+ ro ae — nin)+0(-). (49) 


So if B=lim,+2Bn, 


a r 1 
-— J x0] 0-—y'00 |i 


1 
7p OL (0)—ay(0) J 


1 
+p Ot aT) I. (50) 


We are now in a position to evaluate the limiting 
values of the functionals of Eq. (26): 


A? a w? 1 
(02) 
+ a B 

aA 


w r A 
-—(14-) f 2(t) coswtdt+-—z(0) 
28 a? 0 28 
1 


+—z(T)[a coswIl—w sinwT |, 
2a8 
w T wA 
+=) f z(t) sinwldt———z(0) 
0 


a 


+ ; 2(T)[w coswt+a sinwT ], 
2a8 


] 


al 


a w 1 
vane ( i— ~) sin2wT+—(1+cos2wT) 
L 4Bw ae 26 











AT a w 1 : 
(1-5) cose) += sinz ; 
L4Bw a 28 J 


C. White Noise (with Flat Spectrum) 


A definition is in order here since, strictly speaking, 
there is no stationary Gaussian random process with a 
spectrum that is flat for frequencies from 0 to +. 
Still, it is possible to “‘approach” white noise, in the 
sense that it is possible to define a sequence {N,,(t)} 
(m=1, 2, ---) of Gaussian random processes with the 
property that their power spectra approach a flat 
spectrum. 

Thus, consider white noise with the power density 
spectrum 


G(f)=K volt*/cps (0<f<~),. (52) 


AND P. 


SWERLING 


This will be defined as the “limiting” case, as m— 
of a sequence {N,,(/)} of Gaussian random processes 
with autocorrelations ¢»(7)=Km/4e—™!"!. (See refer- 
ence 8, p. 42, for relation between power spectrum and 
autocorrelation.) Putting a=m, B= Km/4 in (51) and 
letting m—~ gives the following limiting values: 


b= A?T/2K, 


T 
c=2A/K f 2(t) coswidt, 


0 


T 
a=24/K f ‘2(t) sinwédt, 
0 


g=A*/40K sin2wT, 
h= A*/4wK(1—cos2wT). 


Note that the end points of the observed sample no 
longer play a part in the optimum detection process. 

A particularly simple result is obtained when T is an 
integral multiple of the half-period 2/w of S(#). The 
remainder of this section is devoted to this case. Note 
that g and / vanish. Thus the likelihood ratio of Eq. (27) 
becomes 


1 2r 
A{z(t)}=—e~* f exp{c siné+d cos6}dé 
2r 0 


=e Io(?+d’)', (54) 
where Jy is the modified Bessel function of the first kind, 
of order zero. 

From (54) we see that the only significant statistic 
is (+d), which is proportional to the squared am- 
plitude of the Fourier transform of the observed sample 
at radian frequency w. An explicit formula for the bias 
level » can be obtained for this case. Since J is a mono- 
tonic function of its argument, the critical value u(Prs) 
for A corresponds to a critical value, say, v(Pr«) for 
V=(2+d*). When S(t) is absent, the probability that 
V is between v and v+dv is (reference 7, p. 236) 
1/4be~*!*”, » ig defined as a function of Pr« by the rela- 
tion corresponding to Eq. (12), 


1/40 f e~"/4ody= Pre, (55) 


v( P px) = 4b In(1/ Pps) = 2A°T/K In(1/Prs). (56) 


Summing up, the rule for this optimum detector in 
the case of white noise, when T is an integral multiple 
of z/w, is as follows: 


Announce presence of S(¢) if 


F ’ &TF 1 
J 2(t)e—** ‘dt a" in( - 
0 F* 51) 
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announce absence of S(t) if 


r : KT 1 
f 2(t)e-***dt| <— in( ). 
0 2 Pr 


To calculate Pp it is necessary to obtain the proba- 
bility density of c*+-d? when S(¢) is present. The con- 
ditional probability density for phase 6 turns out to be 
independent of 4; it is equal to 


prob{v<c+a? < v+-dv} = 1/4be~ Pe! (4/0) dv, (58) 


where 6 is given by (53). Therefore, 


Pr= of e~*T of 2(bv)? dv. (59) 
~inf P* 


For small ratios of average received signal energy 
to noise power/cps, we have 0<b&1; Eq. (59) then 
implies 


Pr=Pp for A*T/K<1. (60) 


In general, it follows from (59) that if A ¥0, 


Pr> Pr. (61) 


Of course, (60) and (61) hold for any noise autocorrela- 
tion function and any value of T, if the detector is de- 
signed on the basis of the theory of testing statistical 
hypotheses. 


APPENDIX I 


The foregoing can be formally generalized as fol- 
lows: Suppose the signal to be detected is given by 
S(t; a1, +++, ax)=S(t;@), where a1,-*:,ax are K 
parameters having probability distribution function 
G(a). Let the noise be stationary, Gaussian with auto- 
correlation g(r). Then 


Ly' (uy, U2, +++, Un| @) = 


eT ee aa 
Ony"| gir . 


x E:[u;— S(t; «) [uj—S(t;; «) J}. (AT) 
Therefore 


Ly(u, U2, 


1 
+5 th) =————— f exp(—}3) 
(2m)"| |} ; 


xd §;[ u;— S(t; «) |[u;— S(t;; «) }}dG(a). (AI.2) 


Also 


Lo(us, +++, ttn) =———— exp(— 3) 


(2m)"| o|# 


xr E;uu;}; (AI.3) 
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therefore 


+ hil +> J exp(—4)(2 E:i[21—S(ts; @)] 


X[2)—S(ty; a) J-S &:jee,)dG(a). (ALA) 


This can be applied to the case where ay, ---, ax are 
all fixed instead of being random (i.e., signal shape and 
phase are known). 


Then (denoting the signal simply by S(é)), 


A,=exp(— a3 E:L2i—S(ti) ] 


X([2;- si) HE £53235), 
(AI.5) 


An=exp{E &,5(t)S(t)) exp(—E &yS(t)2,}. 


Thus the statistic which it is necessary to calculate 
is 20 &5S(ti)2;. 

If the noise is white noise, this quantity, as n>, 
approaches a quantity proportional to 


1 T 
T J S(t)z(t)dt. 


In other words, all the information as to whether or not 
the signal is present is contained in the cross correlation 
between signal and observed sample." 


APPENDIX II 


The problem of evaluating the quantities }, c, d, g, 
and h can be formally reduced to the problem of solving 
a certain integral equation. 

Let the correlation function of noise be given by 


E{N(N(s)}= o(s, = (4, s).$ — (ATI.1) 


The quadratic forms to be evaluated are of the form 


B,=>, EX, (AIT.2) 
1 


where [ij ]=Le(ti, ti), xj=x(t;), where x(t) is a 
bounded continuous function in 0 <t <T. 


1 P, M. Woodward and I. L. Davies, Phil. Mag. 41, 1001 (1950). 
t In the stationary case ¢(s, t) = ¢(s—?). 
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yi=y(t;), where y(t) is a function possessing deriva- 


tives of all orders. (In some cases we may have y(é) 


= x(t).) 


Now let 
Dd b= wy, (AII.3) 
tl 
then 
Le viWi= Vie (AII.3) 
? 


Hence we must evaluate 
n 
B,= Zz WjX;, 
j=1 


where {w,} is the solution of (AII.3). 
Asn— (and asthe maximum interval t; <t<t,,;—0) 
the problem formally reduces to the evaluation of 


T+0 
B= f x(t)dW (t),§ (AIT.4) 
0 


where W(t) is the solution of 
T+0 
y= f ¢(s, t\« W(s), (O<t<T). (AII.S) 
—0 


As an example consider the case ¢(s, /)=Be~#!*-*! 
discussed in Sec. II. B. Let us evaluate c, for example. 
In this case y(?)=A coswt; x(t)=2(t). Equation (AII.5) 
becomes 

T+0 


A coswl= f Be~@|*—-*\dW(s). (AIT.6) 
0 


The solution W (2) is|| 


A 


W = 14 f coswsds+ R(t), 
2B 


Ww 
a 0 


where R(t) is a function which is everywhere constant 
except for a jump of A/28 at t=O and a jump of 
A/28[ coswT — w/a sinwT] at t=T. 


T+0 ‘ T+¢ 
sf, means limeso f ° 
- -€ 


|| To within an arbitrary additive constant. 
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Hence 
T+0 
2(t)dW (t) 
A A 
= —2z(0)+—2(T) [a coswT—w sinwT] 
28 2a8 


aA w r 
+=/( +=) f 2(t) coswtdt, 
28 a 0 


which agrees with the value previously obtained [see 
Eq. (51) ]. 

Our ability to solve the integral equation (AII.6) in 
closed form is somewhat fortuitous. The authors are 
investigating the corresponding equation for auto- 
correlation functions of type g(r)=P(|7|)e—*!, where 
P is a polynomial.” The possibility that general auto- 
correlation functions might be approximated by 
Laguerre polynomials, and approximations to the values 
of c, d, etc., obtained in this way, is being investigated. 


LIST OF SYMBOLS 


S()=A sin(wi+6)=sine wave signal 
N(t)=noise 
2(t)=observed signal 
T=duration of observed sample 
Pr=probability that detector falsely an- 
nounces the presence of S(t) when 
S(t) is not actually present 
Pys=upper limit set on Pr 
Pr=probability that detector recognizes 
S(t) when S(é) actually is present 
th=kT/n (k=1, 2, ---,m) 
A,=likelihood ratio with the values 2(t,), 
(i=1,---,m) as the observed vari- 
ables 
F A=limasoAn 
| p=critical value of A=bias level 
| V=a monotonic function of A 
® yv=critical value of V=bias level 
¢(r)=autocorrelation of V(t) 
Gis= 9(Ti— 75) 
LésJ=Leul 
bn, Cny In, Zn, An=functionals occurring in calculation 
of A, 
b, c, d, g, h=limits of above as n> ~. 


2 See H. P. Thielman, Quart. Appl. Math. 6, 443 (1949). 
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Temperature Gradients in Inductively Heated Cylinders 


R. J. THoRN AND O. C. Smmpson 
Chemistry Division, Argonne National Laboratory, Lemont, Illinois 


(Received September 15, 1952) 


An exact expression for the temperature difference between the inside and outside of an infinitely long 
cylinder heated inductively has been derived in terms of Bessel functions. A numerical comparison shows 
that for small cylinders (radius about 0.3 cm) an assumed parabolic distribution of the magnetic intensity 


agrees with the exact solution within two percent. 





HE fundamental characteristics of the inductive 
process of heating make this method particu- 
larly favorable as a technique for obtaining high tem- 
perature thermochemical and physical properties of 
substances. This is principally so because it is possible 
to approach more closely idealized conditions using 
inductive heating. For example, the experimental sys- 
tem can be constructed readily so that conduction 
losses are negligible beyond any doubt by the use of a 
cylinder either suspended by small wires or supported 
on small legs. If the length of the cylinder is large com- 
pared with its diameter, then the cylinder is, for all 
practical purposes, one of infinite length. Then the only 
temperature gradients present are radial. Although 
these radial gradients are less with inductive heating 
than with resistive heating, there are certain cases in 
which they are not negligible and hence one must be 
able to calculate them. The exact method whereby 
these gradients can be calculated is derived below. An 
approximate solution to the problem is also given and 
compared with the exact solution in one case. 

The idealized system which one wishes to describe 
quantitatively is one consisting of a conducting cylinder 
(either hollow or solid) of infinite length (from the point 
of view of heat losses) placed in a vacuum and mounted 
coaxially with an induction coil. This coil is assumed to 
be long compared with the length of the cylinder so that 
the magnetic field in the cylinder is always directed 
along the axis, and is assumed to carry a sinusoidally 
varying current. To effect a description one must solve 
in turn the equation for the magnetic field distribution 
through the sample (and hence the heat generated) and 
then the equation for the heat flow. The exact solution 
for the magnetic field distribution for hollow cylinders 
has been given by McLachlan and Meyers.! The solu- 
tion of the heat flow equation is given herein. 

In terms of the symbols used by McLachlan and 
Meyers the exact solution of the equation for the 
radial (r) variation of the magnetic intensity in the 
axial direction is 


H=A,{Jo(mri!)—(G/F)Ko(mri})}. (1) 


In this equation Jo(mri!) is the Bessel function of first 
kind of zero order; Ko(mri*) is the Bessel function of 


(1935) W. McLachlan and A. A. Meyers, Phil. Mag. 19, 846 
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second kind of zero order; 
m=4rpw/p, 


in which yp is the magnetic permeability, w is the angular 
frequency of the current, and p is the electrical resis- 
tivity, all in electromagnetic units; 





Qui! 
G=Jo(mbi!)+—J(mbi4) ; (2) 
mb 
and 
2ui-* 
F= Ko(mbi')+ : K,(mbi'), (3) 
m 


in which 0 is the inside radius of the cylinder. The value 
of the constant A, will not concern us at present, since 
it cancels out in an equation to be derived subsequently. 

To utilize the magnetic intensity distribution given 
by Eq. (1) to obtain the temperature distribution in the 
cylinder one must first find the relation between the 
time averaged heat generated per unit volume and the 
magnetic intensity. This relation is readily found from 
the relation between the power distribution P(r) and 
the electric intensity distribution E(r), namely, 


E(r)|? 
P(r)= = : 
p 





and from the fact that, for an infinitely long cylinder, 
Maxwell’s equations’ yield the result that 


dH 4nrE 
——=—+ iwx’E, 
dr p 


in which «’ is the dielectric constant. If the resistive 
current is large compared with the capacitative, then 
one finds that 


dH 
(4) 








The temperature distribution in the cylinder may now 
be obtained through the steady-state heat flow equa- 
tion, V-T7=—P/K, using the power distribution as 
given by Eq. (4). For cylindrical symmetry one finds 


2M. Abraham and R. Becker, Electricity and Magnetism 
(Blackie and Sons, Ltd., London, 1937), p. 144. 
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that 


1d/ dT P(r) 
--- —)--—, (5) 
rdr\ dr K 


in which T is the absolute temperature and K is the 
thermal conductivity. Since the total heat generated 
per unit length must equal that radiated per unit length, 
one can write that 


aT s= f rP(r)dr, (6) 
b 


in which a is the outside radius, ¢ is the total emissivity 
and a is the Stefan-Boltzmann constant. If one now sub- 
stitutes the value of P(r) as given by Eq. (4) into Eqs. 
(5) and (6), integrates Eq. (5) and then divides Eq. (5) 
by Eq. (6), one finds that 


ma 1 z 
f -f z| H’ |*dzdz 
(T,—T.)K b 29 mb 


m m 


aeoT ,' me 
f | H’|¢dz 


mb 





in which z=mr, and H’=dH/dz. Upon inspecting 
Eq. (7) one observes that any multiplier of H cancels. 
Hence, the constant A, is eliminated. Furthermore, if 
one assumes that the magnetic intensity distribution is 
parabolic, say, H=az*+ 8, then one does not need to 
know the parameters a and §. This is important since, 
if one is not interested in extreme accuracy, the calcula- 
tions can be greatly simplified by this assumption. 

To evaluate the integrals in Eq. (7) one first obtains 
| H’|? from Eq. (1). Thus, 


| H’|?= [Aal*| Jo" 


9 


KK," (8) 


* 





—2 Real Wika" - 








F* 


F 


In this equation the primes denote derivatives’ with 
respect to z and the asterisks indicate complex conjugate 
functions. The arguments‘ of the Bessel functions are 
the same as those given in Eq. (1). Upon examining 
Eqs. (7) and (8) one observes that the following inte- 

5 To simplify the equations contained herein the authors have 
employed a prime to designate the derivative with respect to 
z (=mr) only, rather than that with respect to the entire argument 
of the function. 

‘In the remainder of this report whenever J» or Ko or their 
derivatives with respect to z are written, the arguments will be 
zi! or zit, respectively. 
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grals must be evaluated: 


ma Zz 
n= f sf 2J oJ o'*dzdz, 
mb mb 
ma : 
f 1/2 f 2J o' Ko'*dzdz, 
mb mb 
ma 2 
f /s f 2Ko' Ko'*dzdz, 
mb mb 
ma 
n= f 


I, 


I; 


II 


2J 9'Jo'*dz, 


mb 
ma 

| f 2J'Ko'*dz, 
mb 
ma 

Jom f 2Ko'Ko'*dz. 
mb 


In terms of these integrals one then writes for the 
difference between the outside and inside temperatures, 
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I,-—2 Real TI > ones qT; 
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Of the integrals contained in Eq. (9), JZ; and J, can 
be evaluated without further modification. Those re- 
maining can be evaluated if one uses the relation 


u Jo 
K,'= (v’--ins) +5, 
4 Z 
in which y’= —0.1159, and 
2 2ai%ze—! 
S= >> ———F(a); 
qui 2?#( a !)? 
-F(a)=1+$+ 4+ ---1/a. 


Then one finds that 


17 
Jo'Ky'*= (v'+=) sen 


Jo Io* 
—Jo/Jo'* Inz— 





+Jo'S*, (10) 


and 


r JoJ . 
Ky’ K,'*= + (y'- in) bine . -+ SS* 


it Jo'Jo* 
—2 Reall ('-—— ins) ~ 
4 z 








it J oS* 
= (v-=- Ins J's] (11) 
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If one now defines a summation operator, 


2 « (—1)F4apiers 
M= L M os= ie ? 
ap Bai amt 22428 (ey |)2(g !)2 





(12) 


then one can write the following relations: 
Jo Jo'*#=M 2h, 


Jo Jo* Jo M 


9 
; —z2at2p-2 











Zz z 2a 
J o'S* = MF (a) 222*?6-?, 
JoJo* Jo Jo* 
_ —+ —+ —zratep-2 
2 2 3 4a8 
J)S* S* M 
=—+—F(p)state, 
Z z 2a 


SS*= MF(a)F (8) 22, 


If one substitutes the right side of these relations into 
the appropriate places in Eqs. (10) and (11) and then 
examines the integrals J; through Js, one observes that 
the integrands are of three different types. These are 
2", 2" Inz, and z" In*z. Hence, all the integrations can be 
carried out to yield an exact solution to the problem. 

In the final calculations the work involved is short- 
ened if one remembers that 


M as= M ga; 
if a and @ are either both even or both odd, and 
M «s= ra M ga, 


if a is even and £ is odd or vice versa. The first case rep- 
resents the real part of M, whereas the second represents 
the imaginary part. 

As stated previously, if one assumes a parabolic dis- 
tribution, then the integrals in Eq. (7) can be evaluated 
readily. In this case the result is 


of ot—1( 144 in) 
(T,—T.)K b 


eoT ,' 4(a*— b*) 





A comparison for one particular case (@=0.2517 cm) 
between the calculations for the exact solution and for 
the parabolic distribution is given in Table I. One 
observes that the maximum difference is only two 
percent. Hence, if one is not interested in extreme 
accuracy, one can use a parabolic distribution for small 
cylinders. 


TABLE I. Comparison of exact and parabolic solutions. 














(To —_ Ta) K 
Inside radius eoT ot 
(cm) Exact Parabolic 

0 0.0617 0.0629 
0.1294 0.0498 0.0504 
0.1530 0.0427 0.0431 
0.1734 0.0353 0.0357 
0.1963 0.0265 0.0262 
0.2160 0.0173 0.0173 
0.2517 0 0 








The particular values of a and 6 were selected because 
these values correspond to the outside and inside radii 
of a graphite cylinder used in an experimental determi- 
nation of the emissivity of graphite, the results of which 
will be published elsewhere. 


APPENDIX 


In the evaluation of the integrals contained in Eq. (9) 
there are certain types which appear and reappear in 
other integrals. Hence, the work can be greatly de- 
creased by using a system of integrals such as those 
defined below. In these n=2a+28. If one defines the 





integral, 
ma 
n= { 2"—dz, 
mb 
then 
ma 2” ma I; 
n= f 2" Inedz=—Inz|} ——, 
mb nN mb n 
and 
ma g” ma 21s 
b= f 2" |n?’2zdz=— |In?z| —— 
mb n mb n 





If one defines the integral, 


ma 1 z ° 
Iu= f “ f 2"—dedz, 
b & b 


m ™m 


then 


ma 1 z 
lu= f -f 2"—! |n*2dzdz 
b 2 mb 


= Is (mb)" a Ip 








aie In(mb) In-——, 
n n b on 
and 
I= - f 2" |n?zdz2dz 
mb 2% mb 
Ts (mb)* a 21 10 
=—— In(mb) In-———. 
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A method is demonstrated for synthesizing an unbalanced RLC 
network with lossy coils, i.e., each inductance has an associated 
series resistance. The network realizes a minimum phase transfer 
function whose numerator and denominator are of degree not 
higher than the third and fourth, respectively, and whose poles 
and zeros may lie anywhere in the left half of the complex fre- 
quency plane. It is shown that in many cases higher degree func- 
tions may be realized as one network. For a transfer function of 
arbitrary degree, factoring into component transfer functions is 
carried out, each component having the above characteristics; the 
components are then realized separately and isolated from each 
other by vacuum tubes supplying gain. 
The method makes use of the following new features: 
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1. A breakdown of a Hurwitz polynomial into two Hurwitz 
polynomials so that a division by one of them yields a sum of 
unity plus a positive real RLC function, each of whose partial. § 
fraction terms (complex poles taken in pairs, or course) is positive 
real. 

2. An application of a network theorem which divides the 
desired network into two networks, thus simplifying the synthesis 
problem. 

3. A method of zero shifting to any point in the left half-plane 
with at least one pair of complex poles. 

A further advantage of the procedure is that the network may 
be designed to possess input and output shunt capacitances so that 
tube capacitances may be automatically provided for. 










































































I. INTRODUCTION 


N this paper a synthesis procedure is presented for 
realizing an unbalanced RLC network with lossy 
coils, i.e., each inductance has an associated series 
resistance. The network realizes a general minimum 
phase transfer function with a numerator and denomi- 
nator of degree not higher than the third and fourth, 
respectively; the generality of the function lies in the 
fact that the poles and zeros may be anywhere in the 
left half of the complex frequency plane. In many cases, 
higher degree functions may be realized in one network. 
For a transfer function of arbitrary degree, factoring 
into component transfer functions may be carried out, 
each component having the above characteristics; the 
components are then realized separately and isolated 
from each other by vacuum tubes supplying gain. 
Previous procedures'* have attempted a similar 
breakdown into factors but they suffer from the dis- 
advantage of using component networks of low degree, 
e.g., first degree numerator and second degree denomi- 
nator, and thus being unable to realize a fourth degree 
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Fic. 1. Desired form of unbalanced RLC network. 





* This paper is based on a chapter in a thesis presented in partial 
fulfillment of the requirements for the Sc.D. degree at the Massa- 
chusetts Institute of Technology. The research was conducted 
under the supervision of Dr. E. A. Guillemin and was supported in 
part by the Air Materiel Command, the Army Signal Corps, and 
the U. S. Office of Naval Research. 

The paper was presented at the Chicago National Electronics 
Conference, 1952. 

1 E. A. Guillemin, “A summary of modern methods of network 
synthesis,”” Advances in Electronics (Academic Press, Inc., New 
York, 1951), Vol. ITT. 

2H. W. Bode, Network Analysis and Feedback Amplifier Design 
(D. Van Nostrand Company, Inc., New York, 1945). 
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denominator in one network, or requiring lattices and 
perfect coils. 

The method makes use of the following new features, 
two of which are discussed in the appendix: 




















1. A breakdown of a Hurwitz polynomial into two 
Hurwitz polynomials so that division by one of them 
yields a sum of unity plus a positive real RLC function, 
the latter possessing the unusual characteristic of a 
partial-fraction expansion each of whose terms (com- 
plex poles taken in pairs, of course) is positive real. 

2. An application of a network theorem’ which 
divides the desired network into two networks, thus 
simplifying the synthesis problem. (The application of 
this theorem to zero-shifting synthesis is discussed in 
reference 7.) 

3. A method of zero shifting with one pair of complex 
poles. By use of the network theorem, it is possible to 
zero shift in two directions from within the total 
network. 


























































































Il. PRESENTATION OF THE SYNTHESIS PROCEDURE 


We desire to realize within a constant multiplier the 
given transfer voltage ratio 


K=E,/E,= p(s)/q(s), (1) 


as the unbalanced RLC network shown in Fig. 1. The 
polynomial # is of the third degree and q is of the fourth. 
By use of the breakdown g=q:+Aqi’ (Appendix I), we 
derive gi. Without loss of generality we may write 


p=(s+a)(s?-+2bs+c)= paps, 
gi= (s?+ 2ds+-e)(s?+ 2gs+h) = Qiadis, 



























(2) 






that is, p has two and q, has four complex zeros. 






3H. Adler, Electrical Engineering thesis for M.S. degree, 
Massachusetts Institute of Technology, 1948. 
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SYNTHESIS OF UNBALANCED RLC NETWORKS 
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Ye2e Yb 


Fic. 2. Network after division into two parts. 


A network theorem* which is easily derived allows 
us to consider the desired network as divided into two 
parts for which 
E2 Vieak b 
_— pate (3) 

Ey Vooat Y, 


, 


and Yi2q and yooq are the short-circuit transfer and 
driving-point admittances of network N,, and Y, and 
K, are the driving-point admittance and transfer 
voltage ratio of network NV», respectively. The simpli- 
fied network is shown in Fig. 2. 


The given rational function is now manipulated as 
follows: 


reo p a b/d 
q gtAq’ 14+Aqi'/q 
(Pa/Qia)(Po/qiv) 


7 1+ (Aqia’/Gia)+ (Aque’/gus) 








(4) 


where Aq;’/gi has been expanded into two partial frac- 
tions, each of which contains a pair of complex poles. 
This allows the identifications to be made 


Pa s+a 


ee 
Jia S°+2dst+e 
Aqia 2A(s+d) 
Yooa= 1+ = 
Jia s?-+ 2ds+e 
po #+2bs+c 


giv S*+2gst+h 
y Aq» 2A(s+g) 


,= = 


ib F, s?+ 2gs+ h 


where it is pointed out that the negative real zero of K 
is always associated with yi20. 

The network N, is realized as a single ladder by a 
development of y22q that inserts the necessary zero of 








*L. Weinberg, ‘““New synthesis procedures for realizing transfer 
functions of RLC and RC networks,” Technical Report No. 201, 

esearch Laboratory of Electronics, Massachusetts Institute of 
Technology, 1951. 
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Yizqa at s=—a. Similarly, we develop Y>» as a single 
ladder, but NV, (that is, Vy’ plus Z), unlike N., which 
must end in a series branch, has a final shunt branch. 
The zero-shifting technique is explained in detail in 
Appendix IT. 

We have considered yoo, and Y, for the case of com- 
plex poles, since if either has negative real poles and 
thus represents a two-element kind function, the zero- 
shifting procedure is well known. 

The above completes the discussion of one applica- 
tion of the method of synthesis. Another application is 
given below—viz., the realization of a transfer im- 
pedance by means of an unbalanced RLC interstage 
network. 

Linvill, in designing amplifiers for prescribed fre- 
quency characteristics and arbitrary band width,’ has 
need for the realization of a transfer impedance, whose 
denominator is of a degree not greater than the fourth, 
by means of a two terminal-pair interstage terminated 
by a shunt capacitance at input and output terminals. 
He accomplishes this with simple forms of networks, 
but the transfer function is restricted in that its poles 
or its poles and zeros must satisfy fixed relationships; 
for example, one type of network requires that all four 
poles have the same real part. If the design requirements 
place no restriction on the use of slightly more compli- 
cated unsymmetrical networks, still, however, possess- 
ing input and output shunt capacitances, no relationship 
need exist among the critical frequencies of the transfer 
function. This obviously is desirable. For example, a 
Zi2 with two negative real zeros and four complex poles 
can always be realized by use of the equation 


Z12= 21202 120/ (Z22at+Z>), (7) 


which is derived in a manner analogous to that for (3). 
Each of the partitioned networks, N, and Ny, is 
realized as a single ladder. The form of the final net- 
work obtained is shown in Fig. 3. 
The extension of the above procedures to a given 
function of high degree follows simply. The over-all 
transfer function is divided into appropriate factors 


zone 
































b 








Z220 2b 


Fic. 3. Interstage network with input and 
output shunt capacitances. 


5J. G. Linvill, “Amplifiers with prescribed frequency char- 
acteristics and arbitrary bandwidth,” Technical Report No. 163, 
Research Laboratory of Electronics, Massachusetts Institute of 
Technology, 1950. 
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Fic. 4. Network N, obtained from development of yo20. 





each of which is realized separately and separated from 
the others by use of an amplifier stage. Thus we may 
write 
E2 
K=—=K®K®...K™, (8) 
Ey 
each K“) being synthesized separately. Even if it were 
possible (as it ofterSis) to synthesize the given K as one 


network, the above might still be a preferred procedure; 


for it is clear that if we wish to realize a function of high 
degree as an unbalanced RLC network with lossy coils, 
gain most probably will have to be provided somewhere 
in the system. If the necessary gain is introduced be- 
tween networks representing segments of the over-all 
transfer function, advantages may be obtained in re- 
duction of the complexity of the computation and de- 
crease of loss introduced by the frequency-shaping 
networks. 


Ill. ILLUSTRATIVE EXAMPLE 


We desire a network to realize 


E, (s+-1)(s?+-2s-+4) 


Ey qs *+8.5s+28.6s?-+47.5s+31.5 





Using the relationship g=4:+ Aq’, we obtain for A=1 


gi=s*+4.5s*+ 15.18°+ 17.384 14.2 
= (s?+-1.3358s+ 1.5177)(s?+-3.164s+-9.3567) 
Aqi’ = 1(4s*+ 13.5s?+-30.2s+-17.3). 


The function Ag,’/q, expanded in partial fractions 
yields 














Aq 2(s+ 1.582) 2(s+0.6679) 
g:  -+3.164s+9.3567  s?-+-1.3358s-+1.5177 
: Jia qiv 
Jia on» 
By use of (4) and (5) we identify 
s+1 s+1 
Vi2a—= = 
$#?+3.164s+9.3567 dia 
2(s+ 1.582) 2(s+ 1.582) 
Y22a= 


$°-+3.164s-+9.3567 Gia 


and 
#+2s+4 #+2s+4 


K,= _ 
s?+ 1.3358s+ 1.5177 Jib 





2(s+0.6679) 2(s+0.6679) 


Y,= 





s?+ 1.3358s+ 1.5177 Jib 


In developing network N, we split the fractional 
part of yooa into two admittances 


_ sti 
Yere= 11+ ¥2= 1-+-—+ 
Jia Jia 


s+ 2.164 





and remove 1+-y2 asa shunt branch. We then invert the 
remainder to obtain z2;=1/y:, which when totally re- 
moved as a series arm will insert the necessary zeros at 
s=—1 and at infinity in ye. 


z*0.328s 
R =0.104 


, z+ 410.344) [sszaet,| 





m 








Fic. 5. Network N», developed from. Y 5. 


The network N, is shown in Fig. 4. The constant 
multiplier achieved for y12_ is of course unity, the coeft- 
cient of the series branch admittance 4. 

For the synthesis of network NV, it is necessary to 
invert Y, and remove from this impedance the necessary 
components to produce zeros at the desired points, as 
explained in Appendix II. Thus, from 


1 qib 
23> 


Y, 2(s+0.6679) 


1.0716 
=1( s+0.6670+———), 
s+0.6679 
we remove 
3(1—a)s 
4(1—5) (0.6679) 
1.0716 


}(1—g—— 
s+0.6679 
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P 3a{s?+[1+ (b/a) ](0.6679)s+ (b/a)(0.6679)?+ (c/a) (1.0716)} 





s+0.6679 


Since it is necessary to invert this impedance to ob- 
tain the final shunt branch, the coefficient a is a factor 
in the gain so that we try to make it as nearly equal to 
unity as possible. To achieve the zeros of K, we need 


b 
( 1+-) (0.6679) = 2 
a 


-= 1.995, 
a 
and 
b Cc 
(0.6679)?+-—(1.0716) = 4 


a a 
* 
—= 2.905. 
a 

Let c=1 so that 
a=0.344 
b=0.687. 


The network NV, then appears as shown in Fig. 5. The 
gain of Ky is obviously equal to 0.344. The final com- 
posite network shown in Fig. 6 thus realizes 0.344 times 
the given K. 

If we associated the Y, with the other pair of poles, 
could be achieve a larger constant multiplier? This is 
easy to check. We would need 


b 
(14-)1.582=2 
a 


b c 
—(1.582)?+ -—(6.857) =4 
a a 


or 
b/a=0.264 
c/a=0.487 
which allows the choice of a= 1, so that a greater gain is 


obtained with the use of one more RC combination and 
one less inductance. 


0.139 
' 2.164 0.328 0.104 





7.193 


Ey 


3.324 














a 











ohms, henrys , farads 


Fic. 6. Final network that realizes 0.344 times the given K. 








Iv. CONCLUSION 


A method has been demonstrated for realizing a given 
transfer function as an unbalanced RLC network. The 
network has the desirable characteristic of requiring 
no perfect coils, ie., every inductance used in the 
realization has an associated series resistance. 


APPENDIX I. A USEFUL BREAKDOWN OF A 
HURWITZ POLYNOMIAL 


In the synthesis procedure, we use a breakdown of 
the Hurwitz denominator g of the given transfer func- 
tion (where a Hurwitz polynomial is defined as one 
having zeroes only in the left half-plane). This break- 
down is 

(I-1) 


where q; is a Hurwitz polynomial, q;’ is the derivative 
of qi, and A is a positive real constant. The proof that 
this decomposition can always be achieved follows 
simply from a theorem in algebra® which states that the 
roots of a polynomial are continuous functions of the 
coefficients. If we choose the limiting value of zero for 
A, then q: equals g and is surely Hurwitz. Because of 
the theorem given above, the Hurwitz character is not 
lost as we increase A slightly. An upper bound on A 
exists beyond which all the roots of q; are no longer in 
the left half-plane. 

The procedure for finding a suitable q; is quite 
straightforward. We have, in general, as the denomi- 
nator of a given transfer function, 


Q=S"+an_18" '+ Gn_2S* *+ + ++ +a, (I-2) 


where all the coefficients are of course known. We 
necessarily choose g: of the same degree and write 


Qi=S"*+D p18" *+by_25" 7+ +++ +o, (I-3) 
where the 0’s are to be determined. It follows that 


Aq = A[ns*"+ (n—1)b»18" 
+(n—2)bn 25" *+-+-+b,]. (I-4) 


Equating coefficients in accordance with (I-1) gives the 
set of simple equations 


bn-rt+nA=dy-1 
brat (n— 1)bn-1A =Gn-2 


bast (n— 2)bn-2A = Gn-3 


q=qtAqr, 


(I-5) 


bo +)b,A =d, 


6M. Bocher, Introduction to Higher Algebra (Macmillan Com- 
pany, New York, 1933). 
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which can be solved one at a time successively for the 
unknown 6’s once a suitable A is assumed. Since in 
some applications of this decomposition (although not 
in the synthesis procedure presented in this paper) the 
constant A has a direct influence on the gain of the 
final network, it is advisable from the point of view 
of gain to choose A as large as possible. As A increases, 
however, the complex roots of g: move closer to the 
j axis, a circumstance that calls for high Q coils. It 
is therefore clear that a compromise value of A may 
have to be chosen in some cases. 

A numerical example will help to clarify the pre- 
ceding discussion. The q chosen is the one associated 
with the use of the Tschebyscheff function, 


V (x) =cos(n cos“'x), (I-6) 
in the squared magnitude of the transfer voltage ratio 
1 


gi? 1+ €V,7(w) 


&=)w 





|K(s)|?_ = (I-7) 


with »m=4 and e=0.5. The denominator q(s) is found 
to be 


g= s*+0.963679s*+- 1.464337s* 


+0.7540305s+0.279496. (I-8) 
Writing 
qi=S*+b35*+ b2s*+-bis+ do (1-9) 
Aq’ = A(4s°+3b3s?+2b2s+)), P 
we obtain by use of (I-5) 
b3+ 4A =0.963679 
b2+ 363A = 1.464337 
ee (I-10) 


bi; +2b2A =0.7540305 
bo +5,A =0.279496 


as the equations to be solved for the b’s. Since a neces- 
sary (but not sufficient) condition for g: to be a Hur- 
witz polynomial is that its coefficients be positive, A 


L 8 
° STS. WV ote 
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Fic. 7. RL network with y,=1/L(s+R/L). 


C2 





Re 





Y2 
Fic. 8. RLC network with L;/R:=R2C2 and 
(s+1/R2C2) 





= Lil s*+(Ri/Li1+-1/R2C2)s+Ri/Li1R2C2+1/LiC2}' 





must surely not be greater. than the value found by 
setting 53 equal to zero in the first equation of (I-10), 
which value thus provides a rough upper bound on A, 
In accordance with this reasoning, A must be chosen 
not greater than 0.240920. Generally a good first choice 
is approximately half the value yielded in this manner; 
therefore, using A =0.1, we obtain 


bs3=0.563679 
b2= 1.295233 
b,=0.494984 
bop = 0.229998, 


(I-11) 


so that 


gi=s*+0.563679s*+ 1.295233s? 
+0.494984s-+0.229998, 
Aqy =0.1(4s*+ 1.691037s2 
+2.590466s-+0.494984). 


(I-12) 


It is finally necessary to apply the Hurwitz test’ to q. 
As is evident from the use made of this function in the 
synthesis procedure, it is necessary that Agy’/q: be 
positive real, but this is guaranteed, as we shall see be- 
low, by the Hurwitz character of q:. The simple test 
explained in the reference is applied and shows 4; to be 
Hurwitz. This completes the example of determining 
a Hurwitz q.. 

It now remains to examine the positive real function 
that results for yo2, namely, Agi’/q1. 

If we assume in order to simplify the discussion that 
qi has only simple zeros, a condition that can always be 
achieved by a suitable choice of A, and further assume 
that q: is of third degree with two complex roots, then 
there is no loss in generality in the following discussion. 
The partial fraction expansion of yo, 




















Aq)’ Aqy’ 
¥s3= = 
qi (s—51)(s—S2)(s— 82) 
A A A 
=——+——+ 
S—-$; S—Se S—3e 
(I-13) 
A E 2A (s+ a) 
7 s+ d s+ 2ast+ wo? 
= tye, 


yields two typical positive real terms, y; and y2, whose 
network realizations are shown in Figs. 7 and 8, re- 
spectively. In obtaining the residues all equal to A 
we have made use of the fact that the residue in a simple 
pole is the numerator divided by the derivative of the 
denominator, the resulting function being evaluated at 
the pole. It is of incidental interest to note that the im- 
mediately preceding discussion showing that Aqi’/q 


7E. A. Guillemin, The Mathematics of Circuit Analysis (John 
Wiley and Sons, Inc., New York, 1949). 
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is positive real proves that the derivative of a Hurwitz 
polynomial is itself Hurwitz. 

We thus see that the function Agq,’/g: represents an 
unusual kind of RLC driving-point function, i.e., one 
whose partial-fraction components are each positive 
real, 

In Appendix II we demonstrate the use of this RLC 
function for zero shifting to any point in the left half- 
plane. 


APPENDIX II. ZERO SHIFTING WITH FUNCTIONS 
CONTAINING COMPLEX POLES 


The synthesis procedure of this paper requires a 
method of zero shifting with functions containing two 
or more complex poles. In the procedure zero shifting 
with two-element kind driving-point functions to 
points only on the negative real axis may also be used, 
but this general method is well known. In this appendix 
we prove that zero shifting to amy points in the left 
half-plane is always possible with one pair of complex 
poles, and further demonstrate conditions under which 
zero shifting may be carried on with positive real func- 
tions of higher degree. 

In (I-13) the typical term with complex poles is 


shown to be 
2A (s+ a) 
Vo —EE 


sit s+ 2as+ we? 


For network NV, the development of such a term must 
provide a negative real zero for the yi2q whereas in 
general it must provide a pair of complex zeros for NV». 
We first show that any pair of left half-plane complex 
zeros may be obtained. 

Since the 2A is merely a scale factor, for convenience 
in manipulation and with no loss in generality, we let 
2A =1. Inverting y2 and performing long division yields 
1 s?+2as+w, 


ys Sta 
= s+ at (wo?— a”) /(s+ a) 
=stat(wg/st+a). 


Next in the zero-shifting step we remove the im- 
pedance 





(IT-1) 





VA 
~ 


(II-2) 





(1 —c)wd 
z’=(1—a)s+(1—b)a+— -; (II-3) 
sta 
where 
0<a< 
0<b<1 (II-4) 
O<cs 


The inverted remainder which is used in the zero- 
producing step is 


1 Sta 


y =—_ 





= 


s—2! a+ 1+ (0/a) Jas+(b/a)a°+ (c/a)wod) 
(II-5) 


SYNTHESIS OF UNBALANCED RLC NETWORKS 
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Suppose that the desired complex conjugate positions 
for zeros in the left half-plane are at s=—B+ju, 
which yield a quadratic factor s*+28s+w2’, where 
w2*= 6’+-w,’. Since the poles of y’, which admittance 
represents a shunt arm of a ladder network, appear as 
zeros of the over-all transfer function, it is only neces- 
sary to find the values of a, b, and c so that the denomi- 
nator of y’ is made to have zeros at the desired positions ; 
that is, the denominator must satisfy the identity 


b b Cc 
2+ 28st o2%f=s?+ ( 1+ -) as+—a?+-w,. (II-6) 
a a a 


This can always be done provided only that B>a/2. 
(Since we recall from the discussion in Appendix I that 
an increase in the value of A will decrease a, i.e., bring 
the zeros of q: closer to the 7 axis, this is not a severe 
restriction on the method. Moreover, a modification of 
the procedure that removes the restriction B>a/2 but 
uses more elements is explained after the completion 
of the proof.) 

The proof of the above statement on the range of 
zero shifting is straightforward. We see immediately 
from the first of the following identifications derived 
from (II-6), 


[1+ (b/a) Ja=28 
(II-7) 


c 
-a+-wd = w9’, 
a,a 


that the minimum value of 8 is a/2, since b/a can take 
on any non-negative value. Since the same non-negative 
restriction applies to c/a, whose value, moreover, is 
independent of that of b/a, and since w’> 6” because of 
the complex conjugate nature of the roots, to prove 
that any w,” can be achieved, we have only to show that 


bo?/a< *. (II-8) 


Substituting the value of @ from the first of (II-7) into 
(b/a)a*, we have 


b  (6/a) 46" 
a [1+(/a)P 
(b/a) 46" 
~ (6/a)?-+2(0/a) +1 
x46? 
~ 24 et 1 , 





(II-9) 





This function has a maximum value of §* at x=b/a=1 
so that the proof is complete. 

For the case in which 8<a/2 and assuming we do not 
wish to decrease a by the method of increasing A, we 
can use a modification of the preceding method which 
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consists of an appropriate decomposition of the ye 
before inversion. This allows the realization of a 6 as 
close to the 7 axis as we wish. For example, for a 8 equal 
to 0.4a, we write 














LOUIS WEINBERG 


we obtain the impedance 
1 3 s?+2as+w,* 


s= 


yo’ (s+ Fa) 




















, 3 1 1 4 we? +ja? 
S+ a ist a m ast qa = (4/3)| s+ (4/3) ] (I-11) 
y= - a | stia 
2+2astwo? se+2astwp? s?+2ast+ ‘ : 
Wa 
Hstia) —-e+2a) = (/a)|s+(4/S)a+ 
= + (II-10) ¥ . 
8+ 2ast+we? s?+2as+ wo? which upon removal of the series branch, 
= yo +2". (1—c)w,? 
wii 2'= 4/3) (da) (1-1) 4/3)a+—— | (II-12) 
We now remove y,” as a shunt branch and work with st $a 
y2'. Performing inversion and long division as before, yields an inverted remainder 
1 sta 
y= = /s)| | (II-13) 
—2' a{s?+[2+ (4/3) (b/a) Jas+ (8/9) (b/a)a?+ (c/a)wa?} 
With this remainder it is clear that zeroes can have a Suppose 
es yt yo 
B> ja, (I-14) 1 = =2(s+2) 
= ~ - (II-15) 
so that the given zero positions can be achieved. ors PTer! 
It is also clear that the above procedure can realize r 33°+ 16s+ 23 
any negative real zero plus a zero at infinity, where the bs 848524 2354-28 


zeroes are now produced by a series arm instead of a 
shunt. This is the type of zero shifting needed for the 
realization of network N,, which must end in a series 
‘ branch. 

It has also been found possible in many cases to 
achieve complex zeroes by working with a higher degree 
driving-point function. This allows the realization of a 
transfer function with a denominator of degree higher 
than the fourth. Suppose, for example, that we wish to 
place one zero at infinity and two others at arbitrary 
points by working with a combination of a real pole 
and a pair of complex poles. We combine the two 
partial fractions, invert, take out the pole at infinity 
and the real part at infinity. This reduces the degree of 
the numerator of the inverted function by two. In order 
for these steps to yield a positive real remainder, the real 
part of the function after the pole at infinity has been 
removed must have its minimum at infinity. If this does 
not work, using only a part of the residue of either or 
both partial fractions for the zero-shifting combination 
may prove successful. 

The procedure is illustrated by a numerical example. 


Inverting and performing long division, we find 
1.09(s+-6.91) 
yitys 3(s?-+5.33s+23) 


Since 6.91>5.33, the last term is not positive real and 
the method therefore fails. However, if we divide y 
so that 





2= = 0.33s+0.89+ 





(I-16) 


Y= Mt y= 1 +91" +42 
05 0.5 2s+4 
rE Se ee eEEe 
s+4 st4 9+45s+7 
and then remove y,’ and perform zero shifting with the 
remaining sum, we obtain by the same procedure 


1 4. 8s? 23s+-28 
yi" +y2  2.5s°-+14s+19.5 
1.76(s+5.22) 


(II-17) 





z 


(I-18) 





= 0.45+0.96+ 


2.5(s¢-+5.6s+7.8) 


whose final term is positive real and of a form that 
allows zero shifting to any two points by the method 
explained at the beginning of this appendix. 
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In the following, the author explains the principle of the double resonant circuit method as used in meas- 
uring the electrical characteristics of extremely poor insulating materials such as wood or textile containing 
much moisture. The characteristics of the measuring circuit and the results obtained thereby are studied. 





I. INTRODUCTION 


ECENTLY it has become necessary to measure 
the dielectric constant and loss angles of various 
substances, the conductivities of which are compara- 
tively as large as those of semiconductors. The author 
has studied the measuring circuit in the form of the 
double resonant circuit which consists of two resonant 
circuits connected electrostatically with each other, 
instead of the single resonant circuit for the measure- 
ment of “e’ and “‘tané” of very poor insulating ma- 
terials, and having obtained good results, he explains the 
principle of the measuring method, the circuit charac- 
teristics and some of the results obtained. The new 
method has its application in the field of measuring the 
electric characteristics of many and various kinds of 
substances whose conductivities are very large. 


Il. PRINCIPLES OF THE NEW MEASURING METHOD 


The circuit of the new measuring method is shown in 
Fig. 1. The first resonant circuit is electrostatically or 
magnetically coupled to an oscillator. The capacitance 
of the specimen is measured with a standard variable 
capacitor C, in the second resonant circuit; the equiva- 
lent parallel resistance R, is measured with a standard 
variable resistance system consisting of the differential 
capacitor and fixed resistance r of the first resonant 
circuit. 

Let us explain the principle of the measurement; the 
right-hand side of Co in Fig. 1 is shown briefly in 
Fig. 2(a), and the circuit (a) can be changed into 
circuits (b), (c), and (d) step by step. Finally, the 
equivalent parallel elements R, and C, are connected 
between terminals A and E of the first resonant circuit 
as shown in (e). 


AL =x 
uy 4 ‘ 
Tag 2 ae) 
CQ 2? 3 T . 
ca .. Re] Cs 


e t te 


Second resonant circuit 























beg 
First resonant circuil 


Fic. 1. Measuring circuit (double resonant circuit). 





* The author at present holds his post at the Faculty of Engi- 
neering, Shizuoka University, Japan. 
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The order of conversion of each of the elements is as 


follows: In Fig. 2(b), 


w*L?/R 
(1a LC)*— (w®L*/R) 
tia L(i1—w*LC) 
(1—w*LC)?+ (w*L?/R?) 





(1) 





(2) 


In Fig. 2(c), 
7 Cof (1—w®LC)?+ (w?L?/R*)} 
(1 w®LC)2— wLCo(1— wLC) + (w®L?/R2) 





(3) 


In Fig. 2(d), 
w*L?R 
R= 
R1—w*LC)+0°L? 
[R2(1—w*LC){1—w*L(C-+Cr)} + 0°L? 
wL?Cy2R{ R21 —w*LC)?+ 02} 
Co (1—w?LC)?+02L?/R2} 
” (1—w*LC){1—w®L(C-+Co)} +02L?/R? 











° 1 
x . §) 
w®L4Cy?/R? 


1+ 
(1—w®LC){1—w?L(C+Cy)} +.0?L2/R?}? 








Adjustment of capacitor C produces a minimum in the 
meter reading (J 4:min)) with small value of Co, J 9(min) 
corresponds to a minimum value of R,. By equating 
A@R,/dC to zero the condition for the minimum is 





(a) (4) (¢) 
Cc 
Cc re E Co Le Ye Ce fe 
A B —e A B e A e 
(d> (e) 
a Cp= C, 
C Pe 
1 
COLE}. Se 
st, 
Rp E 2 


=C 
_ When a*L(C+Co)=1 





Fic. 2. Equivalent circuit of second resonant circuit. 
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Fic. 3. Differential condenser as standard variable resistance at 
high frequency. 


determined; 
1—w’*LCy 


w*L 


1—w*L(C+Co)=0 or C= (6) 


The condition for the minimum is independent of R. 

Therefore, the real part of the sample capacitance is 
determined by the value of C for Ig¢min). 

Substituting the relation (6) in (4) and (5) gives 


1 
” wCeR 
Cle 


R 





(7) 


(8) 


III. PROCESS OF MEASUREMENT IN THE 
NEW MEASURING METHOD 


The measurement should be proceeded as in the 
following way. 

Referring to Fig. 1, short-circuit the second resonant 
circuit by closing S;. Tune the first resonant circuit by 
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Fic. 4. Relation between Rz and J 4(min) for double resonant circuit 
(Rz and J (max) for single resonant circuit). 
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adjusting C, so that J, is maximum. Open S; and insert 
the specimen to be measured in between the terminals 8 
and E. Adjust C, to make J, minimum and read off the 
value of C,. Let this first reading be C,;. Take out the 
specimen, readjust C, so that J, is minimum, and read 
off C,. Let this second reading be Cyo. The capacity of 
the specimen is then 


Cz=Co—Car. (9) 


Loss angle and R, of the specimen are measured in 
the same way as that of C,. However, before R, is 
measured it is necessary to know Ro, the loss of the 
second resonant circuit. 

To measure Ro, referring to Fig. 1, close S; of the 
differential condenser of the first resonant circuit, short- 


circuiting r. Close S; and adjust C, so that J, is maxi- § 


mum. Open S; and adjust C, so that J, is minimum; 
denote the values of C, and J,, respectively, by C,o and 
To. Again closing S3, open S, and adjust the differential 
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Fic. 5. Relation. between J, and C,. 


condenser so that the deflexion of 7, becomes equal to 
that of I,o. Let the capacity of the inserted resistance 
side of the differential condenserf be denoted by Ci 
(see Fig. 3). Then 


1 1 
>= 


= = ’ 
wC "Ro wC 397"; 


(10) 





and therefore, 
Ro= C0r1/Co?, (11) 


where Rj is the total loss of the second resonant circuit, 
Co is the coupling capacitance between the first and 
second circuit, and 7; is the standard fixed resistance in 
series to the condenser in one side of the differential 
condenser. 

After the values of Ro and Cyo of the second resonant 
circuit are determined, insert the test specimen back in 


t The combination of the differential condenser with the fixed 
resistance, shown in Fig. 3, can be used within the range of 
wCir <0.1 as the standard variable resistance at high frequencies. 
And the curve shows the value of C; (pF) against the dial reading. 
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between the terminals B and E and adjust C, to make J, 
minimum, calling this minimum value J 99’. Close S; and 
adjust C4 so that the deflection of J, is equal to that of 
I,o'. Read off the resistance and capacity of the differ- 
ential condenser, denoting them, respectively, by r2 and 
Cy. Then 


R,=Cy*r2/Co’, (12) 
and from Eqs. (11) and (12), 
R.z= RoR,/(Ro— R;) (13) 
or 
R,=Cu"re /Cyo*r 1 —C?reX Ro. (13’) 
In the case of Ro>R:z, 
R,= R,=C,y7r2/Co?. (14) 


Therefore, 


tand=1/wC2R., where Cz=Cywo—Csi. 
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Fic. 6. Variation of J, when C, of second resonant circuit is varied. 
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IV. CHARACTERISTICS OF CIRCUIT AND 
RESULTS OBTAINED 


The curves (I) and (II) in Fig. 4 show the relations of 
Tj(miny and the standard resistance R, inserted between 
B and E of the second resonant circuit in Fig. 1. The 
curve (IIT) in Fig. 4 shows the relation of Ig¢max), and Rz 
(inserted between A and E) under the circuit is tuned by 
adjusting C, in Fig. 1. It may be noted that it is very 
difficult to take resonance as J, becomes too small at 
R,=10 kQ. The values of R, taken for the same values 
of I (min) for the coupling condensers Cy corresponding 
to curves (I) and (II) in Fig. 1 are given in column (4) of 
Table I. The characteristic resistance Ro of the second 
resonant circuit is 100 kQ, but the resultant resistance of 
Ry and R,, represented by R,’, is given in column (6). 
The ratio of R,’ for each I g¢min) is given in column (7), 
its constancy coinciding well with the ratio of squared 
Co given in column (8) within the range of experimental 
error. This is an experimental proof of Eq. (7). Figures 5 
and 6 show the variation of J, for change of C,, showing 
the capability of exact measurement of the capacity as 


METHOD OF MEASURING DIELECTRIC CONSTANT 














TABLE I. 

Ro =100 kQ f =2.3 K106 

1 2 3 4 5 6 7 8 
R:Ro 
: ‘ Re +Ro Con /C%n 
Tgmin COPF RzekQ Rok®Q (kQ) Rz'i/Rz'u = 2.82/1.48? 

(I) 18 1.48 40 100 28.6 28.6 

—=3.48 3.56 


(ID 18 2.8 9 100 8.25 8.5 
(I) 23 148 30 100 =. 23.2 23.2 
(II) 23 2.8 7.2 100 6.7 6.7 
(I) 58 148 30 100 9.1 9.1 
—=3.58 3.56 
(I) S58 2.8 2.6 100 2.54 2.54 
(I) 34 148 20 100 = 16.6 16.6 
—=3.52 3.56 
(I 34 2.8 5 100 4.75 4.75 


(I) 65 148 8 100 7.45 7.45 














—=3.55 3.56 
(I) 65 2.8 2.15 100 2.10 2.1 
R.= 1 " 1 . Ret _ Con 
PCR @ConRen Ren Cor 


V curve becomes steeper with R, increases and are 
symmetrical about C, where J, is minimum. 

Figure 6 shows the relation of J, and C,, where C, is 
varied from 73 pF as a starting point as J, is minimum 
at C,=73 pF. The curves indicated by e are for the 
double circuit, while X indicates the single circuit. The 
steeper curve is obtainable with the double circuit for 
the same resistance. Figure 6 shows a flatter V curve for 
a smaller value of resistance R;, under the constant 
value of Co. This steeper V curve makes the measure- 
ment of the capacity more exact, and for this purpose it 
is necessary to select the value of coupling capacity Co 
properly depending on the value of R,. Provided that 
the detector characteristic of the resonance indicator has 
a square characteristic, the V curve becomes sharpest 
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Fic. 7. Relation between J (min) and R, (double resonant circuit). 
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TABLE II. 
f=2.3 X106 
1 2 3 4 5 6 7 
Dial Ci0e? or Cis? RoR, 
R,z degree Cwor R,= — <r R.= 
kQ~=s off: diff. Cu r Co Co Ro—R, 
by de cond. (pF) (ohm) (pF) (kQ) (kQ) 
(I) 81.5 28.9 310 1.48 118—Rp 0 
(II) 100 50.55 196 310 1.48 54 100 
(II) 6 40.5 16.5 310 1.48 39 58.5 
(IV) 16.1 75 27 150 2.8 14.1 16.1 
(V) 4.7 36 15.2 150 2.8 4.45 4.66 
(VI) 2.2 41.5 16.8 58 2.8 ye 2.16 








when the relation of 1/w*Co?R.’= Rio/2 (where Rio is 
characteristic loss resistance of primary circuit) exists 
between the coupling capacity Cy and the resistance R, 
to be measured. In other words, when the equivalent 
parallel resistance R, of the specimen is small, more 
exact measurement is achieved by fulfilling the above- 
mentioned equation by properly increasing Co. 

Figure 7 shows the relation of R, connected to the 
second resonant circuit and the meter readings of 
T ¢min) Of first resonant circuit, taking Cp as the parame- 
ter. Figure 8 shows the relation of dial reading of the 
differential condenser and the deflection J, of the 
resonance indicator, taking r as the parameter. 

The curves in Fig. 7 and Fig. 8 indicate the capability 
of very extended measurement of R,, connected to the 
second resonant circuit, with a standard variable re- 
sistance in the differential condenser of the first resonant 
circuit. As one of the examples, R, measured are shown 
in Table II. As for R, in the measuring circuit shown in 
Fig. 1, it is necessary to provide a carbon film resistor to 
be used for high frequency; its dc resistance has been 
measured in advance. At first, the value of Rp in the 
second resonant circuit may be measured which are 
given in column (I) of Table II. Then the measurement 
of Cy, may be proceeded as mentioned previously, after 
connecting the various resistances R, to the circuit and 
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—- Iq (MA) 
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Fic. 8. Relation between J, and C; of differential condenser 
(single resonant circuit). 


properly selecting the values of r and Cy according to the 
value of the resistance connected. Values of R, calcu- 
lated by using Eq. (12) are given in column (6), and R, 
calculated by using Rp and R, are given in column (7). 


The value of R, at the frequency of 2.3X 10° cycles per J 


second is in good coincidence with the value of the 
resistance previously measured by dc, as shown in 
Table II. 


Figure 9 shows the results of the measurements taken 


on so-called conductive gum containing large amount of 


carbon black, which was chosen as an example for the 
measurement of e and tané of semiconductors. The 
specimen was placed between the circular electrodes of 
20 mm in diameter. In spite of low equivalent resistance 
of the specimen of 50 ohms at 10 mc, measurement of 
the capacity C, was possible. In Table III, there is 
shown the comparison between the results of the 
measurements taken for the various specimens by this 


TABLE III. Results obtained for the measurement of ¢ and tané of various kinds of dielectrics. 











f =1.85 X10 
Thickness Ci 
of dial degree 
sample Cz of diff. Ci ry Re=Ci2/Cer Rz tané 
Sample (mm) pF cond. pF ohm (kQ) (kQ) (1074) « Remark 
82 29.1 410 157 157 tee * Ro of second circuit 
Glass plate 2.7 13.4 89.5 31.3 310 135 866 74.5 5.2 
Bakelite 2.0 14.7 63.5 23.4 310 76.5 150 392 4.18 Double resonant circuit 
5 Co= 1.48 pF 
Dry wood 2.9 7.65 77 27.55 310 108 348 325 3.1 ; 
Pressed paper 2.7 12.1 71 25.7 150 45.5 64.5 1110 4.65 ts? 
Moisture absorbed wood 15.0 10.2 21 10.5 150 7.6 8 10600 21.8 cama 
Glass plate 2.7 13.4 46 18.1 28 820 78.5 5.2 
Bakelite 2.0 14.6 47.5 18.5 150 146 404 4.15 Single resonant circuit 
Dry wood 2.9 7.65 24.5 11.6 150 362 313 3.1 
1 
Pressed paper 2.7 = 12.0 49 19.1 310 65 1110 4.6 R,=——— 
7 wCyr 
Moisture absorbed wood Impos- 
sible 














new m 
resonal 
good ct 


Shor 
resonal 
ment < 
examp 
altered 
under 
ductiv 
are gor 


The 
Profes 


JOUR 


T 


estin 
pract 
serie: 
linea 
is th: 
lamy 
to ““ 
time 
respi 
less 
high 
the : 
cycl 
curr 
oscil 
expe 
F 
or h 
witl 
tem 
tior 
any 
con 
are 









ser 


en 


of I 


he 
he 
of 
ce 
of 


he 


‘is 


108 


lit 


lit 








new measuring method and those by the old single 
resonance circuit, confirming that both results are in 
good coincidence within a range of measuring error. 


Vv. CONCLUSION 


Shortly speaking, the measurement with the double 
resonant circuit has its characteristic in the measure- 
ment of an unknown, fixed, high loss impedance (for 
example, a dielectric specimen which cannot be readily 
altered in size). Some applications of this method are 
under test as moisture meter or high frequency con- 
ductivity titration detectors, and the results obtained 
are good enough to satisfy our expectation. 
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Fic. 9. High frequency characteristic of conducting rubber. 
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Series circuits of ordinary light bulbs and iron-core transformer coils are found to have properties of the 
different types of multivibrators and ring circuits. Besides their intrinsic interest value these circuits have 
application to a diversity of processes, e.g , switching, counting, and time delaying. They can all indicate their 
action and immediate state by switching on or off large incandescent lamps. 


HERE follows a preliminary report on some un- 
usual nonlinear effects that are not only inter- 
esting as curiosities, but also have theoretical and 
practical importance. They are all based on the simple 
series “resonant circuit” of Fig. 1. There are two non- 
linearities and two time constants involved. The first 
is that of the tungsten filament of a typical incandescent 
lamp which will display a change in resistance from “‘on”’ 
to “off” by a factor of over 13, and which has a thermal 
time constant approaching a second. The transient 
response time of the choke and condenser is somewhat 
less than this when the driving frequency is 60 cy or 
higher. If tuned near resonance at the driving frequency, 
the iron core of the choke will saturate for part of each 
cycle, and thus the inductance will also vary with the 
current. It was expected that such a circuit could 
oscillate at a low frequency, and the first of the following 
experiments was performed to verify this. 

Figure 2 shows, in much simplified form, a “backlash”’ 
or hysteresis characteristic and how it can be combined 
with a thermal time delay, of positive resistance- 
temperature coefficient, to give periodic current varia- 
tions. If one places an ordinary condenser in series with 
any iron-cored coil and measures the voltage drop ac- 
companying different values of ac current, one observes 
a relationship such as is sketched in Fig. 2(a). As the 


current increases, the voltage drop tends to increase, 
and would continue to do so if the inductance did not 
decrease due to saturation of the iron. This steady 
decrease in inductance first brings the circuit into 
resonance, with an accompanying drop in impedance 
and voltage, and then away from resonance with an 
even more rapid increase in voltage. Figure 2(b) shows 
the same characteristic redrawn in more familiar form, 
with segments of load lines (pieces being shown as 
straight for convenience) appropriate to hot (high 
resistance) and cold (low resistance) filaments added. 
Showing a load curve as moving is not too misleading in 
that a typical thermal change will require a number of 
cycles, and so each picture is true for a short while, the 
circuit following many changes in a quasi-equilibrium 
manner. When power is applied the filament will be 
cold and the current high (point “a” or higher). Be- 
cause of the high current, the lamp will heat (flash on). 
With increasing R, the current will slowly drop to “b” 
and then “suddenly snap” to “d” where the lamp will 
cool as a result of the low current. As the lamp cools, 
the current will slowly rise a little to “c’’ and then later 
snap to the higher current near “a” whereupon heating 
will again commence. It is to be expected that an experi- 
ment would yield, not smooth variations in current, but 
a sudden blinking on and off of the light. 


| 
ii 


women 


——— 





Ss 


weg ST 









312 R. 


Fic. 1. Simple series circuit of a 
light bulb, iron-cored coil, and 
condenser, in which large relaxa- 
tion oscillations can occur. 





In all the following experiments, for convenience, the 
primary windings of small filament transformers were 
used as chokes. Any type will work but the ones that 
happened to be on hand were meant to deliver 5 v at 
10 amp and were labeled Stancor number P-6135. The 
lights most used were standard 100-watt incandescent 
lamps. The capacity of the paper condenser was such 
that there would be approximate resonance in the usual 
sense. As the value of C is increased toward the inter- 
esting value, one first observes the usual action of a 
linear series circuit, then relay or snap action (e.g., as 
the line voltage is increased from 108 to 109 volts the 
bulb goes from fully off to fully on—i.e., from 5 v across 


the bulb to approximately 100), then “ringing” to any . 


small change in line voltage, and finally sustained os- 
cillation. In this last condition the light bulb will flash 
on for a half-second every half to five seconds, depending 
on the line voltage. The transitions from one state to 
another are rather abrupt, the lamp taking about 4 cy to 
come on and approximately 10 to go off. With 100 watt 
bulbs the proper capacity is approximately 12 uf, while 
15 yf condensers work better with 150-watt bulbs. A 
change of 2 percent will produce a noticeable deviation 
from optimum. If the condenser in the 150-watt case is 
increased to 25 uf and the line voltage to 130 v, any 
sudden change in the line voltage will cause the bulb to 
flash once, the voltage across the bulb suddenly jump- 
ing from 2 v to its full value and back. Typical con- 
ditions in the oscillatory case are that, for an input of 
112 v, the voltage across the bulb fluctuates between 5 
and 105 v. One needs a Variac when performing these 
basic experiments since they are quite critical to line 
voltage. If the line voltage is too high the lamp will re- 
main fully on continuously and, if too low, fully off. 
The operating range is about 5 v, and this is less than 
doubled if one tries to stabilize the input with a Sola 
constant-voltage transformer, probably because of the 
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Fic. 2(a). Ac voltage across a linear C plus saturating L, as a 
function of current. (b). E-I curve redrawn with segments of load 
lines appropriate to hot and cold filaments added. With a voltage 
source, only discontinuous jumps would be observed, with hys- 
teresis depending on R and C. Due to voltage feedback, the same 
can apply if the condenser is the nonlinear element. 


STUART MACKAY 


transient nature of the load. One of these circuits hag 
been placed in a hallway display case where it has 


aroused much speculation and enthusiasm among the § 


students during the past year. Its flashing rate also 
serves as an excellent expanded-scale voltmeter to tel] 
graphically of local line voltage fluctuations. 

The next experiment was to place two of these units 
in parallel, with a third condenser acting as a common 
impedance in one power lead, as in Fig. 3. If the common 
impedance is high enough, it is clear that both lights 
cannot be on at once. It is also clear that there will be 
enough voltage available so that one will always go on; 
and when it later goes off, .it is to be expected that the 
other will flash on. When tried, the two bulbs flashed 
alternately as expected, appearing much like a railroad 
crossing signal. The remarkable thing was the great 
stability against line voltage changes. The action was 
the same with an input of 60 v, where each bulb flashed 
to a barely perceptable red, as at 130 v. For this reason if 
one wanted to use such a system for setting up a simple 
and rugged single flashing light (as in a stop sign), it 
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Fic. 3. Double circuit in 
which the two bottom lights 
alternately flash. A lamp placed 
across the common impedance 
will flash during each transi- 
tion (twice as often). 
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would actually be wise to have a second bulb concealed 
inside. In Fig. 2 is shown a third bulb in parallel with 
the common condenser. This bulb, added in a demon- 
stration model, flashes twice as often as either of the 
other two. 

With the success of two, it was obviously necessary to 
see what would happen if more were connected in 
parallel. Figure 4 shows a circuit with four branches. 
When set up, the lights started flashing and they were 
easily adjusted to follow each other in a circle, Fig. 5. 
Because of the complete symmetry one is led to ask 
how the circuit “knows which way to turn.” It should 
be emphasized that, once set, the sequence is quite 
stable, slowing down only slightly if the line voltage is 
halved. The most obvious answer is that the “peppiest” 
one comes on first (commercial tolerances will assure 
considerable lack of identicalness), the next ‘“‘peppiest” 
second, etc. When the fourth one goes off, the first one 
that went on will be coolest and will relight, and so one 
would expect the circuit to continue to cycle in what- 
ever manner it started. Another factor also seems to be 
of some importance. It is clear that after a core saturates 
its field will spray out and can affect the adjacent ones. 
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Thus geometric proximity can also determine the action, 
and this gives rise to some unexpected possibilities. But 
first it should be mentioned that the sequence does de- 
pend on circuit constants, i.e., which arm most quickly 
becomes ready to “‘fire” again, and some bulbs can flash 
more often than others. Changing circuit constants gives 
rise to deceptive proximity effects when using metal- 
cased condensers, which should therefore be placed with 
care relative to the transformer cores. One can shift the 
transformers so that, instead of going in a circle, the 
pattern of light follows a criss-cross sequence. Or one can 
have the pattern cycle through 3 lights and hit the fourth 
every other time, or every third time. One of the most 
startling sequences is to have the flashing order cycle 
through two specified lights each time, but alternate on 
which of the other two goes on in any one turn. A 
“ring of three” can be altered so the light appears to hop 
back and forth through the middle bulb. Each of these 
conditions, and many others, is quite simple to obtain, 
and is stable and reproducible, besides being rugged and 
proof against disturbance when once set up. The prox- 
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Fic. 4. Extension to a number of lamps which can be made to 
flash cyclically in any desired sequence in spite of the symmetry 
of components. 


imity mechanism also suggests the possibility of build- 
ing ring counters and other non-free-running forms, 
possibly without lights. 

Next one might consider the effect of the intercon- 
nection of the secondary windings of the transformers. 
One example is given in Fig. 6 where the two windings 
are shown connected in series-aiding. A push button, 
(with which a ten-ohm resistor may be inserted in series, 
though it is not necessary) is provided to pulse the cir- 
cuit if momentarily depressed. If the line voltage is 
between 60 and 90 v, this particular circuit is bistable, 
L€., one bulb will be on at a time, and it will interchange 
Its state of illumination with the “off” one when, and 
only when, the input is pulsed. It is very convenient that 
such circuits not only show bistability, but that they 
also have the transient switching memory that allows an 
input at a single point to produce switching in both di- 
rections. These binary circuits have been cascaded with 


INTERESTING NONLINEAR EFFECTS 





Fic. 5. Envelope of the 60-cy voltage across one lamp in a 
normally cycling four bulb circuit. The period of a complete cycle 
is about three seconds. Each small drop in potential takes place 
as one of the other lamps goes on. The large increase corresponds 
to the light apparently flashing from fully off to fully on, the lu- 
minous output varying with roughly the 3.5 power of the voltage. 


the help of a rectifier. For line voltages between 95 and 
112 v this circuit is monostable, i.e., it acts like a one- 
shot multivibrator. Another unit was contructed which, 
when pulsed, would turn on the normally off bulb for a 
full half-minute, quite stably, and then suddenly switch 
back to having the original bulb on. If the line voltage 
is increased to between 115 and 130 v, the first-men- 
tioned circuit becomes astable, i.e., it acts like a free- 
running multivibrator, with the lights alternately flash- 
ing on and off. 

This class of circuits is at present being investigated 
both theoretically and experimentally. One interesting 
question is the exact role of the two nonlinearities. It 
has been possible to obtain oscillations in some circuits 
containing no light bulbs, e.g., in a transformer whose 
secondary was suitably loaded with linear R and C, and 
in series with the primary of which was placed a con- 
denser. The circuits have already seen application, 
especially to the performance of discontinuous opera- 
tions such as relay activation. Certainly if one desires to 
flash lights, for example, in display or warning signs, 
there is no simpler or more indestructable system, 
including driven contacts. The tendency of some of 
these ferroresonant circuits to lock in at a fixed number 
of cycles makes them worthy of consideration as 
frequency dividers. 
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Waves in an Electron Stream with General Admittance Walls 


CHARLES K. BIRDSALL AND JOHN R. WHINNERY* 
Electron Tube Laboratory, Hughes Research and Development Laboratories, Culver City, California 


(Received November 7, 1952) 


The amplifying properties of electron streams passing near nonpropagating or lossy walls have been cal- 
culated. The method of field analysis is used to obtain values of gain and phase velocity for walls of arbitrary 
complex admittance. It is shown how one may find easily and quickly these values for actual tube design 
through use of two contour maps of the complex functions encountered. The gain is found to be zero for 
open or short circuit, or capacitive wall impedance, low for resistive-capacitive, higher for resistive and 
resistive-inductive, and highest for inductive walls. The behavior of a physically realizable model of the 
resistive-capacitive wall is determined. In conclusion, some comment is offered concerning the usefulness 


of these structures in the realm of microwave tubes. 





INTRODUCTION 


OR a stream-type microwave amplifier such as the 
traveling-wave tube,' one of the most enlightening 
methods of analysis has been given by Chu and Jack- 
son’ who use a field solution in which wave admittances 
are matched at the boundary of the stream. In an induc- 
tive-wall amplifier such as the easitron,® the stress on 
the admittance presented by the circuit to the bound- 
aries of the electron stream is even greater. Similarly 
in the novel resistive-wall amplifier, the most useful 
analysis comes from a study of the wall admittance 
produced by any generally resistive structure. Instead of 
beginning the analysis of each type of amplifier afresh, 
it then appears desirable to make a general field study 
for walls having an arbitrary complex admittance for 
the purposes both of comparing the several structures 
and of surveying new regimes in which there may be 
usefully growing waves. The utility of this general ap- 
proach for a one-dimensional model has been demon- 
strated by Pierce.® 


INNER BOUNDARY OF 
ADMITTANCE WALL 


ELECTRON STREAM 


a 


eS 


Fic. 1. Circularly cylindrical admittance wall model. The electron 
Stream is z-directed, flowing parallel to the admittance wall. 





* Now at Division of Electrical Engineering, University of 
California, Berkeley, California. 

1J. R. Pierce, Traveling-Wave Tubes (D. Van Nostrand Com- 
pany, Inc., New York, 1951). 

2L. J. Chu and J. D. Jackson, Proc. Inst. Radio Engrs. 36, 
853-863 (1948). 

3 Described by L. R. Walker at the 1950 Electron Tube Con- 
ference and analyzed in part in reference 1, p. 195. 

* Described by C. K. Birdsall at the 1952 Conference on Elec- 
tron Tube Research. 
. 5J. R. Pierce, Bell System Tech. J. 30, 626-651 (1951). 


Previous work on field solutions has been with the 
simple case of a drifting stream (Hahn,* Ramo’), 
where the transcendental functions encountered in 
boundary matching all have real arguments, and with 
the traveling-wave tube, where the small- or large- 
value expansions were used in place of these complex 
functions (Chu,? Pierce*). However, in covering the 
general range of wall admittance, we found it necessary 
to have the exact functions. 

It should be noted at the outset that, although the 
general formulation is valid for slow wave structures, 
such as traveling-wave tubes, there is a difficulty in 
obtaining numerical results because the wall admit- 
tance of most of these structures is a strong function of 
the deviation of the electron velocity from synchronism 
with the circuit wave velocity. For this reason, and 
because slow wave structures are well treated elsewhere, 
approximations are made at a certain point in this 
paper so that the main body of results is primarily ap- 
plicable to nonpropagating structures such as the 
inductive- and resistive-wall amplifiers previously 
mentioned. 


FIELD SOLUTION FOR CIRCULARLY CYLINDRICAL 
STREAM 

Let us make the common assumptions of a stream in 
which electrons are constrained (by a very strong mag- 
netic field) to flow in the z direction so that the stream 
is acted on effectively only by the 2 component of the 
electric field. Let the average electron charge and cur- 
rent densities and velocity be constant over the cross 
section r<b, forced to be so by positive ions which 
have very large mass and are neglected in the wave 
solution. As is usual, only small signals are considered. 

The circularly cylindrical model of Fig. 1 is analyzed 
for the case of an arbitary field admittance wall, 


¥=—H,(a)/E(a), Y=G+jB (1) 


for axially symmetric fields and, for convenience, with 
the stream filling the wall cross section a=b. For the 
case of a>b, see Appendix A. 

6 W. C. Hahn, Gen. Elec. Rev. 42, 258-270 (1939). 


7S. Ramo, Proc. Inst. Radio Engrs. 27, 757-763 (1939). 
§ Reference 1, p. 198, 
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Fic. 2. Contours of constant phase and magnitude of the function TbJ:(Tb)/Jo(Tb) 
in the plane of the argument, Tb=8,b(m+ jn). 


The H-mode admittance H,/E, may be neglected 
in matching at the stream boundary for, with the 
assumptions that there are no transverse currents or 
current discontinuities (such as the “‘surface currents” in 
ion focused and Brillouin flow streams), H, and Ey, are 
thus already continuous across the stream edge. 

The determinantal equation which yields the propa- 
gation constant results from equating the wall admit- 
tance to the stream admittance at their common 
boundary r=). One finds, by the straightforward steps 
given in Appendix A, that the stream admittance is 


Jweo TJ (Tr) 
v2 Jo(Tr) 


Equating this expression to the wall admittance at r=) 
one obtains the desired equation in 8 


I(T) (Yb)? 
Tb = Y 





(2) 





To(Tb)  joeob ” 
wheref " wn 
B;? 
T= (6 be)| 1] (4) 
(B—8B.)? 
2=— 9 — p,? 
and ime 


8=phase constant in solutions of form e*¢*~#*), 


It is desired to solve the transcendental Eq. (3) for 8, 
given the wall admittance Y. In previous work with 
similar expressions, Chu and Jackson? approximated the 
left-hand member with the first term of the series ex- 
pansion in order to reduce the transcendental equation 
to an algebraic equation. As they point out, this sub- 
stitution imples that E, does not vary with r in phase 
or magnitude, which is somewhat restricting. Another 





t A partial list of symbols is given at the end of the paper. 


approximation, as used by Pierce® under certain condi, 
tions, is to use the asymptote for large imaginary Tb- 
calling tanT} (the corresponding function in plane sym- 
metry) unity times «/—1. It is desirable to extend the 
range of the solution since Tb may be quite different 
from all real or all imaginary (even though 8 is nearly 
real) and neither small nor large. 

Recognizing the need for knowing the phase and 
magnitude (or real and imaginary parts) of the left- 
hand member of Eq. (3), which will henceforth be 
called f(T), we have made an appropriate map of this 
function. Though the map could have been constructed 
from available tables, the potential analog was formed 
and an electrolytic tank used as an analog computer to 
construct the map, as described in Appendix B. Figure 2 
shows the resulting map which gives magnitude and 
phase of f(b) versus real and imaginary parts of Tb 
with the definitions 

J (Tb) 
re®¥= f(Tb)=Tb—_,, (5) 
Jo(Tb) 
Tb=B.b(m+ jn). 


For the use of Fig. 2, in general, with Y, y, 8,, and 
8.5 assumed known, the complex value of f(T) could 
be computed from Eq. (3), the complex value of Tb 
read from Fig. 2, and the value of 8 calculated from 
Eq. (4). The difficulty in the general case is that one 
needs to know @ in order to find y and Y, so that a trial 
and error process, or other equivalent device, is re- 
quired. This is true, for example, in a conventional 
traveling-wave tube, where Y is a strong function of the 
deviation from synchronism, 6—f,. Fortunately there 
are problems of interest for which Y is a slowly varying 
function of 8, and the 8 of interest is known to lie near 
that corresponding to the velocity of the stream so that 


¥(8) and Y(8) may be replaced by ¥(8,) and Y(f,). 
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Then 7 is determined in a straightforward manner. 
When these approximations are made and &,? in y is 
neglected (consistent with the neglect of relativity con- 
siderations), Eq. (4) yields 


ry 
a= 6.8,| 1+—] . (6) 


e 


This equation may be written 


B=8.+B,(p+ j9), (7) 
where p and gq are given in terms of the m and n of 
Eq. (5) by 

p+ jg=(1+ (m+ jn}. (8) 
Figure 3 is a plot of p, g contours in the fourth quad- 
rant of the m,n plane; it is used in conjunction with 


Fig. 2 for calculation of gain, as is summarized in the 
next section. 


SUMMARY OF GAIN CALCULATION 


From the field solution presented in the preceding 
section, the gain per meter of nonpropagating or propa- 
gating, but fairly lossy, structures may be predicted. 
One usable design procedure for tubes with substantial 
net gain could be the following: 


(a) Find the wall admittance 
| Y=-H,/E,, 


of the structure to be analyzed as a function of w, uo, 8. 


BIRDSALL AND J. R. 





WHINNERY 


Fic. 3. Contours of con- 
stant real and imaginary 
parts of the function p+ jq¢ 
=[1+(m+jn)*}' in the 


m, n plane. 


(b) Obtain magnitude and phase information (r, 6) 
for use in Fig. 2 from the admittance as follows: 


(Ba) 
jw €ob 





rev = 


(c) Using the map of Fig. 2, find 
Tb=B.b(m-+ jn) 


and divide by 6, to obtain m and n. 
(d) Insert m, n into the map of Fig. 3 and read 9, g. 
(e) Compute the gain and the phase velocity by 
using: 
gain=8.698,9 (db/meter), ‘ (9) 


Uo 
~ 14-p(cop/e) 


INNER BOUNDARY OF 
ADMITTANCE WALL 


9) 


“p 


(10) 







ELECTRON 
STREAM 


Fic. 4. Plane symmetric admittance wall model. The electron 
stream is z-directed, flowing parallel to the admittance wall. 
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MODEL WITH PLANE SYMMETRY 


For a model with plane symmetry as pictured in Fig. 
4, the equation equivalent to Eq. (3) is easily shown 
to be 


Tb tanT b= (yb)?V / jweob, in which Y= — H,(b)/E,(6). 
(11) 


The map of the left-hand member of this equation, 
Tb tanTb=u-+ jz, (12) 


for lines of constant u and 2, is given in Fig. 5. This map 
was drawn by using tables, though it could have been 
plotted in the tank in a manner analogous to that given 
in Appendix B. Its use for calculation of gain in con- 
junction with Fig. 3 is exactly as described in the 
summary of the preceding section except that Fig. 5 
replaces Fig. 2. 


ZERO AND INFINITE ADMITTANCE WALLS 


The short circuit (Y—>~) forces Tb to take on the 
eigenvalues 2.405, 5.52, ~(m—1/4)x, n=1, 2, 3---, cor- 
responding to the case of a stream drifting inside a 
perfectly conducting wall; q is zero and there is no gain, 
but p varies from zero to unity as 8,0 increases. Since 
the 6’s are written as B=8,.+8,), it is seen that p in 
effect reduces the plasma wave number 8, and leads us 
to speak of an effective plasma frequency w,p.’* The 
variation of reduction factor p with 8,b is plotted in 
Fig. 6 for the first two modes, n= 1, 2, and the additional 
interesting values of a/b=2 (stream filling half the 
drift tube cross section) and a/b—> (wall of drift tube 
at very large radius). For these values, additional 





Fic. 5. Contours of constant real and imaginary parts of 
the function 7b tanTb=u+jv in the plane of the argument, 
Tb=8.b(m+ jn). 


* Eugene Feenberg and David Feldman, J. Appl. Phys. 17, 
1025-1037 (1946). They solve the zero magnetic field, ion neu- 
tralized case; their W, Eq. (30), p. 1031, corresponds to our 
factor p?, and their Fig. 2, to our Fig. 6. 
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Fic. 6. Plasma frequency reduction factor p vs 8.b for a stream 
flowing through a perfectly conducting tube for the fundamental 
and first radially varying modes (n=1, 2) with the ratio of (tube 
radius) /(stream radius) equal to 1,2, ©. The effective plasma fre- 
quency is wp). 


boundary matching is employed which leads to Tb 
being dependent on 8,4 and requires a graphical solu- 
tion’ for Tb. (See Appendix A, Eq. (15a) with Y,—-~.) 

The open circuit (Y->0) forces Tb to take on the 
eigenvalues 0, 3.832, 7.016, ~(m+1/4)x, n=1,2---. 
For the nonzero eigenvalues, which correspond to 
finite streams with circuitry giving zero wall admit- 
tance, there is again no gain (g=0), but a value of 
’<1 corresponding to a reduction of the effective 
plasma frequency as in the short-circuit case. The zero 
eigenvalue represents an infinitely broad stream that 
merely drifts and does not grow, leaving the values p= 1, 
q=0 for all B.. 


CAPACITIVE WALL ADMITTANCE 


From the determinantal equation (3) one sees that if 
the admittance is a pure capacitive susceptance 
7B(B>0), then T is real and there is no gain. This is 
consistent with y real; it will not introduce appreciable 
error to take y real and equal to 8, in this and in follow- 
ing sections. 

For a given capacitive wall there is an infinite number 
of corresponding values for Tb, successive values repre- 
senting higher order radially varying modes separated 
by about -radians. One could plot » for varying capaci- 
tance as with the short circuit, p again being in the 
range zero to one and interpreted as a reduction factor 
to give the effective plasma frequency. 


INDUCTIVE WALL ADMITTANCE 


When the wall presents a pure inductive admittance, 
— jBz, Eq. (3) becomes 


Ji(Tb) — (Bb)? 
Tb =— B 
Jo(Tb) jweod 





(13) 
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Fic. 7. Gain parameter g and phase parameter / as functions of 
the admittance factor m for an inductive wall. 


so that the left-hand member of the equation must be a 
negative real number. This may occur for certain seg- 
ments of the real 7b axis representing higher order 
radial modes, and here again there is but a reduction of 
the effective plasma frequency without gain or attenua- 
tion as in the capacitive wall case previously considered. 
The function will also be negative on the entire imagi- 
nary Tb axis representing the fundamental mode. Using 
the previously defined substitution Tb=6.b(m+ jn) 
(m=0 on imaginary axis), it is seen from Eq. (8) or 
Fig. 3 that n> —1 yields again a modification of plasma 
wave number without gain or attenuation, the notable 
feature in this range being that p>1 so that effective 
plasma frequency is increased by the wall admittance. 
For the range of the imaginary Tb axis corresponding 
to n< —1 there is gain corresponding to g>0, but with 
phase velocity equal to electron velocity, p=0. The 
point n= —1 is seen from Eq. (8) to yield infinite gain 
per unit length. From Eq. (13), this infinite gain condi- 
tion requires that 
wed T,(B.b) 
5,3. (14) 
B.b Io(B.b) 


For example, 8.5=1 requires that By/weob be about 
0.45 for the finite gain peak. The values of p and g for 
m= 0 are plotted in Fig. 7. 

The easitron* has been mentioned as a tube that 
utilizes the inductive wall to obtain a very high value of 
gain per unit length, though the finite losses necessarily 
present serve to make the gain at the peak finite and to 
broaden out the curve. The helically conducting sheet!” 
used as a model in the analysis of conventional travel- 
ing-wave tubes also presents an inductive admittance 
at the wall in the absence of the stream (resistive- 
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inductive in the presence of the stream when there is 
actual power transfer from the stream to the wall), so 
this also may be thought of as an inductive wall ampli- 
fier, though the difficulties in analysis of such a wall 
from the curves given have already been mentioned. 
In the presence of the stream and with mu away from 
synchronism, the admittance appears capacitive to the 
stream, explaining the lack of gain there. 

It should be noted that propagation for the inductive- 
wall model in the absence of the stream is given by 


1 1i(yb) Bi 

— =—., (15) 
yb Io(wb). weod 

A study of this equation shows the possibility of slow- 
wave solutions (occurring at sufficiently small B,) 
and for these, 1,.<c. The condition (14) for making 
n=—1 will then yield a wave in the absence of electrons 
substantially of the same velocity as is given by Eq. 
(15), and the approximations leading to Eqs. (6) or (8) 
do not apply. Nevertheless, the predicted phenomenon 
of high gain for an inductive-wall amplifier is real, and 
the approximate curves give good results a bit away 
from the infinite gain point. 





RESISTIVE WALL ADMITTANCE 


A purely resistive admittance Y=G leads also to a 
growing wave, which, although growing at a smaller 
rate than for an inductive wall, in contrast varies 
slowly with frequency and allows less critical design. 

By straightforward use of the maps presented earlier 
one may plot the gain factor g as a function of the 
parameter weob/G for various values of 8.5 as shown in 
Fig. 8. The main point of this plot is that the maximum 
value, gmax=1/(2V2) found at weob/G=2/V3, is large 
enough to make this type of structure suitable for 
practical tubes. In fact, this gain is the same that could 
be obtained from a double stream amplifier in its ideal- 
ized form” with 8, representing the total current den- 
sity in both streams. 
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Fic. 8. Gain parameter g vs weéob/G (essentially frequency or 
resistance of the wall) for a purely resistive wall of admittance G 
for several 8,b. 


10 A. V. Haeff, Proc. Inst. Radio Engrs. 37, 4 (1949). 
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ELECTRON STREAM 


The 8.b—0 curve warrants some additional comment. 
It also represents the behavior of a one-dimensional 
stream flowing through very small pores of a lossy 
dielectric medium of effective conductivity o=2G/b. 
In this rudimentary model, the frequency appears only 
in the abscissa values such that it is easily seen that the 
gain is very broad band. Also, the gain depends on 
velocity only through 8, and not through g. Lastly, 
there is found to be resistive attenuation in the back- 
wards sense of 38.5 db per free space wavelength where 
q is a maximum ; this serves to illustrate the unlikelihood 
of oscillations due to internal feedback in any tube of 
this type. 

In most models that can be constructed, there will 
appear in parallel with the resistive wall an inevitable 
capacitance. Hence, consider now what is obtainable 
from a physically realizable model as shown in Fig. 9. 

Medium 2 may be either a thick resistive wall or a 
thin resistive coating supported by lossless medium 3. 
For the moment let the properties be arbitrary. The 
admittance at radius 6 may be expressed in terms of the 
Bessel hyperbolic functions, following the ‘‘transmission 
line” recipe in Appendix A, Eq. (15a): 























Becoshrdf Y.+Y abetanhrd a 
VY,=YV,. “\; - : (16) 
“ becoshrdl Y.+ Y .Betanhrd. 
where 
Becosh¢gy Y .+ Ysbetanh¢g 7 
e™ 3 ’ (17) 
becosh¢gL Y3;+ Y Betanh¢g | 
, Ki(xe) 
= } 4 ° (18) 
Ko(xc) 
using the definitions 
Tot Jwes ost jwes Tat Jwes 
F gS meme, as, = , (19) 
T g x 
and 
= B+ jous( ort jues), 
P= + jwus(ost jwes), (20) 


= B+ jooua(ort joes). 


The admittance for plane symmetrical fields is de- 
rived from the above by dropping the prefixes Be and 
be and taking Y.= V,. 
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jweo €; BecoshB.g ( [Ki(B.c)/Ko(B.c) |+ (€s/€4) betanhB.g 
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Fic. 9. Circularly symmetric resistive-capacitive wall model 
with a z-directed electron stream out to radius 6 grazing a resis- 
tive layer of thickness d which is supported by an insulator tube 
of thickness g. 


In the thick wall case (a— or 7d>>1, and pe 3 4= Mo) 
the bracketed quantity in Eq. (16) is unity and the 
admittance reduces to 

K 1(7b) 
Y.=Vz ’ (21) 
Ko(76) 
From plots similar to Fig. 11 for the thin wall the maxi- 
mum of gain factor g is found where Y, is roughly 
equally resistive and capacitive (we/o~unity), and 
7rb=6.b is near unity; the value of gmax is about one- 
third that available from the purely resistive wall. 

For the more interesting thin wall model (rd<1, yet 

> jwuot2>1) the admittance is simply 


Y,=od+YVa (22) 


where one recognizes 1/o2d as equal to Ro, the coating 
resistance in ohms per square. 

In the simplest version, mediums 3 and 4 are lossless, 
3 being glass or ceramic for mechanical support and 4, 
free space. Thus Y, is a pure capacitance, and not 
removable so that the effective admittance of the com- 
posite wall is resistive-capacitive. Fortunately, though, 
Y, is reducible by using a thin glass support; the 
capacitance of the thick wall, represented by ¢;, could 
not be reduced by such simple means. Because the 
maximum g diminishes roughly as the (effective relative 
dielectric constant)-}, it is essential that Y, be as small 
as is practical in supporting the resistive coating. 
Just how thin the glass must be is seen from writing an 
effective ¢, called ¢;’ from Y, 








a= 


B. € becoshf.g 


(23) 


€3/es+[Ki(6.c)/Ko(8.c) |Betanhf.g c. 





Figure 10 is a plot of ¢;’ for a typical glass, €3;/e=4 
(roughly Pyrex or Nonex) and with e4= 9. A reduction 
to an ¢;’ of 2, working at 3 kMc and 8,0 near unity re- 
quires a value of 0.1 for 8.g (g~0.003 inch for a 400-volt 
stream). One is then forced to use a thin supporting 


sae 
, 
€3 





wall for reasonable gain at high frequencies with 
moderate voltages. 

Figure 11 is a gain curve for typical parameters. As 
one easily recognizes, an all inclusive presentation would 
have more than two dimensions; however, other curves 
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of the family are similar to Fig. 11. The low maximum 
of the gain factor g, as compared to that for a purely 
resistive wall, is caused by the capacitance of the glass 
and space beyond the coating. 


EXPERIMENTAL VERIFICATION AND POSSIBLE 
EXTENSIONS 


Experimental verification of resistive-capacitive wall 
gain has been obtained and follows closely the theory 
outlined above. The test consisted of sending an electron 
stream through a very thin glass tube coated on the 
inside with a tin oxide resistive layer. Short helices were 
used at either end of this tubing to modulate and 
demodulate the stream. The actual gain of the resistive 
wall section was determined by subtracting from the 
total gain the gain obtained with a metal drift tube 
between helices. The numerical results of this experi- 
ment along with further design data are described 
elsewhere.‘ 

To realize the larger gains available from the more 
purely resistive wall, or better yet, the resistive-induc- 
tive wall, there are several steps that one might take. 
The first approach might be to approximate the resis- 
tive medium model more closely than in the simple 
plane or axially symmetric models described above. 
This may be done by using sheet streams sandwiched 
between very thin resistive sheets, the separation being 
small compared to a stream wavelength; or for the 
circular stream, by using a support for the resistive 
coating that is honeycomb in cross section. 

The step of going toward an inductive type wall, 
besides being more attractive theoretically, may also 
prove to be easier mechanically. Such a wall might be 
obtained by using very lossy material for the circuit of 
the easitron.? Or approaching the problem from the 
previous viewpoint, especially that of the thin wall, 
Eq. (22), one could make Y, resistive-inductive or 
purely inductive. One method is through the use of 
“slow-wave” material to back up the resistive coating. 
(A “slow-wave” material will propagate waves at a 
velocity smaller than the electron velocity in an un- 
bounded sample of the material). In this new model ¢ 
of Eq. (20) becomes negative, making Y; inductive and, 
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Fic. 10. Effective relative dielectric constant e€;' of an insulating 
tube (¢;=4, typical for glass) as a function of wall thickness, 8.g, 
for several inner radii, 8,a. 
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for appropriate thicknesses g, Y, also inductive. The 
resistive coating may be used merely to maintain the 
static potential around the stream in order that the 
stream not charge up the nonconducting slow-wave 
material, or also to put some resistance in parallel with 
the inductance so as to broaden out the frequency band 
over which gain is high. 

In the interests of high impedance, it would be de- 
sirable to use slow-wave materials of high permeability 
and low dielectric constant. Also, with this choice, one 
may tolerate more magnetic and dielectric losses which 
are difficult to avoid at microwave frequencies. At 
present, however, materials of high ¢ (titanates) are 
readily available, whereas satisfactory high u-materials 
are not. 


REDUCTION FACTOR AMPLIFIER 


Although the walls leading to zero gain factor (short, 
open circuit, capacitive, and low inductive) will not 
foster growing waves when used alone, they may be 
used to produce amplification or attenuation when used 
in tandem. The gain (positive or negative) is dependent 
on the reduction factor p, hence this gain is called 
reduction factor amplification. The tandem arrangement 
is made up of sections one-quarter of a plasma wave- 
length long, 

L=1),/p (24) 


alternately of large p, then smaller p. The gain in cur- 
rent and velocity in a plasma wavelength, the stream 
having passed through two long and two short sections, 
is given by 

ie/ii=[pi/po FP, 02/n=(p2/ri P, (25) 
or 


gain= +40 logiol pi/ pe | 
(db per plasma wavelength) (26) 


which may be obtained from the velocity-jump ampli- 
fier formula" for constant potential. In contrast to the 
velocity jump tube, in this amplifier all }A, sections 
may operate at the same potential, thus avoiding the 
lens action of the jumps and the ion trapping in the 
low voltage sections, as well as allowing the use of 
Brillouin flow. 

In its simplest form, the sections could be merely 
large- and small-diameter metal cylinders, with the 
value of gain obtained by using Fig. 6. However, induc- 
tive walls could be used for which p:>1 (near n= —1) 
and p<1 (at large negative m), leading to large gain. 
There are other combinations, of course. 

Actually both gain and attenuation are obtained 
simultaneously. If the stream enters the section of 
larger first, then the current will be amplified and the 
velocity, attenuated. If the stream enters the section of 
smaller first, then the current will be attenuated and 


" Ping King Tien and Lester M. Field, Proc. Inst. Radio 
Engrs. 40, 694 (1952), Formula (16). 
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Fic. 11. Gain parameter g vs 8-6 for the resistive-capacitive wall 
model of Fig. 9. The resistive layer is very thin with R o=(o2d)™ 
ohms/square, supported by an insulator tube (medium 3) of 


dielectric constant €¢s;=€. The product R omoe>=0.44 is chosen to 
obtain the largest g. 


the velocity, amplified. Thus the performance of a given 
device will depend on whether the demodulating section 
(following the tandem arrangement) is sensitive to cur- 
rent or to velocity. 

In attempting to attenuate a signal that is to be 
demodulated by a section sensitive to both current and 
velocity, such as a helix, special care must be taken. 
If both current and velocity exist initially, then after 
a sufficiently large number of sections, gain must result ; 
only with a perfect zero of current or velocity at the 
entrance plane could attenuation be obtained. How- 
ever, some attenuation may be obtained by carefully 
locating the entrance and by using only a smal] number 
of sections. These remarks apply particularly to noise 
suppression for it has been:shown both experimentally” 
and theoretically that the noise current and velocity 
in a stream from a thermionic cathode exist in space- 
charge wave form but, as nature would have it, without 
perfect zeros. 


CONCLUSIONS 


A field solution has been made for the space-charge 
waves in an electron stream in which E,~J,(Tr). It 
has been shown that T takes on complex values (see 
Fig. 12) which are dependent on the admittance of the 
circuitry Y= —H,/E, at the edge of the stream, r=). 
From this information the gain and phase velocity 
have been calculated for nonpropagating and lossy 
walls; finite gain has been found for all but the purely 
capacitive wall and highest gain for the purely inductive 
wall. 

Some comment seems apropos on just what niche 
these nonpropagating and lossy structures will find 
in the realm of microwave tubes. Certainly some of 
these structures are mechanically simple and have quite 
good amplifying properties. Also in their favor is their 
inability to support backward waves; so self-oscillation 
is inherently absent. Yet, this same property forces 
one to use other types of circuits to modulate and de- 


" C. C. Cutler and C. F. Quate, Phys. Rev. 80, 875-878 (1950). 
'’ Dean A. Watkins, J. Appl. Phys. 23, 568-573 (1952). 


modulate the stream, such as passing the stream through 
helices or cavities before and after the structure. This 
arrangement would be clumsy in many applications 
and, if helices are used, leads one to favor the use of the 
same helix for the full length of the tube. It appears 
likely that these structures will not find general applica- 
tion due to their fundamental inability to initiate 
bunching in an efficient manner from an input voltage. 
However, new invention might relax this limitation, or 
special purpose be better satisfied by such structures. 


APPENDIX A. ADMITTANCE OF THE 
ELECTRON STREAM 


The derivation of the stream admittance is similar 
to the work of others,':?:*:?7 but is included here for 
lucidity and completeness as well as to preclude ques- 
tions concerning the steps. Assumptions concerning the 
flow are in the text. 

The wave equation for the stream is 


VE 1 ai 
V?E— poeo— =—Vp+ wo, (1a) 
of ot 


€0 


which, along with the equation of continuity of charge, 


., 9P 
V-i+—=0, (2a) 
ot 
the force equation 
dy 
= nE, (3a) 
dt 


and the definition of convection current 
i+ito= (po+p)(uotVv), (4a) 


give us a complete set of equations. The H-wave equa- 
tion is not needed as is explained in the text following 
Eq. (1). By proper and well-known combination of 
Eqs. (2a) to (4a) for small signals, i, and p may be 
written in terms of E, and inserted into the z component 
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Fic. 12. Division of the Tb plane into regions corresponding 
to the wall admittance (capacitive, inductive, resistive) as seen 
by the electron stream. 
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equation of (1a). The result is 
V,. eE.t+ (w*poeo— B*)E, 

EL npo8*/uc npow"/ Uo? 


€0 w\? 
(*-=) 
Uo 


or, in terms of wave numbers, 





ae 


(-) 


(Sa) 


9 
“ 





V,, eE.+ (eb > i e.=0, (6a) 


(B—8.)? 


which is Bessel’s equation. The solution for EZ, in the 
case of no angular (¢) variations is given by 


E,(r, , )= 5 AgJo(Tar)eiot-O=), (Ta) 
where 
T= (82—he| ——— | (8a) 
(B.—B.)* 


The solutions for the ac quantities 7,, v,, p differ only 
in the coefficients A,. For completeness there should be 
a second summation to account for the fact that Eq. 
(8a), being a quartic, may yield as many as four §’s for 
each 7’; let this summing be understood. 

One finds that the remaining components are 








IBn 
E,=—D An TJ 1(T ar)e%+'-8n2), (9a) 
- B, —k,? 
Jweo . 
Hs=->D An : T uJ i(T nr)eiorPn9) (10a) 
’ n~ 0 


The tangential field components EZ, and H, must be 
continuous across the boundary at r=b. With the ex- 
ternal fields (r>b) expressed in summed form, it is seen 
that this requirement holds for each n of the sum be- 
cause the continuity must hold for all values of :z. 
Consequently, one need deal with only one of the modes 
at a time and satisfies continuity actually by equating 
the ratios 

Hs 
Y= -—-— (11a) 
E, 


(the so-called radial field admittance for E modes) at 
the stream and wall edge. 

The stream admittance is obtained from Eqs. (7a) and 
(10a), which is equated at r=b to the wall admittance 
Y to give the determinantal equation for T, as written 
out in Eq. (3). 

Determination of the relative magnitudes and phases 
of the’ various modes, that is, the coefficients A,, is a 
separate problem dependent on the initial excitation 
(at z=0) and orthogonality (or coupling) of the modes. 
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In most cases, the stream does not fill the space out 
to the circuit so that the admittance Y seen by the 
stream is that of the wall admittance Y, transformed 
through the space between the wall and the stream by 
essentially cut-off transmission line equations. 
For plane symmetry (Fig. 4) 





Y + Yo tanhys 
= v4 | s=a—b (12a) 








Yot+ Y,, tanhys 
where 
jJwe 
Yo = ° (13a) 
¥ 
Y= B— w noe. (14a) 
For axial symmetry 
Becoshysf Y,.+ Yobetanhys 
7=YVo | ( 15a) 
becoshysLYo+ Y,,Betanhys 


where the “Bessel hyperbolic functions” are defined by 

















Ti (wa) Ki(wb) — 1, (pb) Ki (ya) ) 
betanhys= , (16a) 
To(Wa) Ki (yb) +11(wb) Ko(Wa) J 
t To(Wa) Ko(Wb) — Io(Wb) Ko(wa) 
Betanhys= » (17a) 
LT (Wa) Ko(Wb)+ Io(yb) Ki(Wa) J 
Becoshys [Jo(wa)K.(wb)+11(Wb) Ko(a) (182) 
== 4 a 
becoshys LJ,(Wa)Ko(Wb)+J0(wb) Ki (pa) | 


In both cases, it is clear that the interspace is cut off for 
slow waves thus leading to a capacitive characteristic 
admittance Yo and, in general, putting a capacitive 
susceptance in parallel with the wall admittance. 


APPENDIX B. ELECTROLYTIC TANK PLOTTING 
OF COMPLEX FUNCTIONS 
To plot the complex function 
J\(Z) 
W=Z 
J0(Z) 





in an electrolytic tank one must have an expansion in 
terms of the poles and zeros of W. Numerator and 
denominator may be expanded in the continued product 


form," 
2 @ Z\? 
7-2) 
2 = Pin 


W= 





x Z\? 
n=l Pon 
4G. N. Watson, Theory of Bessel Functions (Cambridge Uni- 
versity Press, Cambridge, 1922), p. 498. 
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ELECTRON STREAM WITH 
where Pon and pi, are the zeros of Jo(Z) and J,(Z), 
respectively, which occur along the real Z axis. Taking 
the logarithm, 


oo Z F a 
InW=2InZ+D [n(1-—)+in(1+—) 
Pin Pin 


Z Z 
- in( -—) = in( 1+—) +c] 
Pon Pon 


one recognizes the right-hand member as the complex 
potential obtained from line charges, with a charge of 
strength two units at the origin, unit charges at + in 
and unit charges of opposite sign at + pon. 

The equipotentials plotted using constant current 
sources in a conducting tank (corresponding to line 
charges in a dielectric medium) are lines of constant 
magnitude of W, 


n=l 


InW = Inre*=Inr+ 76. 


To obtain lines of constant phase, the dual of the line 
charges is employed in which insulating boundaries are 
replaced by conductors (at constant potential differ- 
ence) and vice versa, and again equipotentials are 
plotted. 

An alternative procedure may be used to plot real 
and imaginary parts of W. The steps are to expand W 
into partial fractions and use two-dimensional dipole 
sources at the poles. In the tank, this requires two cur- 
rent sources placed very close together at each _ pole. 
In operation, it was found difficult to plot the equipoten- 
tials away from the immediate vicinity of the dipoles 
due to the smallness of the field. It is believed that this 
difficulty could be overcome with enough effort. The 
phase and magnitude model was satisfactory so that no 
further work was done with this other model. 

Our interest is in the region Z<3 or so, allowing 
approximation of the function by using line sources in 
the tank only out to Z=8.65. The actual lines were 
drawn by an automatic plotter in about four hours 
time. Only the fourth quadrant was plotted, with one 
corner of the square tank used as the origin and the 
adjacent sides as the x and — jy axes. The placing of the 
electrodes is shown in Fig. 13(a), (b). It is possible to 
work in a single quadrant because, in the magnitude 
plot, the current sources ReZ <0 are correctly imaged by 
those ReZ>0 using a dielectric surface for ReZ=0, and 
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Fic. 13. Electrolytic tank electrodes for plotting potentials 
corresponding to (a) constant magnitude, and (b) constant phase 
contours of the function ZJ;(Z)/Jo(Z) in the fourth quadrant. 


in the phase plot the voltage sources ReZ <0 are imaged 
by the conducting surface at ReZ=0. 

Some reflection was noted due to the far sides of the 
tank; this was reduced by placing small conducting 
strips equally spaced on these sides so as to simulate 
better reflection from an infinite distance, as well as to 
have a wall that is effectively its own dual. A number of 
spot checks indicate the errors of the map to be less 
than 1-2 percent. 

To obtain the particular potential lines plotted, we 
used the following scheme. In the magnitude plot, the 
probe was set to the position on the real axis corre- 
sponding to the desired magnitude (W is easily plotted 
along either axis), and then the line was traced. In the 
phase plot the potentials traced were eighteenths of 
the total potential between the corner electrodes. 


PARTIAL LIST OF SYMBOLS 





B. stream wave number, B.= w/to. 
By plasma wave number or phase constant, 
Wp ff nto 7} 
ae 
Ug Leoto* 
Ap plasma wavelength \,= 27/8». 
ko w/c, free space wave number or phase con- 
stant, c= (uoeo)~?. 
€, €0,123.4 dielectric constants, e=1/(36rx10%), 
others defined where used in text. 
M, Mo,1,234 permeabilities, uo=4rX10~’, others de- 
fined where used in text. 
¢, 1,234 conductivities, defined where used in text. 
io, 1, 11,2 dc, ac current densities, i9 <0. 


Uo, 2, 01,2, Vp Ac, ac stream velocities, phase velocity. 

po, p dc, ac charge densities, po<0. 

n ratio of electronic charge to mass, n= — 1.76 
10". 


Mks units used throughout. 
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Internal Friction of Quartz* 
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(Received October 15, 1952) 


The internal friction of quartz was studied by measuring the logarithmic decrement of a bar vibrating in 
resonance at its fundamental mode at 21 kilocycles per second and at its second harmonic mode at 42 kilo- 
cycles per second as a function of temperature from 200°C to 440°C. The logarithmic decrement was found 
to rise rapidly to a maximum of 16X 10-5 at about 240°C, then fall slowly to a minimum of about 8X 10-5 at 
about 350°C, and then rise rapidly up to and beyond 460°C. The high temperature portion shows a tempera- 
ture hysteresis in which the cooling curve is lower than the heating curve. Furthermore the magnitude and, to 
a certain extent, the position of the peak may depend upon previous history but heating in a vacuum can 
reduce the logarithmic decrement curve to a reproducible one, independent of room temperature handling 
and thermal gradients (up to 1.5°C/cm) or stress amplitudes (up to 10 g/mm?) applied at higher 


temperatures. 


The measured curve can be considered as the sum of two relaxation peaks and an exponential curve. 
One peak has an activation energy of 27.2 10° calories per mole, and the other, 12.6X 10° calories per mole. 
The exponential curve appears to be characterized by an activation energy of about 22X 10° calories per 


mole but may vary with heat treatment. 





INTRODUCTION 


NTERNAL friction, or the energy loss in elastically 
deforming a solid, can be studied with a composite 

oscillator which uses a quartz bar to set up the elastic 
vibrations in the specimen to be examined. However, 
it is necessary to have predetermined the energy losses 
in the quartz by itself since one measures the sum of the 
losses in the composite oscillator. Often this internal 
friction in the quartz is small in comparison with the 
losses in the driven specimen, but at high temperatures 
the quartz loss increases and must be investigated if 
measurements on a composite oscillator are to be made 
as a function of temperature. 

Artman,' in his work on 8-brass, made a preliminary 
study of the quartz internal friction as a function of 
temperature. His results showed that the internal 
friction of quartz, although a small part of the total 
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Fic. 1. Comparison of the results of Artman (reference 1) and 
the present results, at 21 kilocycles per second. The dotted line 
represents the present results which were reproducible and ob- 
tained after prolonged heating in a vacuum. The solid line passes 
through the points reported by Artman. 


* This is based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Master of Science in the Depart- 
ment of Physics in the Graduate College of the State University 
of Iowa, June, 1952. 

1R. A. Artman, J. Appl. Phys. 23, 475-482 (1952). 


measured with the 8-brass, had an interesting variation 
with temperature. It was to examine this variation 
more closely and to determine more exactly the high 
temperature values of the energy loss in quartz that the 
present work was undertaken. 


EXPERIMENTAL TECHNIQUES 


The internal friction was investigated at various 
temperatures by measuring the logarithmic decrement 
of free longitudinal vibrations in a quartz crystal bar. 
This bar was of such an orientation (length along the 
crystallographic Y axis) that an alternating electric 
field, applied perpendicular to the length, induced a 
longitudinal stress which was used to drive the bar at 
one of its natural modes of lengthwise vibration. The 
field was set up in between the plates of a condenser 
whose electrical impedance, with the quartz, could be 
written in terms of an equivalent electric circuit from 
which the energy loss in the quartz was determined. 
This equivalent circuit? is so designed that its electrical 
decrement is the same as the mechanical logarithmic 
decrement of the quartz crystal. Therefore, 


R 
log Dec.=——=A 
2Lf 


where R and L are, respectively, the effective resistance 
and inductance of the equivalent circuit and can be 
measured with an impedance bridge operating at the 
frequency f. The bridge circuit and its operation have 
been described elsewhere.'* 

In terms of the effective resistance, R, and the quan- 
tity Af, which is the change in frequency between 4 
bridge balance at resonance and a balance at which the 

2W. G. Cady, Piezoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946). 

3J. S. Rinehart, Phys. Rev. 58, 365 (1940); 59, 308 (1941). 


I. H. Swift and J. E. Richardson, J. Appl. Phys. 18, 417 (1947). 
C. A. Wert, J. Appl. Phys. 20, 29 (1949). 
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effective resistance is twice the resistance at resonance, 
one can write the logarithmic decrement as 


A=2n(Af)/f 
and the electromechanical force constantt K as 
K=R/4nrM Af, 


where M is the mass of the quartz bar (10.33 g). 

The temperature was measured with three Chromel- 
Alumel thermocouples, one placed below each end of 
the crystal and the other above one end. Because of the 
type of measurement, the thermocouples could not be 
placed in thermal contact with the specimen. This 
introduced some lack of precision in the determination 
of the quartz temperature. However, over the course of 
the experiment a large number of determinations of the 
resonant frequency at various thermocouple tempera- 
tures were obtained. A curve was plotted of average 
thermocouple temperature against resonant frequency 
for about 10 runs. Since this curve probably defines 
very nearly the actual temperature variation of the 
resonant frequency,‘ it was used to define the tempera- 
ture of the quartz bar from measurements of the 
resonant frequency. That is, two separate ‘measure- 
ments of the logarithmic decrement at the same reso- 
nant frequency were considered as being at the same 
temperature even though the thermocouple readings 
may have differed by as much as four degrees centigrade. 

The crystal was supported between the condenser 
plates by two small glass fibers placed at or very near 
the displacement nodes of vibrational motion. If these 
supports absorbed any vibrational energy it was prob- 
ably a constant amount for all the measurements and 
certainly did not introduce any of the observed varia- 
tion. To further decrease the loss of energy to the sur- 
roundings the space around the specimen was evacuated 
to a vacuum of about 10-* mm of mercury for all the 
measurements. 

In order to assure measurements made under equi- 
librium conditions, runs were made over the course of 
many days with the temperature increasing or decreas- 
ing very slowly, and readings were taken when the 
furnace had reached a temperature of interest. 

Error in the measurement of the logarithmic decre- 
ment enters in the measurement of the difference fre- 
quency Af. Since this difference was usually less than 
one cycle per second, it was measured directly as a beat 
frequency with a stop watch and an oscilloscope. In 
this way the quantity Af was determined with a +2 
percent deviation between repeated measurements. The 
magnitude of the effective quartz resistance R could 
be measured to +3 percent, and this uncertainty was 
hot enough to affect the value of Af more than 2 percent. 





t The electromechanical force constant is defined by, K= L/M 
and is necessary for calculation of the stress amplitude. 

‘The temperature variation of Young’s modulus (1/S1) calcu- 
lated from this curve differed by less than 1 percent from the 
measurements of A. Perrier and R. De Mandrot, Mem. Soc. 
Vaudoise Sci. Nat. 1, 333-364 (1923). 
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Fic. 2. Effect of water absorption on the logarithmic decre- 
ment. The open circles (©) represent data taken while heating 
quartz crystal A and the symbol (Q) while cooling the crystal on 
standard run number 7. The x’s (X) represent data taken after 
letting the crystal rest in a saturated atmosphere at 95°C for 48 
hours. The crosses (+) represent data taken after the crystal was 
soaked in distilled water at 75°C for five days. The triangles (A) 
were taken after the crystal rested over a tap water bath for two 
weeks. 


RESULTS 


Measurements were taken over the temperature 
range from 170°C to 440°C. These limits were set by 
the quartz itself in that below 170°C the decrement is 
small (less than 310-5) and nearing the limit of ac- 
curacy of measurement. Above 440° the resonance 
curve from which the logarithmic decrement is meas- 
ured becomes too broad to measure the quantity Af as 
defined above. 

Artman! made similar measurements on the same 
crystal a year before this work *was begun. A compari- 
son of his results for one run at 21 kilocycles per second 
(the fundamental frequency of the particular quartz 
crystal used) with the present results is shown in Fig. 1. 
He observed a decrease in the height of the peak if the 
temperature was held constant for periods of 12 hours. 
The present results, shown in Fig. 1, were made some 
time after the measurements of Artman and followed 
considerable heating in a vacuum during preliminary 
investigations. These preliminary results indicated a 
logarithmic decrement slightly higher (about 25x 10-° 
at 240°C) than those obtained later (Fig. 1) under more 
favorable conditions. 

A reasonable explanation of the difference in results 
and the apparent decrease in magnitude of the loga- 
rithmic decrement with heating could be that something 
was absorbed in the lattice which would “boil out” at 
elevated temperatures. Van Dyke and Palmer® have 
observed a rise in the room temperature decrement of 
quartz which they attributed to the absorption of 
atmospheric water vapor. They found that heating the 
quartz for two weeks at 125°C caused the decrement to 
go down again. Attempts were made to determine if 
Artman’s results could be due to water in the quartz. 


*K.S. Van Dyke and W. F. Palmer, Phys. Rev. 85, 749 (1952). 
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Fic. 3. Logarithmic decrement at 42 kilocycles per second. The 
dotted line represents the results at 21 kilocycles per second. The 
circles (©) are measurements made while heating the crystal and 
the crosses (+) while cooling the crystal. 


It was found that exposure to water or water vapor had 
no effect on the logarithmic decrement in the tempera- 
ture range examined. Figure 2 shows the results of 
various attempts to put water into the quartz crystal. 
Run number 7 (circles; O (heating) and Q (cooling) ] 
is taken as the standard since it was made very care- 
fully and with the vacuum kept better than 10-* mm of 
mercury. Run number 8 [x’s (X)] was made after 
allowing the quartz crystal to remain in a saturated 
atmosphere at 95°C for 48 hours. Since this had no 
observable effect, the quartz was allowed to soak in 
distilled water at 75°C for five days. The subsequent 
measurements made are shown as run number 9 
[crosses (+)] in Fig. 2 and were taken twelve hours 
after the removal of the crystal from the water bath. 
Run number 10 [triangles (A) ] was made after the 
crystal was left over a tap water bath in a nearly closed 
container for two weeks. 

These runs were made with the same precautions 
used in run number 7 and serve to show the degree of 
reproducibility obtainable, even though the crystal 
had been handled between runs. They also serve to 
show a temperature hysteresis effect which was always 
observed in the measurements above about 300°C. 
When the crystal is being heated the decrement at 
high temperature is greater than when it is later cooled. 
The next heating, after the crystal has been at room 
temperature, gives logarithmic decrement values which 
follow very nearly the values obtained when cooling 
the crystal during the preceeding run. This fits into the 
description of a “boiling out’’ process which causes the 
decrement to decrease, but it was found that if the 
specimen was heated to a point on the high temperature 
end of the curve and left there for a few hours, the decre- 
ment would fall to a slightly lower value and stay there 
for days. A cooling to the minimum at about 330°C, 
and a subsequent reheating did not show any hysteresis 
and did not cause any further time dependent decrease 
in the decrement. However, by continuing to still 
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higher temperatures, the decrement will follow a lower 
curve when it is later cooled. 

The discrepancy between the present results and 
those of Artman (see Fig. 1) could also have been 
brought about by the high thermal gradients which 
he used in order to duplicate the conditions actually 
occurring when the quartz was part of the composite 
oscillator. To check this possibility, runs were made at 
various thermal gradients (up to 1.25°C/cm) and found 
to have no large differences between them. A thermal 
gradient of 1.5°/cm was established at 400°C and 
produced no immediate effect. The runs shown in Fig. 2 
were made with various thermal gradients ranging from 
zero to $°/cm and show no differences between them. 

In agreement with Artman, the internal friction was 
found to be independent of the stress amplitude up to 
10 g/mm? which was the highest value applied. Usually 
the measurements were made at about 5 g/mm* and 
tests made at various temperatures to check for any 
dependence on stress amplitude. 

In Fig. 3 is shown a run on the same crystal at 42 
kilocycles per second, the second harmonic mode of 
vibration of the quartz bar. Note that this curve is 
similar in shape to the one obtained at 21 kilocycles per 
second but is shifted uniformly toward higher tem- 
peratures. 

In Fig. 4 are shown the results obtained on a different 
crystal of so nearly the same dimensions as the crystal 
discussed thus far that their room temperature resonant 
frequencies differ by only about one cycle per second. 
This crystal, labeled Quartz C, was purchased at the 
same time as the other crystal (Quartz A), and thus the 
two are probably very nearly identical in composition. 
Artman had used quartz crystal A for his work, but 
Quartz C had probably never been heated prior to the 
time of making the run shown in Fig. 4, although it 
had also been used as part of the composite oscillator 
at room temperature. Note that it does not show any 
major difference from Quartz A. During this run the 
temperature was taken to 460°C and the logarithmic 
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Fic. 4. Results on a different quartz crystal (Quartz C) at 21 
kilocycles per second. The circles (©) are for heating and the 
crosses (+) for cooling measurements. The dotted line represents 
the results obtained on quartz crystal A. 
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INTERNAL FRICTION 


decrement measurements showed no tendency to be- 
come constant but appeared to continue to rise with 
rising temperature. Upon cooling the crystal down to 
the region of 400°C, the decrement appeared to be 
slightly higher than it had been during the heating 
half of the run. The fact that the cooling half of the 
run gave decrement measurements higher than those 
obtained during the heating half is probably due to the 
fact that the specimen had been kept at a higher tem- 
perature, rather than the fact that it was subjected to a 
large thermal gradient (1.5°C/mm at 400°C) or to 
higher than usual stress amplitudes, (8 g/mm? at 
400°C). 

The electromechanical force constant K defined by 


K=L/M 


was also measured on quartz crystal A. However, it 
depends strongly on the dimensions of the crystal 
holder,? so that its numerical magnitude is more char- 
acteristic of the particular conditions of measurement 
than of the quartz itself. It is shown as a function of 
temperature in Fig. 5 for the particular crystal holder 
used here. 


INTERPRETATION 


The existence of a peak in the internal friction versus 
temperature plot and the rapid variation of the loga- 
rithmic decrement with temperature indicates that a 
theory proposed by Zener® could be applied. This 
theory proposes the relationship, 


wAmax 
A=—————_,, 
wt+1/wr 


for the internal friction as measured by the logarithmic 
decrement, A, in terms of the angular frequency of 
vibration, w. The parameter A,,ax is called the relaxa- 
tion strength and 7 the relaxation time. The tempera- 
ture dependence enters through the parameter 7 which 





T T T T T T | “T ¥ T T T T 


p88 


K HENRIES / GRAM 


3 














300 
TEMPERATURE °C 


Fic. 5. The electromechanical force constant K of Quartz A at 
various temperatures at 21 kilocycles. The circles (O) are meas- 
urements while heating the crystal and the crosses (+) for 
measurements while cooling. 





*C. Zener, Elasticity and Anelasticity of Metals (University of 
Chicago Press, Chicago, Illinois, 1948). 
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Fic. 6. Plot of logA vs 1/T°K at 21 kilocycles per second for 
measurements below 240°C. 


can, for a stress induced relaxation process involving a 
rearrangement of the atoms of the solid, be written in 
terms of the absolute temperature T as 


r= reH/RT 


where H is an activation energy in calories per mole 
for the elementary diffusion or rearrangement process. 
Note that at the temperature and frequency for which 
wr=1, the internal friction has a maximum, and an 
increase in the frequency causes this maximum to 
occur at a higher temperature (see Fig. 3). Further- 
more, the exponential form of the relaxation time 
causes a rapid variation of internal friction with tem- 
perature on either side of and near to this maximum. 

The theory predicts that at low temperatures, where 
wr=wre#/kT>>1 and for a relaxation strength inde- 
pendent of temperature (or whose temperature de- 
pendence is negligible compared to the exponential 
dependence of r), A should be given by 


wAmax 


am e- HIRT. 





WTO 


Thus a plot of logA against 1/T should be a straight 
line of slope —H/R. Figure 6 shows such a plot and 
the degree to which there is agreement between theory 
and experiment over that portion of the experimental 
curve below 240°C. The slope of the line gives an activa- 
tion energy of 17.8X10* calories per mole. 

However, the theory also predicts a much faster 
decrease’ in the internal friction above 240°C than is 
observed. This could be caused by: (1) sizeable contri- 
butions to the logarithmic decrement above 240°C from 
an independent source of internal friction which causes 


7 At higher temperatures where wrX1 a plot of logA against 
1/T is a straight line of slope +H/R. 
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Fic. 7. Comparison of the two peak theory to measurements at 
21 kilocycles per second on quartz crystal A. The solid line is the 
sum of the two peaks which are shown with dashed lines. 


the rising portion of the curve observed above 340°C; 
(2) a temperature dependence of the relaxation strength 
Amax Which makes this parameter increase with increas- 
ing temperature; (3) an independent source of internal 


friction giving a small peak which fits the theory at 


about 280°C. 

The first assumption was tested by fitting a theoreti- 
cal peak with a maximum at 244°C and an activation 
energy H of 17.8X10* cal/mole to that portion of the 
measured curve which was below 250°C and then sub- 
tracting this theoretical curve from the measured curve 
above 250°C. The resulting difference curve did not have 
a smooth enough temperature variation to be fitted 
with any reasonable empirical relationship. In fact 
there were indications that there might be another peak 
in the region of 300°C. 
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Fic. 8. Plot of logA versus 1/T. Here A is the difference between 
the high temperature measurements of run number 7 and the 
theoretical curve based on the sum of two peaks. The circles (O) 
represent measurements made while heating the crystal and the 
crosses (+-) are measurements while cooling. 


The second assumption was tested by solving the 
theoretical equation 


TAmax 
A= — 





wroeH/ RT+ —e HIRT 
WTO 


for Amax, and then, with an activation energy of 17.8 
X 10° calories per mole and with 7 determined by letting 
wr=1 at 244°C, the measured values of A were used to 
determine Ajax. The resulting curve of Amax versus the 
temperature could not be fitted with any reasonable 
empirical law even over that region not showing any 
hysteresis. In particular an exponential dependence of 
Amax in the form 
Amax= Ae Wikt 

(where A and W are constants) was attempted but this 
neither fitted the measured curve nor left a reasonably 
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Fic. 9. Comparison of theoretical two peak curve to measure- 
ments made at 42 kilocycles per second. The solid line represents 
the sum of the two peaks calculated for 42 kilocycles per second. 
The circles (O) are measurements made while heating and- the 
crosses (+) while cooling the crystal. 


smooth temperature variation for the high temperature 
part of the curve. 

However, the third assumption, of an additional peak, 
proved quite successful. Since the two peaks need not 
necessarily add together to give the straight line on the 
plot of logA versus 1/T shown in Fig. 6, this result was 
considered coincidental. The sum of the two theoretical 
peaks was required to fit the measured results of runs 
7, 8, 9, and 10 shown in Fig. 2. Also that portion of the 
curve above about 280°C was disregarded in the fitting 
since it showed temperature hysteresis and thus was 
probably affected by whatever process was giving rise 
to the high temperature “‘tail.”” By assuming one peak 
and subtracting it from the measured curve below 
280°C, part of the other peak was constructed in the 
form of the difference curve. Then the sharpness, posi- 
tion, and height of the first peak were adjusted to give 
the difference curve or second peak a reasonable shape. 
An estimate of the parameters necessary to form this 
second peak was then made, and the peak plotted from 
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the theoretical expression. Now the two theoretical 
peaks were added and minor adjustments in their 
parameters made until a good fit was obtained to the 
well-defined portion of the measured curve below 280°C. 
The two theoretical peaks (dotted lines) and their 
sum (solid line) are shown, compared to the measure- 
ments from runs 7, 8, 9, and 10 (all at 21 kilocycles per 
second), in Fig. 7. Another test of the validity of the 
two peak assumption is to examine the effect on the 
high temperature part of the curve which did not figure 
directly inte the determination of the peaks. Subtrac- 
tion of the theoretical curve from the experimental 
points of run number 7 at the high temperature end 
gives a smooth variation, except for the hysteresis, to 
the high temperature “‘tail’’ which can then be expressed 
as A= Acge~#/®?, with H assigned the value of 26X 10° 
calories per mole for the heating part and 22X10° 
calories per mole for the cooling part (see Fig. 8). 










30 TTTA TTT TT TIT TT ITTY 


| 
oak 


porili ta 








nN 
(e) 


reuters s TUTT yp rr 


5 





LOG. DEC. X I 








0) 





200 300 0 
TEMPERATURE °C 


Fic. 10. Comparison of two peak theory to a preliminary set of 
measurements on Quartz A at 21 kilocycles. The circles (O) are 
measurements made while heating and the crosses (+) while 
cooling the crystal. The line (4+) is the sum of the sharper 
peak and the higher broad peak to compare to the heating meas- 
urements. The solid line ( ) is the sum of the sharper peak 
and the lower broad peak to compare with the cooling measure- 
ments. 





If this assumption of two peaks is valid, they should 
also describe the run made at 42 kilocycles per second 
without any change in the relaxation times but with a 
change in the relaxation strengths to allow for any 
“boiling out” that may have occurred during the 
heating in a vacuum which took place between the 
run at 42 kilocycles per second and run number 7. 
Figure 9 shows the result of adding the two theoretical 
curves, now determined for a frequency of 42 kilocycles 
per second, with the same relaxation times but with the 
relaxation strengths increased by a factor of 1.6 for the 
lower temperature peak and 1.4 for the higher tempera- 
ture peak. Except for these sizeable increases in the 
relaxation strengths, agreement is reasonably good. 

To further check the two peak assumption, Fig. 10 
shows the agreement obtained between a relatively 
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Fic. 11. Comparison of the theoretical peak and Artman’s 
measurements. The solid line represents the high temperature 
theoretical peak with its relaxation strength increased by a factor 
of 5.7 above the relaxation strength used to fit the present results 
on quartz crystal A at 21 kilocycles per second. 


inaccurate (+10 percent) preliminary set of measure- 
ments and the theoretical sum curve. Still with no 
change in the relaxation times a good fit is obtained by 
increasing the relaxation strengths of the high tempera- 
ture peak by a factor of 1.55 for the heating part and by 
1.14 for the cooling part and a factor of 1.9 for the low 
temperature peak on both heating and cooling. 

The apparent steady decrease in the relaxation 
strength of the peaks as the quartz crystal was sub- 
jected to elevated temperatures in the various runs 
prior to run number 7 implies that they were caused 
by some impurities which have been slowly “boiled out’”’ 
of the crystal. Thus the measurements of Artman could 
well be due to a larger quantity of the impurity which 
gives rise to the higher temperature peak. To test this 
assumption the relaxation strength of the high tempera- 
ture peak was increased by a factor of 5.9 and this peak 
plotted with Artman’s results in Fig. 11. Agreement is 
reasonably good. 
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Fic. 12. Comparison of theory to measurements on Quartz C 
at 21 kilocycles per second. Note that the low temperature peak 
has been moved toward lower temperatures by 7°C compared to 
its position for the best fit to measurements on quartz crystal A. 
The solid line is the sum of the peaks and the exponential curve 
using the lower broad peak and is to be compared with the 
measurements made while heating the crystal represented by 
circles (O). The line (++--) is the same sum but uses the higher 
broad peak and is to be compared with the measurements made 
while cooling the crystal re presented by the crosses (+). 
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TABLE I. Values of the parameters in the equation for the internal friction of quartz. 











H H H 
Specimen Frequency 108 cal 108 cal 108 oa T1 T2 
and run kc/sec per mole per mole per mole 10-'8 sec 107"! sec Ao X107% 41 X105 4:2 X105 
Quartz A 17 
Run 1 21.1 27.2 12.6 20 17.4 6.94 1.09 15 heating 
12.5 
cooling 
Run 5 42.2 27.2 12.6 17.4 6.94 — 12.7 16.1 
22 2.58 
Runs 7, 8, 9, 10 21.1 27.2 12.6 heating 17.4 6.94 heating 7.8 11 
6 37.8 
cooling cooling 
10.5 
heating 
Quartz C 21.1 27.2 12.6 21 9.29 6.94 0.836 10.5 12 
cooling 








The fitting of the two peak theory to the measure- 
ments made on the other quartz crystal (Quartz C) was 
not so completely successful. However, this is not too 
severe a criticism since there is only one run on Quartz 
C with which to compare the theory, and this run did 
not give completely “normal’’ results in that its cooling 
curve was higher than the heating curve. However, a 
very good fit was obtained by moving the low tempera- 
ture peak down the temperature scale by 7°C so that its 
maximum occurred at 226°C rather than the 233°C 
used in fitting the curve of quartz crystal A. This 
represents a change in the relaxation time parameter 
to from 17.4X10~"* second for Quartz A to 9.29 10-"* 
second for the one run on Quartz C. The relaxation 
strengths were also changed. Figure 12 shows the com- 
parison of the theoretical two peak theory to the ex- 
perimental curve of Quartz C at 21 kilocycles per second. 

This interpretation of the results as the sum of two 
relaxation peaks is only one of several possible inter- 
pretations. It is considered here because it can describe 
the entire experimental curve with the parameters 
chosen only from the lower temperature end of the 
curve. It also describes the frequency dependence of 
the measurements without any fundamental change in 
the parameters determined at a single frequency. 
Furthermore it is best able to explain the results of 
Artman.' However, it has been pointed out® that in 
other cases of internal friction arising from more than 
one relaxation process, those processes which have the 
higher activation energies give relaxation peaks at 
higher temperatures. The two peaks discussed here do 
not follow this general rule. 

An alternate way of describing an unsymmetrical 
relaxation peak is to assume a continuous distribution 
of relaxation times with the heat of activation essen- 
tially constant over that part of the distribution con- 
sidered. In order to examine this possibility it is neces- 
sary to consider the parameter ro as temperature 


* This point was kindly brought out by the reviewer. 


dependent. If one assumes that the high temperature tail 
is due to a separate effect which contributes an internal 
friction depending on the temperature as exp(— H/RT) 
and subtracts this from the experimental data, one 
finds that the parameter 7) must increase continuously 
by a factor of about three over the temperature range 
from 450°K to 650°K in order to describe the results. 


CONCLUSIONS 


It appears that it is possible to describe the internal 
friction of quartz, in terms of the theory of Zener, with 
the equation 


wr ef RT4 —_¢-Hi/ RT 
@T1 


4+ AeA al RT, 


The values of the various parameters which give the 
best fits to the experimental measurements reported 
here are given in Table I. Note that the history of the 
quartz appears to determine the magnitudes of the 
peaks although the activation energies involved seem 
to be stable. 

It should be noted that the high temperature expo- 
nential could be interpreted as part of a third, very tall 
relaxation peak. Since the crystalline structure of 
quartz undergoes a sudden change at 573°C, this ex- 
ponential “tail” or third peak may be caused by the ap- 
proach to this transition temperature. However, the 
presence of the temperature hysteresis makes any such 
conclusions indefinite. 

In connection with considering the process which 
gives rise to the internal friction, it is interesting to 
note that the dielectric constant parallel to the optic 
axis of quartz undergoes a change in the same tempera- 
ture range that the peak of the internal friction occurs. 
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Measurements made by Gagnebin’® at 20 kilocycles per 
second show a change in the dielectric constant parallel 
to the optic axis from 4.6 at 200°C to 12 at 280°C. 
Such a change could mean a dielectric relaxation process 
of such a nature that it also affects the internal friction. 





9S. Gagnebin, Arch. Sci. Phys. Nat. 6, 161-210 (1924). 
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However, the results of Gagnebin are not extensive 
enough to draw any complete conclusions about the 
nature of the dielectric process. 

In conclusion the writer wishes to thank Professor 
E. P. T. Tyndall for suggesting the problem and for his 
help and encouragement throughout its development. 
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The linear rf mass spectrometer previously described is analyzed for small signal operation. The results 
are obtained in a closed form for any entrance phase where previously only a graphical solution for an 
optimized entrance phase was obtained. Expressions for resolving power and current efficiency are derived 
for both sine wave and square wave operation. It is shown that although high resolving power may be more 
readily obtained with square wave operation, the product of resolving power and efficiency is approximately 
the same for sine or square waves. Loss of resolving power caused by the thermal energies of the ions is 
shown to be less troublesome with square wave operation. 


I. INTRODUCTION 


N the linear rf mass spectrometer' a high velocity 
ion beam is sent through an rf electrode system 

which is similar to a linear accelerator. The gain in 
energy of the ions is a sharply selective function of their 
charge-to-mass ratio. Following the rf system, a re- 
tarding field energy analyzer is used to select the most 
energetic ions, i.e., those with one particular charge-to- 
mass ratio. 

A monoenergetic beam of ions is accelerated by a 
dc voltage into an rf electrode system consisting of a 
series of plane-parallel equidistant grids (see Fig. 1). 
Alternate grids are grounded and the other grids have 
applied to them an rf voltage which is small in compari- 
son with the voltage used initially to accelerate the ion 
beam. If the time of transit of an ion between two grids 
is half the rf period, then this ion will remain in syn- 
chronism with the rf field. When the synchronous ion 
has a particular entrance phase angle with respect to 
the rf field, this ion will gain more energy than any 
other. The ions emerging from the rf system encounter a 
de retarding potential barrier which rejects all but the 
most energetic ions. Thus only the synchronous ion is 
able to reach the collector. The charge-to-mass ratio of 
this ion is proportional to 

Vo 


Sf 


where Vo is the dc accelerating voltage, S the spacing 
of the grids, and f the frequency. 





* Now at McGill University, Montreal, Canada. 
'P. A. Redhead, Can. J. Phys. 30, 1 (1952). 





The energy gained by an ion may be readily calcu- 
lated only when the initial velocity of the ion is large 
in comparison with any increment in velocity due to 
the rf voltage. Accordingly it will be assumed that the 
energy increment can be expressed as?” 


W= (Jom) = 0A (mo) =o f Pat, (1) 


where m is the mass of the ion, 2 its initial velocity, and 
F the force applied to the ion by the rf field. The electric 
field in the gap between the mth and (m+1)th grids is 


(—1)"V/Sf(wt+8), (2) 


where V is the peak amplitude of the rf voltage, 
f(wt+6) the wave form of the applied voltage, 6 the 
phase of the rf when the ion arrives at the first grid at 
time ‘=0, and w is the pulsatance of the rf voltage. 
Thus the energy gained by an ion traversing a system 
with .V gaps is 

nSiv 


ev N 
W=V— > (-1)"#! i) flwt+6)dt, (3) 
(n—1) S/v 


n=l 


where ¢ is the charge on the ion. 
The limits of integration can be expressed in terms 
of the gap transit angle 


Sw m\} 
sii -so(-—) (4) 
v 2e Vo 


g(wl+ 0) = J not 6)d(wt), (5) 





If we define 


*W. H. Bennett, J. Appl. Phys. 21, 143 (1950). 
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Fic. 1. Cutaway diagram of twenty-gap linear rf mass spectrometer. 


Eq. (3) becomes 
m eV N 
— > (—1)*#"p(wt-+6) Innere: (6) 


a n=l 


Therefore, if V is even, 
wa—(2E [(—1)"*'¢(na+ 8) | 
n=(0 
+[()+s(Va+0)]), 


Two wave forms will be considered, sinusoidal and 
‘square wave.* 


Il. SINUSOIDAL WAVE FORM 
(a) Energy Increment Versus Transit Angle 


When the voltage is sinusoidal, 
g(wl+ 0) = —cos(wi+ 4). (8) 


Equation (7) then becomes 


eV N N/2-1 
W=—{ 2 > cos(na+6)—4 2 cos(2na+ a+ @) 
a n=0 


—[cosé+ cos(Na+ 6) 1) . (9) 


The order of the terms in Eq. (9) permits direct applica- 
tion of the identity 


cos(. A+(Q/2B) oaer Sere 
> cos(A+nB)= (10) 





n=0 sinB/2 
+A. F. Henson, J. Appl. Phys. 21, 1063 (1950). 


Then from Eqs. (9) and (10) 











(V+ I1)a 
sin———— 
2eV 2 
W= cos(0+ N /2a)—————_ 
Qa a 
sin— 
\ 2 
N 
cos(at6+(—~1)a ) 
2 Na 
—2 ——— sin— 
sina 2 


Na Na 
~cos(— +0) cos—|, (11) 


) 





which reduces to 


2eV Na a Na 
W=-— cos(—"+ 0) tan— sin—. (12) 
? 


a 


When 


Na 
—+6= pr (13) 


~ 


(where p is integral), the energy gained or lost by an 
ion is maximized with respect to the entrance phase, 
i.e., the ion arriving at the middle of the rf electrode 
system in phase or out of phase with rf voltage gains or 
loses maximum energy. This maximum energy is 


2eV 
W,.=— 


a 


a Na 


tan— sin—}. (14) 
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The largest maximum of W,, occurs for a transit 
angle near m and approaches x with increasing NV. 








2NeV 
Tv 
A convenient normalized form of Eq. (14) is 
W m a Na 
= m|tan—sin— / Na}. (16) 
W m (7) 2 2 








W' m/Wn(2) is plotted as a function of @ in Figs. 2 and 3 
for V=20 and N=40. The second highest maximum of 
the curve occurs near a=3r7: 


W m(3m)/W m(m) = 3. (17) 


Except for the interval r—(24/N)<a<24+(22/N) 
when .V 26, the maxima occurring when sinNVa/2 ap- 
proaches unity are smaller than the maximum near 
a= 3, since 





1 x Tt 
W in < W » (x) tan( ==) (18) 
1—2/N 2 N 
for a between 0 and 27. Thus ions having transit 
angles other than in the interval r—22%/N<a<r 
+22/N can be eliminated by rejecting ions which gain 
less than one-third of the maximum possible energy 
gain. The spread in a of the ions selected can be further 
reduced, and the resolving power increased, if the poten- 


tial energy barrier presented by the retarder grid ap- 
proaches the peak energy gain. 


(b) Resolving Power 


The resolving power of the mass spectrometer will be 
defined as 
M » 


R= (19) 


Mo— mM, 


| | | 
oe | | | A 


| | 


Wm | ! 
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Fic. 2. Energy gained by ions as a function of their 
transit angle for sine waves. (N = 20) 
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Fic. 3. Energy gained by ions as a function of their 
transit angle for sine waves. (VW = 40) 


where m, is the mass of the ion for which the spectrom- 
eter is most sensitive, and m, and m, the mass of the 
ions which are just rejected. 

Since the transit angle is proportional to the square 
root of the ion mass (Eq. (4)), 
a 2 
fn (20) 


a— a; 





The spread in @ permitted by the barrier potential 
can be calculated from Eq. (16) by approximating 1/a 
to 1/m, and tana/2 to 2/(#— a) when a is near m. If a 
new variable, 5= x—a, is defined, then 


Wm  sinNé/2 
Wale) Nb/2~ 


If the potential energy barrier is a fraction K of 
the maximum energy gain, the limiting values of 
5(6,) for which ions can pass over the barrier are those 
satisfying the condition 


sinN6,/2 
A =———_—.. (22) 
N6,/2 
From Eqs. (20) and (22), 
sin(N2/8R) 
A =———- --. 
(Nx/8R) 


Resolving power is shown as a function of (1—X) in 
Fig. 4 for NV =10, 20, and 40. 





(21) 


(23) 


(c) Current Efficiency 


The spectrometer cannot select all ions of one mass 
from a sample since the entrance phase of an ion must 
satisfy the condition 


Wm 


W » (2) 





coshé> K (24) 
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Fic. 4. Resolving power as a function of the parameter K 
for sine waves and square waves. (N= 20, 10, 40) 


if the ion is to surmount the potential barrier and reach 
the collector. A@ is the phase difference from the opti- 
mum entrance phase. During one cycle the rf system 
and retarding grid thus act as a gate which allows the 
ions to pass when | A@| < Az. The collector current is 
therefore pulsed at a radiofrequency, the pulse duration 
being a fraction 2A@,/2x of an rf cycle. If Jo is the 
initial current of ions of a given mass and J, the average 
collector current, then 


I,=1o(A0,/7) 
and the current efficiency 
E;=1,/Ip=(A401/n). (26) 
Eliminating A@; from Eqs. (24) and (26), 


(25) 





cos(rE,)=K. (27) 


V (3 


The maximum current efficiency occurs when: a=. 
Then from Eqs. (23) and (27), 


sin(N2/8R) 
(Nx/8R) 


cos(#Eimax) = 


(28) 


In practice K will be close to unity, resulting in high 
resolving power and low current efficiency. Under these 
conditions the sine and cosine terms in Eq. (28) can be 
approximated by the first two terms in their power 
series expansions. Then 


REimax= N/(8V3). (29) 


Resolving power can therefore be obtained only at the 
expense of current efficiency, but both can be controlled 


AND C. R. 


CROWELL 


over a wide range by the setting of the retarder grid 
potential. 


(d) Effect of Thermal Energies of the Ions 


Thus far it has been assumed that the ion source 
supplies monoenergetic ions. When the ions have a 
thermal spread in energy the collector current will not 
be abruptly cut off as assumed in the previous expres- 
sion for resolving power. The current reaching the col- 
lector because of the thermal energy of the ions will be 


We—-W 
I T= Io exe + ae | (30) 
kT 





where Wg is the height of the potential barrier with 
respect to the ion source, k is Boltzmann’s constant, and 
T the absolute temperature of the ion beam. Since W 
varies over the rf cycle, the average thermal current 


will be 
Ip f* (We—W) 
Ir=— exp— | ——— aan, (31) 
kT 


To 


when W<Wgs over the whole rf cycle. Substituting 
W=W,, cosdé, 


Io We “i W an 
Ip=— exp( -—) f exp| — cosa |4(A0), 
ta kT J J, kT 


and 
We, W = 
Ir= To ep(-—)s.(-1—), 
kT kT 


where Jo is a Bessel function of zero order. 

In practice Wg>kT, hence appreciable thermal 
current will flow only if W,, is of the order of Ws. 
Using the asymptotic expansion of Jo(ix) for large x 
and taking only the first term, we find 


(We—W~») kT \3 
Ir=I exp| - \( ) ; (32) 
kT 2cW », 


If W>Ws for a portion of the rf cycle, Eq. (31) is 
not applicable and must be modified by integrating 
over the portion of the cycle when W<W a, i.e., 


In f* W p—W», cosdé 
Ip=— exo] _ — k (A8). (33) 


us 46, 








Introducing a change in variable 
cosA8= cosA@,; cos§, 
Eq. (33) becomes 
Wr . cosA@, sing 
Ir=Io en(-—) f 
kT JJ, 2(1—cos?Aé, cos?p)! 


W,, cosd6z, cos8 


x —————_— dp. (34 
exp — \s (34) 
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The upper limit of integration was not changed 
because the exponential decrease of the integrand with 
increasing 8 makes this limit unimportant. For small 
A@,, i.e., at very high resolving power, 


cosA6@,; sin8= (1—cos?A@, cos’), 


and Eq. (34) becomes 


To Wp vs Wm 
lr=— exp( _ —)f exp] —— cosA6, coss |p 
kT J Jo kT 


us 


kT , (W p— Wa cosA@_;) 
=H ) e|- | 
22W » cosAéy, kT 


kT \3 
-14( ) . 
2rW p 


If Ir is large, it will degrade the resolving power of 
the spectrometer by increasing the mass range over 
which current can flow to the collector. Equation (32) 
shows the importance of operating the spectrometer 
with a large rf voltage (i.e., with large Wz and W,,), 
which decreases the amplitude and increases the ex- 
ponential decay of Jr with a. Thus a complete specifi- 
cation of the resolving power of a spectrometer under a 
given set of operating conditions requires a knowledge 
of the minimum detectable collector current, the initial 
ion current available, and the amplitude of the rf 
voltage, as well as those factors already considered. 











(35) 


Ill. SQUARE WAVE FORM 
(a) Energy Increment Versus Transit Angle 


If the rf voltage is represented as a series of sinusoidal 
voltages 











V=> V,sin(wt+8,), (36) 
then (see Eq. (12)) 
2eV, Na, ar Na, 
W=>> co +0, tan—sin——, (37) 
r  @, 2 2 2 


since the assumption of small signal conditions allows 
each sinusoid to be considered separately. 

Inserting the Fourier series for a square wave in 
Eq. (37) and optimizing the energy gained with respect 
to the entrance phase angle we obtain an expression for 
(W,./Wm(x)]. This is plotted as a function of a for 
N=20 in Fig. 5. 

The harmonics will produce maxima at a= 1/3, 4/5, 

. . etc., and all the harmonics will reinforce to pro- 
duce maxima at a= 2, 32, 5x, etc. The largest maximum 
of W,, is at a=, when 


W (3) = Nev. (38) 


At a=3n, 5x, . . . etc., the maxima have amplitudes 
Wrlr)/3, Wal(w)/S ... etce., and at a=x/3, 2/5, 


. . . etc., the maxima will be of the order of W,,(7)/3, 
W,(m)/5 ... etc. The latter maxima may be either 
higher or lower due to contributions to W,, from 
harmonics which are not passing through a maximum. 
The second largest maximum occurs at a=2/3, and 
has an amplitude 


4v3 
Wale/3)=|1/3+——|Wale), 39) 
if N is not divisible by 6. If N/6 is integral, 
W (2/3) _ 4W,,,(7) : (40) 


Equations (39) or (40) thus specify the minimum K 
which can be used if response to harmonic masses is 
to be avoided. 

The form of W near a=7 will now be considered in 
more detail to allow formulation of expressions for 
resolving power and current efficiency. To do this it is 
preferable to express W(a, @) in a closed form. 

If the wave form f(wi+6) is a square wave of am- 
plitude 


+1 when 0<wi+06€ 7, and 
—1 when r<wi+0< 27, 


g(wi+) is a triangular function periodic in 24 which 
can be expressed analytically as 


g(wi+8) = |wit+@| when —rKwlt+O<r. (41) 


Another property of this function which will be em- 
ployed is 


g(x+ wl+ 0) = x— g(wl+ 8). (42) 


Normalizing and rewriting Eq. (6) and expressing a 
in terms of the variable 5= x— a and @ in terms of the 
deviation A@ from the optimum phase angle for gaining 
energy [0=(N/2)5+A0, see Eq. (13) ], the equation 
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Fic. 5. Energy gained by ions as a function of their 
transit angle for square waves. (NW = 20) 
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becomes When | A6| >|N6/21, 
W ow (-1)") N 2| Ao) 
-> S (« [nr+-a0+(——n)a] = 
W (mr) n= N(x—8) 2 W fg 
“ ' (49) 
W(x) 1-8/4 


N 
= 4 (n- 1) 4+ A0+ (-+ -n)s}). (43) 


When nz or (n—1)z is an even multiple of z, it can be 
dropped from the expression, and when an odd multiple, 
it can be eliminated from g using Eq. (42). 7 can be 
removed from each of the V terms. Equation (43) then 
becomes 


W Vr—-1 N 


] N@ 
N(x—8) 2 «| 20+ (5-»)s] 
N 
+e| 004 (<+ —n)a]]. (44) 


The “g” terms can now be expressed analytically by 
Eq. (41), if 46 and 6 are restricted so that 


W (7) 














| A0| + |N6/2| <x. (45) 
Then 
W Nxr-1 ¥N N 
= —> Ad+ (<-*)a 
W»(3r) N(w—86) n= 2 
N 
+ at (<+1-n)s | 
Adding the n=N/2 and n=N/2+1 terms... the 


n=1 and n=N terms in Eq. (46) gives 


W Nr-1 Nr 


6+n'5 @— 
Wax) N(x- 5» &, bl ae ih oaiiiahs 


+ | A+ (n’—1)5|+ | A0—(n’—1)8|], (47) 


where n’=(N/2)—n+1 when n<(N/2), and n’=n 
—(N/2) when n>(N/2). This ordering of the terms 
shows that a change in sign of A@ and 6 does not affect 
the value of the sum of the terms. All terms satisfying 
| A@| > (n’—1)|6| are independent of 5. The expression 
for the sum of the terms will therefore depend on the 
relative magnitudes of 6 and A@. For each interval 


(n’—1)|8| <Ad<n' [5], 





a separate relationship is required. For any n’ between 1 


and N/2, this relationship is 
W 1 N\é| 2 
W(x) 1-8/4 2x Nr 





Ln (w'—1) 4] — @n’—1)].01). (48) 


For (N|6|/2)< 2/2, Eqs. (48) and (49) give W for 
all A@ between plus and minus 2/2. Since W(a, 6) 
= —W(a, 6), a similar set of equations gives W 
for all A@ between plus and minus 2/2 of the phase for 
greatest energy loss. Thus a solution has been obtained 
for any @ when (N|6|/2)<£ 2/2, and for a decreasing 
range of @ as (| 5|/2) approaches x. Ions whose values 
of A@ and 6 do not lie within the limits of validity of 
Eqs. (48) and (49) will not gain enough energy to sur- 
mount a potential barrier high enough to reject har- 
monic masses. 


(b) Current Efficiency 


As in the sine wave case the current efficiency is de- 
termined by Aé@,;. For small 6 (see Eq. (49)) 


1—2A6, 
1—(3/m) 


in which A@; increases with increasing 6. 
For slightly larger 5, AO; is determined by Eq. (48) 
when n’=(N/2). Then 


2A0,[1—(1/N)]+4(1—K)=2(1—K), (51) 


in which A@; decreases with increasing 6. 
Thus for maximum A@,;, and maximum current 
efficiency, 6 must have the value 
5p= (2/N)AOz mex, 


at which Eqs. (50) and (51) match. 
The maximum current efficiency is then 


(30) 





occurring when a= 2—6,, where 


pe 
6,=T < (53) 
N-K 





(c) Resolving Power 


Ions will just fail to reach the collector when A@=0 
if 5=68, or 52, where [see Eq. (48) ] 
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ANALYSIS’ OF THE LINEAR RF 


§, and 62 are both positive. 6;, 62, and 6, are defined in 
terms Of a, a, and a, of Eq. (20) as follows: 


ao= w+ be, 
Then from Eqs. (20), (53), and (54), 


a,=7—b;, and ap,=1—5,. 








1 [ N-1f (N°-—4K?)? 
R= | -, (55) 
8(1—K)LN—K] N(N?—4K) 
For large V, 
N 
Res (56) 
8(1—K) 


Resolving power is shown as a function of (1—K) in 
Fig. 4. Multiplying Eqs. (52) and (55) 


1 (N—1)? (N?—4K2)? 
REinax=— 


16 (N—K)® (N?—4K) 





(57) 


which for large NV is 
REinax= (N/16). (58) 
It will be seen that this is of the same order as the ex- 
pression obtained for sine waves (see Eq. (29)). 
(d) Effect of Thermal Energy of the Ions 


Using the appropriate forms of W [see Eqs. (48) and 
(49) ] in Eq. (31) and integrating, 


—(Wa—W»)\ (1-6/2) NRT 
Ir= To exp(— ————— ) f 
kT 2W (23) 





(B|5!), (59) 


where 
2W »(7) 
3= 
(1—6/2)NawkT 


and 


1 — N2g| 64 
f(8|6|) = 1-—_—exp ——), 
~  N(N-1) 4 





N/2-1 
—2 > —exp(—n?8|5|). (60) 
n=1 4n?—1 
As 6-0, f(8|6|)—-(1/V), and as {6|_ increases, 


f(8| 5|)—1. Since 8 is usually large, f(6| 5|) will change 
rapidly from 1/N to 1 as |6| increases. 

Eliminating Jo from Eqs. (58) and (59) where it 
appears implicitly, 


Ip 8R(1—8/e)kT 
esis f(B| 61) 


W (3 
= (We- W m) 
xexp( ). (61) 
kT 





inti 
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where J, is the signal current to the collector. The cor- 
responding equation for the sine wave case is 


Ip 8R/ 3kT \! —(Ws—Wn) 
—-—( ) exp ). (62) 
Temas N \2eW kT 


Under normal conditions when W,>kT and the 
resolving power is high, then the ratio J7/Jsmax will be 
smaller and the exponential decay will be more rapid 
for the square wave case. 








IV. CONCLUSIONS 


Since the rf system accelerates ions of one charge-to- 
mass ratio, ions with a charge of multiplicity g and 
mass m will be accelerated under the same conditions 
as singly-charged ions with a mass m/g. The energy 
increment of an ion is proportional to its charge, hence 
the potential barrier will be a smaller fraction of the 
peak energy for multiply-charged ions than for singly 
charged ions. Signal peaks due to multiply-charged 
ions should therefore have a higher current efficiency 
and lower resolving power than peaks due to singly- 
charged ions. By raising the retarding potential barrier, 
all ions other than multiply-charged ions can be re- 
jected. Thus identification of multiply-charged ions 
should be relatively simple. 

It may be shown that for the synchronous ion in the 
sine wave case, small errors in the grid spacing cause 
little change in the energy gained. When 6—0, the first- 
order energy corrections disappear. This would be ex- 
pected since the ion crosses from one gap to the next 
at a time when the rf field is passing through zero. It is 
to be expected that in the square wave case the grid 
spacing would be more critical, since the rf field is 
larger and is changing rapidly at the time when the 
ion passes through a grid. 

Examination of Fig. 4 shows that for the same value 
of K and N, considerably higher resolving power can 
be obtained with square waves than with sine waves. 
This increased resolving power is obtained at the ex- 
pense of current efficiency, since the product of resolving 
power and current efficiency is almost the same for 
either wave form (see Eqs. (29) and (58)). 

The highest resolving powers predicted in Fig. 4 
cannot be obtained in practice owing to the energy 
spread of ions from the ion source. The spread in energy 
due to thermal effects will be less troublesome in the 
square wave case [see Eqs. (61) and (62) ]. 
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Elasticity and Thermal Expansion of Germanium Between — 195 and 275°C 


Morris E. FINE 
Bell Telephone Laboratories, Incorporated, Murray Hill, New Jersey 
(Received October 27, 1952) 


Young’s moduli (£) of the directions (100) and (111) and the shear modulus (G) for (100) were determined 
in germanium from — 195 to 255, 275, and 140°C, respectively. From these moduli, the elastic parameters, 
the compressibility, and Poissons’s ratio were calculated. 

The thermal expansion was measured from — 196 to 275°C. 


INTRODUCTION 


INCE the elastic constants of germanium had been 
reported only for room temperature,' we undertook 
measurement of its elasticity as a function of tempera- 
ture. For these measurements the resonant dynamic 
method was employed. The resonant frequencies (50 to 
75 ke sec~') of longitudinal and torsional vibration of 
single crystal rods of selected orientations—the orienta- 
tions were selected so that the measurements would 
yield complete knowledge of the elasticity—were deter- 
mined at various temperatures. From the resonant 
frequencies and the thermal expansion the modulus 
appropriate for the mode of vibration was calculated as 
a function temperature, and then the elastic parameters 
(Six, Sag, aNd Sy2), the compressibility, and Poisson’s ratio 
were calculated from these. 


EXPERIMENTAL METHODS 


From single crystal blanks of 99.99* percent Ge? 
samples were cut with lengths parallel to the (111) and 
(100) directions. 
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Fic. 1. Coefficient of linear expansion of germanium. 
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Fic. 2. Young’s modulus for the (100) directions in germanium. 
1 Bond, Mason, McSkimin, Olsen, and Teal, Phys. Rev. 78, 


176 (1950). 
2G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950). 


Young’s moduli were determined by measuring the 
resonant frequencies of longitudinal vibration in rods 
approximately 1.5 in. long and 0.2 in. square. The vibra- 
tions were excited and detected electromagnetically.*“ 
Since Ge is not ferromagnetic, wafers of 45 Permalloy, 
0.010 in. thick, were sealed to the ends of the samples 
with a polysulfide rubber (Thiokol). Although this 
cement, being pliable, was a source of internal friction, 
the pliability was necessary to prevent cracking of the 
Ge due to difference in expansion between Ge and 45 
permalloy. 

The shear modulus of the (100) direction in Ge was 
determined by measuring the resonant frequency of a 
cylindrical sample approximately 0.2 in. in diam and 
1 in. long vibrating torsionally. For exciting and de- 
tecting the vibrations,*~’ a cylindrical quartz crystal 
torsionally piezoelectric (length parallel to the x crystal- 
lographic axis) was cemented to the Ge crystal using an 
epoxy resin adhesive (Araldite) which is somewhat 
stiffer than Thiokol at room temperature. The softening 
temperature of the adhesive and the melting point of 
the solder used in making electrical contact to the 
quartz crystal limited the temperature of measurement 
to 140°C. The resonant frequencies of the two crystals 
were closely matched, and from the known resonant 
frequency of the quartz crystal and the masses of the 
two crystals, the resonant frequency of the Ge crystal 
was calculated.® 

The experimental data consisted of a series of reso- 
nant frequencies (f) at various temperatures. The 
moduli were calculated from these by the following 
relation : 

4 pos (lo5)?( fr)? 
Er or Gr=———_"——_- 2 (1) 


In Eq. (1) p is the density (5.323 grams cm~*),’ 


3R. L. Wegel and H. Walther, Physics 6, 141 (1935). 

‘ Fine, Greiner, and Ellis, Trans. Am. Inst. Mining Met. Engrs. 
191, 56 (1951). 

5 F. C. Rose, Phys. Rev. 49. 50 (1936). 

®R. A. Sykes, Chap. VI in R. A. Heising, Quartz Crystals for Elec- 
trical Circuits (D. Van Nostrand Company, Inc., New York, 1946). 

7W. P. Mason, Piezoelectric Crystals and Their A pplication to 
Ulirasonics (D. Van Nostrand Company, Inc., New York, 1950), 
pp. 83, 90, 151. 

*M. E. Straumanis and E. Z. Aka, J. Appl. Phys. 23, 330 
(1952). 
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Fic. 3. Shear modulus for the (100) directions in germanium. 
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Fic. 4. Young’s modulus for the (111) directions in germanium. 


T refers to the temperature of test, 25 refers to 25°C, 
and / is the length of the sample. 

In the case of Young’s modulus Eq. (1) applies 
whatever the cross-sectional shape as long as it is 
uniform. For the shear modulus Eq. (1) applies only 
for uniform cylindrical cross sections. The shear modulus 
is a function of both the directions of shear strain and 
wave propagation. Actually measurement of torsional 
vibrations gives a torsional modulus where the strain 
directions are distributed circularly about the wave 
propagation axis. But in cubic crystals the shear 
modulus for a shear wave propagated in a (100) direction 
is independent of the direction of the shear strain.* 
Consequently, one can uniquely define a shear modulus 
for (100) and Gio may be measured with torsional 
vibrations. 

In order, to determine the correction term for thermal 
expansion in Eq. (1) the linear thermal expansion of Ge 
was determined using a dilatometer in which the 
difference in expansion between fused silica and the 
sample was measured with a dial gauge.'’ Expansion 
measurements were made at intervals of approximately 
2°C. The coefficients of expansion of Ge between — 180 
and 275°C, determined from a smooth curve drawn 
through the experimental points, are given in Fig. 1. 


E,0, Ein, AND Gyoo 


Young’s and shear moduli for the (100) directions in 
Ge are given as functions of temperature in Figs. 2 
and 3, respectively; Young’s modulus for the (111) 
directions is given in Fig. 4. Measurements were taken 
approximately 5°C apart. In all cases, the moduli de- 
crease monotonically on heating. 

*R. F. S. Hearmon, Revs. Modern Phys. 18, 409 (1946). 


"°M. E. Fine and W. C. Ellis, Trans. Am. Inst. Mining Met. 
Engrs. 175, 742 (1948). 
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ELASTIC PARAMETERS 


The elastic parameters are related to the moduli as 
follows :° 


1 
43, 
100 
1 
——, (2) 
100 
a 1 1 


S}o 





The parameters so calculated are shown in Fig. 5. 

The values at 25°C are compared in Table I with 
those determined by Bond, Mason, McSkimin, Olsen, 
and Teal,! recalculated using the density value of 5.323. 

The values of ss agree exactly, the values of sy 
differ by 0.7 percent, and the values for sy differ by 
1.5 percent. in this investigation s. established by 
difference is not as accurate as the other quantities. 


COMPRESSIBILITY 


For small pressures in cubic crystals, the compressi- 
bility® (adiabatic since dynamic measurement gives 
adiabatic moduli), 


lpdV 
k= -—|—| =3(6u+250) (3) 
Vidp J, 
The compressibilities calculated from the parameters 
are given in Fig. 6. 
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Tas_e I. Elastic parameters at 25°C. 














Sil Sua $i2 
cm? 
— x 10 
dyne 
Bond and co-workers 9.75 14.94 — 2.66 
Present investigation 9.685 14.94 — 2.70 








POISSON’S RATIO 
In cubic crystals Poisson’s ratio,® 
Siz 
s=——. (4) 


Su 


Poisson’s ratio is plotted in Fig. 7. 


DISCUSSION 


In the Griineisen theory of expansion,'! the coeffi- 
cient of linear expansion is proportional to the specific 
heat: 


vyK, vK, - 
a= —C,= ——{ ,. (5) 
3V 3V 


The atomic volume V and compressibility are insensi- 
tive to temperature changes compared to thermal 
changes in @ and the specific heats. The Griineisen 
constant y, usually assumed to be independent of 
temperature, is 1.10 in diamond and approximately 2 in 
metals, varying from 1.17 in Li to 3.03 in Au! (these 
were calculated from data at 20°C). In Ge y, calculated 
using the specific heat data of Estermann and Weert- 


4 E. Griineisen, Handbuch der Physik X (Julius Springer, Berlin, 
1926), p. 27. 
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Fic. 7. Poisson’s ratio of germanium. 


man,” is 0.65 at — 173°C and 0.74 at —73°C. A low y 
is perhaps characteristic of the diamond cubic structure. 

Young’s modulus is approximately proportional to 
the curvature of the interatomic potential energy- 
interatomic distance relation. The modulus normally 
decreases on heating. Like thermal expansion this is 
evidence for departure from the harmonic oscillator 
model of solids. If the potential energy changes, the 
modulus will in general change, and departures from 
normal temperature dependence will be observed. In 
phase transformations the modulus abruptly changes 
from one value to another. In second-order phase trans- 
formations, like loss of ferromagnetism or order, the 
modulus changes over a temperature range. For these 
reasons, a study of the modulus is a particularly good 
way of searching for transformations. Germanium in its 
modulus is normal from — 195 to 275°C. 
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A Transient Magnetic Dipole Source in a Dissipative Medium 


James R. Wart* 
Department of Electrical Engineering, University of Toronto, Toronto, Canada 


(Received November 12, 1952) 


The solution is given for the electric field of a small current-carrying loop which is immersed in a dissipa- 
tive medium and is energized by a step-function current. Approximate expressions for the magnetic fields are 
also derived. The propagation of an electromagnetic pulse in sea water is then discussed. 











INTRODUCTION 


HE subject of propagation of transient electro- 

magnetic waves in a medium with a finite con- 
ductivity has received little attention. Peterson! and 
Riordan? have considered electrical transient currents 
in insulated wires lying on the surface of the homoge- 
neous ground. They, however, made the assumption 
that all the displacement currents were zero. Sunde® 
has investigated the effects of lightning surges on trans- 
mission lines, where again displacement currents in the 
ground were neglected. 

The solution is given here for the fields of a magnetic 
dipole or small current-carrying loop embedded in an 
isotropic medium for the case when the dipole is ener- 
gized by a current of a step function form. The result 
will then be employed to illustrate the nature of an 
electromagnetic wave pulse propagating in a highly 
conducting medium such as sea water. The conductivity, 
dielectric constant, and magnetic permeability are de- 
noted by a, e, and y, respectively. 


SOLUTION FOR ELECTRIC FIELD 


The dipole or small current-carrying loop has area 
dA and carries a total circulating current equal to 
Tu(t) amperes, where 


u(t)=1 for t>0, 
=} for t=O, (1) 
=0 for t<0. 


A spherical polar coordinate system (r, 0, z) is chosen 
with the dipole at the origin and oriented in the polar 
direction. Symmetry about the polar axis is evident. 
The electric and magnetic fields for this case can be 
expressed in terms of a Hertz vector F(?) as follows?: 


0 
E(t) = — w— curlF(#) (2) 
ot 


and 
fel 


0 
H(t)= ( — ou—— eu—+t grad div) F(z). (3) 
at or 


The fields satisfy the homogeneous wave equation in 
all regions except at the dipole. 





* Present address: Radio Physics Laboratory, Defense Re- 
search Board, Shirley Bay, Ottawa, Canada. - 

'L. C. Peterson, Bell System Tech. q 9, 400 (1930). 

? J. Riordan, Bell System Tech. J. 10, 421 (1931). 

* E. D. Sunde, Am. Inst. Elec. Engrs. Trans. 59, 987 (1940). 
_‘J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 29. 


The Laplace transforms of the above equations can 
be written 


e(s) = — us curlf(s), (4) 
h(s) = (— ous—eyus?+grad div) f(s), (5) 


where the quantities e, h, and f are Laplace transforms 
with respect to s of E, H, and F. The function f(s) 
satisfies the transformed wave equation 


(V?— ous— eus*) f(s) =0. (6) 


At large values of the time the magnetic field com- 
ponents must approach those of a static magnetic 
dipole and are given by 


H,(t)=IdA cos0/2r’*, (7) 
Lim H,(t) =IdA sin0/4rr’, (8) 
E,(t) = Es(t) = E(t) = H4(t)=0. (9) 


The following must then be true: 


Lim F(é)=IdAi,/4-r, (10) 


where i, is a unit vector in the z direction. By the final 
value theorem for Laplace transforms, 


Lim F(t) = Lim sf(s), (11) 
so that 
Lim sf(s) = IdAi,/4ar. (12) 


To satisfy this condition, for large values of the time, 
and to be an appropriate solution of the wave equation, 
f(s) must be given by 


f(s)=i,JdA exp{ —[s(s+a) ]*k}/4ar, (13) 
where 


k=(eu)'r and a=a/e. 


The transform e,(s) of the electric field component 
E,(2) is given by 


cals)= f E,(t) exp(—st)dt 


uldA 
=———{1+k[s(s+a) }} 


4ar 


Xexp{—Ak[s(s+a)]#}. (14) 
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The other components of the electric field are zero. 
The solution of this Laplace integral equation is readily 
obtained by making use of the following known in- 
tegral :° 


[s(s+a) |! exp{ —&[s(s+a) }'} 
-f exp(—at/2)14 -(¢— #8] exp(—st)dt, (15) 


where Jo(x) is the modified Bessel function of the first 
kind of argument x. A differentiation of both sides of 
Eq. (15) with respect to & once, then twice, is per- 
formed to obtain the following two equations: 


expl#Ls(s+a) = f Q(t) exp(—st)dt 


+exp[—k(s+a/2)], (16) 


where 
Q(t) = exp(—at/2)2—'ak(# — k*)-17 ».[(P—k*)4'a/2)]; (17 
and 


[s(s-+a)}! exp{—A[s(s+-a) }}) 


a ak a 
= f P(t) exp(—st)dt+ (“+ 1 ); 
k 4 2 


Xexp[—k(s+a/2) ]—s exp[—k(s+a/2)], (18) 





where 
a’k? exp(—at/2) 
P(t)= T/C (@—k*)'a/2 
=p UO N21 
af exp(—at/2) 





T,L(f@—k’)'a/2). (19 
err LOH e/2}- (19) 


The prime over the Bessel function is the above equa- 


tion indicates a derivative with respect to its argument. 
The electric field E,(#) is then given by 


: uldA 
E,(t)= | [A(P(t))+Q(t) Ju(t—k) 
4rr? 


+(=+ 1 ); exp(— ak/2)5(t—k) 
—exp(—ak/2)5’(t—k),} (20) 


where 6(t—k) and 6’(t—k) are the unit impulse and unit 
doublet impulse functions,’ respectively, at t=k. 


5R. V. Churchill, Modern Operational ey (McGraw- 
Hill Book Company, Inc., New York, 1944), p. 

* B. Van der Pol and H. Bremmer, "Operednat C Calculus (Cam- 
bridge University Press, Cambridge, 1950), p. 82. 


To write E,(¢) in this form the following two relations 
are employed: 


exp(—hs)= f 5(t—k) exp(—st)dt (21) 


and 


5 exp(—hs)= f 5’(t— k) exp(—st)dt, (22) 


which are integrals of the Stieltjes type. 
The point ‘=k can be called the “wave head,” and 
it travels in the radial direction with the velocity 


v=(eu)~! meters per sec 


and is independent of the conductivity. For times { 
greater than k the field can be written 


E(t) = —(uldA/4ar*)[RP()+0(0) J; (23) 
for large times, such that 


i>k=(eu)'r (24) 
and 
(>1/a=e/c, (25) 


only the leading term in the asymptotic expansion for 
the Bessel functions need be retained, and it can be 
shown without difficulty that 


IdA 
E4() = -——C(8) siné, (26) 
4ror' 
where 
C,(t) = oF t5/27- 14! exp(— a*/41) (27) 
with 
a= our’. 


SOLUTION FOR MAGNETIC FIELDS 


The expressions for the magnetic field components 
H,(t) and H,(t) are related to E,(t) by the Maxwellian 
equations 





0H,(t) 9a 
uw——=—{rE,(1)] (28) 
ot or 
and 
0H,(t) 9 
— yr —": = el} (29) 


The ¢-component of the magnetic field is zero. 

The integration of these equations is not readily 
carried out for the exact case employing the general 
result for E,(/) given by Eq. (20). Again, however, if it 
is assumed that the time ¢ is large such that the in- 
equalities (24) and (25) are valid, the integration of the 
simplified form for E,4(#) in Eq. (26) is readily carried 
out to give 


H,(t)=IdA sinéC.(t)/42r° (30) 
and 


H,(t)=IdA cos0C,(t)/2xr, (31) 
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where 
C(t) = erfcy+ (y+2y*)22- exp(—y’), (32) 
and 
C;(t) =erfcy+2yx—! exp(—y’), (33) 
with 


y= 02/4t= ops" /At. 


erfc(y) is the complement of the error function of argu- 
ment y. The constants of integration are chosen so 
that the magnetic field values approach those of a 
static magnetic dipole as the time approaches infinity. 
That is, C2(¢) and C;(#) must approach unity for very 
large times. 


PULSE RESPONSE IN SEA WATER 


The field responses for a rectangular current pulse 
in the current-carrying loop or dipole is easily obtained 
from the response to a step function by superposition. 
For example, if the current /(¢) in the loop is given by 


I(t)=0 for t<0, 
=J ampfor 0</<T, (34) 
=0 for ¢t>T. 


The magnetic field response H(t) is given by 


H,(t)=JdA sindD(t)/4rr’, (35) 
where 
D()=Ct) for 0<t<T 
=C,(t)—C.(t—T) for t>T. 
When T is equal to 10~ second, the function D(¢) has 
been plotted as a function of time for various values 
of the parameter a®. These curves are only valid, of 
course, for large times such that the inequalities in 
(24) and (25) are valid. 

Physically these curves can be interpreted as the 
change of pulse shape of the magnetic field component 
H,(t), as the wave propagates is the radial direction 
corresponding to increasing values of a’. 
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The following values would be typical of sea water: 


a=4 mhos per meter, 
e= 80X 8.854 10-” farad per meter, and 
u=4rX10~ henry per meter. 


The observer is at a distance given by 
r= 20 meters. 
It then follows that 


k=0.6X10-* second, 
1/a=1.77X10-" second, and 
o?=2.0K 10°. 


For this example the intermediate curve in Fig. 1 
illustrates the nature of the magnetic field H,(t) for a 
millisecond source current pulse. This curve is not 
actually valid within a few microseconds of the leading 
and trailing edge of the source pulse at ‘=0 and ‘= 1.0 
millisecond, respectively. The pulse shape for the ob- 
server at other distances is also shown in Fig. 1. 

The acute dispersion in the pulse shape is apparent. 
The curves for the H,(¢) component would also exhibit 
similar dispersion in the pulse shape. 
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The stability of the nonlinear periodic oscillations is discussed 
by solving a variational equation which characterizes small varia- 
tions from the periodic states of equilibrium. This variational 
equation leads to a linear equation in which the coefficient is 
periodic in the time. If all solutions of this equation are bounded, 
then the oscillation is said to be stable, otherwise it is unstable. In 
order to establish the stability criterion, the characteristic ex- 
ponents for the unbounded solutions are calculated by Whittaker’s 
method. Then, the generalized stability condition is derived by 
comparing the said characteristic exponents with the damping of 
the system considered. Since the solutions of the variational 
equation have the form: e“*[sin(mr—o)+---], our stability con- 


1. INTRODUCTION 


ONLINEAR oscillations governed by the differ- 
ential equation 


d*v dv 
= F(. —, r), 
dr* dr 
' (1.1) 
dv dv 
rn -47)=r(x%,2)] 
dr dr 


are not seldom encountered in several different kinds 
of physical problems. It has been pointed out by 
Trefftz' that if the solution of (1.1) is stable, it must 
ultimately lead to a periodic solution in which the 
period is equal to the period T of the external force, or 
as its least period equal to an integral multiple (different 
from unity) of T.f Consequently, a nonperiodic oscilla- 
tion, if established, must be unstable. 

In the following lines we confine our attention to the 
periodic solutions which are essentially either harmonic 
or subharmonic even if higher harmonics may pre- 
dominate. It is known from the theory of differential 
equations that (1.1) possesses such solutions v(7) that 
are ‘uniquely determined once the values of v(0) and 
(dv/dr),-o, i.e., the initial conditions, are prescribed. 
It is, however, the distinctive character of nonlinear 
oscillations that the various types of periodic solutions 
of (1.1) may exist corresponding to the different values 
of the initial conditions prescribed. 

Contrary to many cases of linear differential equa- 
tions, it is hardly possible to find the general solution 
of (1.1) for the given initial conditions. Moreover, 
since explicit solutions in terms of the elementary 
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* Submitted to the Faculty of Engineering of Kyoto University 
in partial fulfillment of the requirement for the degree of Doctor 
of Scienee, March, 1952. 

1 E. Trefftz, Math. Ann. 95, 307 (1925). 

t Corresponding to these two cases the terms “harmonic” and 
“subharmonic” oscillations are respectively applied. 


dition is secured not only for the unbounded solutions having the 
fundamental frequency (n=1), but also for the unbounded solu- 
tions with higher harmonic frequencies (n=2, 3, 4, ---). Hence 
the generalized stability condition obtained in this way is par- 
ticularly effective in studying the oscillations in which the higher 
harmonics are excited. Finally our investigation is compared with 
one of the stability conditions derived by Mandelstam and 
Papalexi for the subharmonic oscillations. 

In the Appendix, the characteristic exponents are calculated at 
some length for the unbounded solutions of a variational equation 
in which the periodic coefficient involves sine series as well as 
cosine series. 


functions are not to be expected, the differential equa- 
tion (1.1) is treated by various analytic approximation 
methods. As mentioned above, so long as we confine 
the problem to the periodic oscillations, our conven- 
tional method of solution is to assume for v(7) a Fourier 
series development with undetermined coefficients, and 
then to fix them by the nonlinear relations obtained by 
substituting the series into the original equation (1.1). 
It should, however, be noticed that this method of 
solution is merely to find out the periodic states of 
equilibrium which are not always sustained, but are 
only able to last out so long as they are stable. The 
circumstances under which this condition obtains are 
determined by a further stability investigation. 


2. STABILITY OF THE PERIODIC SOLUTIONS 


A state of equilibrium is said to be stable or unstable 
according to whether any variation from this state 
caused by a sufficiently small perturbation attenuates 
or not with the lapse of time. As a typical case of 
Eq. (1.1), we now consider the following nonlinear 
differential equation 


dy dv ) 
—+ f(v)—+ g(v) =e(r), 
dr? dr 


with 





e(r+T)=e(r). 
Let the periodic solution of (2.1) be expressed by 


o(r)= (7), 


in which the period is equal to the period T of the 
external force, or as its least period equal to an integral 
multiple of T. If the small variation from this periodic 
state is denoted by &, we obtain the following variational 
equation for by the substitution of v(7)+é in place 


(2.2) 
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of v(r), i.e., 


dt dt df dg 
—to+|—+=]-0, a 
dr? dr rt dv 
or 
dt dé 
—+F(r)—+G(r)é=0, (2.4) 
dr? dr 


in which F(r) and G(r) are periodic functions of 1, 
determined by the substitution of (2.2) into (2.3). 
Now, introducing a new variable 7 with the following 


relation 
1 
gexo| —- f P()dr|-n (2.5) 


Eq. (2.4) is transformed as follows: 


d?y idF 1 
—+ | G0) --—-- (FO) hyo. (2.6) 
2dr 4 
This is a linear equation in which the coefficient of 7 is 
2 periodic function of r and may be developed into a 
Fourier series. 

By Floquet’s theorem? the general solution of (2.6) 
is given by 


n=cre""o(7)+c2e (7), 


where uw is the characteristic exponent determined by 
the coefficients of the Fourier series in (2.6), and ¢(r), 
¥(r) are periodic functions of 7 in which the period is 
the same or twice as much as the period of the Fourier 
series. 

Now we turn to the present stability investigation. 
As one readily sees from (2.5) and (2.7), the variation £ 
tends to zero with the increase of + if the real part of 
-}Fo+u is negative, Fy being the constant term in 
the series of F(r), and the corresponding periodic state 
of equilibrium is stable. On the contrary, if the real 
part of —3}Fo-tyu is positive, the variation ~ diverges 
boundlessly with the increase of 7, and the correspond- 
ing periodic state is unstable. Hence, for establishing 
the stability criterion, it is necessary to evaluate the 
characteristic exponent uw in (2.7), and this will be 
discussed in the following section. 


C1, C2: constants, (2.7) 


3. THE STABILITY PROBLEM FOR HILL’S EQUATION 


As mentioned in the foregoing section, the variational 
equation associated with the stability of the periodic 
solution is reduced to the linear equation (2.6) with a 
periodic function of 7 as its coefficient. The representa- 
tive one of (2.6) is what is called a Hill’s equation of 
the form 

d*n 2 
—+(0o+2 >> 6, cos2vr)n=0. (3.1) 


dr? v=1 


2G. Floquet, Ann. de I’Ecole norm. sup. 2-12, 47 (1883). 


We shall now briefly discuss the solution of this 
equation by the use of Whittaker’s method of change of 
parameter.f{ Substituting a solution 


n=e"(r) (3.2) 


into (3.1), we obtain 


d*o do 0 
—+ 2u—+ [00+ u?+2 > 0, cos2v7 ]o=0. (3.3) 
dr? dr v= 


According to Whittaker, the periodic function ¢(r) 
in the mth unstable region may be assumed to a first 
approximation in the form 


$(r)=sin(n7r —«), (3.4) 


in which o is a new parameter to be determined 
presently. Substituting (3.4) into (3.3) and equating to 
zero the coefficients of sinn7r and cosmr, respectively, 
we obtain 


2un sing+ (09+ u?—n?) cosco— 6, cosa=0, (3.5) 
ow 
2un coso— (09+ u?—n?) sino— 8, sino=0. 


Hence the characteristic exponent » and the parameter 
o are given by 
On ) 
p=— sin2o, 
2n 


with . (3.6) 





6° 
9,5=n?+ 6, cos2o— ( ~) sin?2<¢, 
2n J 


from which we obtain, by eliminating og, 
u?= —(Oo+n?)+ (4n70+0,7)!. (3.7) 


Since the characteristic exponent 4 may be assumed to 
be purely imaginary or real according to whether the 
solution is bounded or not for all positive values of 
the time, we have u?>0 for the unbounded solution 


t This method of solution was introduced by E. T. Whittaker 
[Proc. Edinburgh Math. Soc. 32, 75 (1914) ] in obtaining the 
quasi-periodic solution in the neighborhood of the characteristic 
functions (i.e., Mathieu functions) ce;(r) and se,(r) of Mathieu’s 
equation—a special case of Hill’s equation in which the periodic 
coefficient is a simple harmonic function of r [i.e., @.=0;=---=0 
in (3.1) ]. He assumed the solution in the form 


ce"*[sin(r—o) +--+ ]+c2e~"*[sin(r+o) +: --], 


where ¢; and ¢ are arbitrary constants and @ is a new parameter. 
This solution reduces to the Mathieu function ce;(r) for c= — r/2, 
and to se,(r) for o=0. Generally o has a value lying between 
— 2/2 and 0 for the unbounded solution in which the characteristic 
exponent wz may be considered as real. 

Later, A. W. Young [Proc. Edinburgh Math. Soc. 32, 81 
(1914) ] has applied this method of solution to obtain the quasi- 
periodic solution in the neighborhood of the Mathieu functions 
cé2(r), S€2(r) and ce3(7), se3(7). 

In our paper, we define the mth unstable region in 4, 6;-plane 
as associated with the unbounded solutions interposed between 
ce,(r) and se,(r), and apply the same term to the case of Hill’s 
equation. 
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[see Eq. (2.7) ]. This condition is transformed by (3.7) to 
(Ao— n?+- On) (Oo— n?— 6.) < 0, 


—_ 


or (3.8) 
|@,|> |@o—n?|. 


Since »=0 on the boundaries between the stable and 
unstable regions, the boundary lines of the mth unstable 
region are given by 


Bo= nO», (3.9) 


which are also derived directly by putting c= —2/2 
and o=0 in the second equation of (3.6). 

It is apparent from these equations that the values 
of uw, o and consequently the boundaries of the mth 
unstable region are determined only by 4 and @,, and 
are not affected by other parameters. This is because 
we have confined our calculation to the first approxi- 
mation. By the closer approximation, however, the re- 
maining parameters will be related to them, as will be 
shown in the appendix where the variational equation 
considered contains the periodic coefficient involving 
sine series as well as cosine series. 


4. CONDITION FOR THE STABILITY OF THE 
NONLINEAR PERIODIC OSCILLATIONS 


Following the preceding considerations, we shall de- 
rive the stability condition for the periodic oscillations 
governed by the following equation 


d*y dt 


——+ 25—+ f(r) =e(r), (4.1) 
dr? dr 


in which 26 is a constant damping coefficient, f(z) 
a nonlinear term, and e(r) a periodic external force. Let 
the variation of v be &. Then, corresponding to (2.5) 
and (2.6), we have 


f=e7r. ", 


d*n df 
—+ (- — s*)n=0. 
dr? \dr 


Now, once the periodic state of equilibrium is deter- 
mined (usually by applying either iteration or perturba- 
tion methods), the coefficient of in the last equation 
may be developed into a Fourier series, so that (4.2) 
leads to 


and 


(4.2) 


d*n 2 
——+[O0+2 > 0, cos(2vr—«,) n=O. 
dr? v= 


(4.3) 


According to the investigation in Section 2, the 
stability condition in this case is given by 5> |u|, or 
substituting (3.7) we obtain§ 


(8) —n®)?-+2(0o-+n?)6°+65'>0,2, n=1,2,3,---. (4.4) 


§ So long as we confine our calculation to a first approximation, 
Eq. (3.7) may be applied in the case of «, +0. 
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This is the stability condition (to a first approxi- 
mation||) for the mth unstable region, so that, in order 
that the periodic state of equilibrium is stable, the 
condition (4.4) must be satisfied for all values of n 
simultaneously. 


5. SOME COMPLEMENTARY REMARKS ON THE 
STABILITY CONDITION 


In this section we shall compare the stability condi- 
tion obtained in the foregoing section with the one 
hitherto reported, and explain the physical meaning of 
the instability in the mth unstable region. 

Stability investigations in nonlinear oscillations are 
to be found in many physical and technical journals. 
Here the one reported by Mandelstam and Papalexi* 
with elegant form will be taken up for comparison. 
They have discussed the subharmonic oscillations in 
vacuum tube circuits governed by the following equa- 
tion 


d*y dv 
—+1= r-F( —)+B cosyvt, v=2,3,4,---, (5.1) 


dr? dr 


in which the parametric coefficient \ of the nonlinear 
function F(v,dv/dr) is sufficiently small. They have 
treated the problem by the perturbation method, and 
obtained the following periodic solution for the sub- 
harmonic oscillation of order 1/y, i.e., 


v=xsinr+ycost+w cosyr, w=B/(1—v’), 


(5.2) 


in which the amplitudes x and y are to be determined by 
the conditions 


J ¥(x, y, rT) sinrdr=0, 
0 


f (x, y, 7) costdr=0, 


where 


(x, y, 7) = F(x sinr+ y cost+w cosvr, 





x cost— y Sinr— vw sinvr).) 


This is quite the same relation as that obtained by 
substituting (5.2) into (5.1) and equating to zero the 
coefficients of sinr and cosr, respectively. Then, as for 
the stability condition, they have derived the following 


relation 
2n oy Qn oy 
f —sinrdr f — cosrdr 
0 Ox 0 Ox 


2 oy 2r oy 
f — sintdr f — costdr 
79 oy 0 oy 


>0, (5.4) 











|| In the case when the stability condition of the higher order 
approximation is preferable, we should refer to the appendix for 
the closer evaluation of yu. 

*L. Mandelstam and N. Papalexi, Z. Physik 73, 223 (1932). 
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which has been deduced from the consideration that 
the variation of the amplitudes x and y of the sub- 
harmonic oscillation tend to zero with the lapse of 
time T. 

On the other hand, in our preceding investigation, 
the differential equation which governs the oscillation 
is given by (4.1), in which the damping coefficient 26 is 
constant, but not necessarily small. In order to investi- 
gate the subharmonic oscillations, the external force 
e(r) in (4.1) may conveniently be expressed by B cosvr, 
and then the periodic solution will be given by (5.2). 

Now we shall proceed to show that the stability 
condition (5.4) corresponds to our condition (4.4) for 
the first unstable region (n= 1). Since v(7) is a periodic 
function of + [see Eq. (5.2) ], df/dv in (4.2) may be 
expanded in a Fourier series as 
df ) 
taille cos2T+ a2 cos4r+ -:: 

y 


+; sin27+ 5d sin4dr+---, 





where 

1 2r df 

a=-— —dr, r (5.5) 
2r 0 dv 
1 2" df 

a=- f —cos2vrdr, (v=1,2,3,---), 
T/o dv 
1 2r df 

u=- f —sin2vrdr, (v=1,2,3,---).! 
WTd/o dv } 


Substituting this into (4.2), and comparing with (4.3), 
we obtain 


09= ao— 5°, 
b, (5.6) 


€,= arctan—. 
a, 


26, = (a,*+ b,?)! 


Hence the stability condition (4.4) may be written as 
(ay —n?)?+-4n?5?>2(a,?+),”), 


and further, substituting for ao, @,, and 5, their values 
as given by (5.5), we have 


lr df 2 
Lf (LawaeP tote 
0 dv 
2" df 2 2" df 2 
>| f — cosdnrdr + f — sinned , 
0 dv 0 dv 
or 


2s df 2r df 
f (—-n") sintnrdr: f (—-») cos*urdr 
0 0 dv 


dv 
2r df 2 
-|f (<n sinnr cosnrdr | +4n*r?5*>0. 
0 dv 


OF NONLINEAR 


PERIODIC OSCILLATIONS 347 


This stability condition may be rewritten in a form 
similar to that of (5.4), namely, 


Qe Q2r ) 
f WV, sinnrdr f V, cosnrdr 
0 0 


. : >0, 
| f W, sinnrdr f W, cosurdr 
0 0 


in which 





r (5.7) 


af 
v= (-- n') sinnr-+ 2né6 cosnr, 
v 





df 
v,= (—- n') cosnr— 2né6 sinnr. 
dv 


Now the stability condition (5.4) may be derived by 
putting »=1 in (5.7), i.e., upon comparing (5.1) with 
(4.1), we have 


=F . an 
v(x, ¥; T) = (« —) => 40)- -| 


and hence, by (5.2), 


ay 1 df 26 1 
—=-(1-—) sinr—— cosr= —-[ Wz ]nai, 
r r 


ox X dv 

oy 1 df 26 1 

—= -(1-—) cosr+— sinr= —-[ Vy, Jno. 
Oy X dv r r 


The substitution of these two relations into (5.7) will 
yield (5.4). 

Therefore, the stability condition given by Mandel- 
stam and Papalexi offers no information for »=2. 
This is because they have discussed the problem by the 
perturbation method, assuming that the nonlinearity 
expressed by J in (5.1) is sufficiently small. Whereas in 
our investigation, the generalized stability condition 
(4.4) or (5.7) for the mth unstable region will furnish 
the criterion to distinguish the stability for the mth 
harmonic of the fundamental oscillation. This will be 
clear from the following consideration that an oscillation 
with n times the fundamental frequency is excited in the 
nth unstable region, for the solution of the variational 
equation in this region has the form: e*[sin(m7—c) 
+higher order terms in 6, 02, «++ ]. 

Our generalized condition is effective when we investi- 
gate the harmonic oscillation in which the higher 
harmonics are predominantly superposed with negative 
damping. Our condition is also effective in the case when 
we discuss the stability of the subharmonic oscillations ; 
—e.g., in studying the subharmonic oscillation of 
order 4, we are frequently encountered with the self- 
excitation of the second harmonic of the subharmonic 
oscillation, i.e., the oscillation of order %, which will no 
longer permit the continuation of the original sub- 
harmonic oscillation. Thus, the stability condition for 
the first unstable region is not sufficient in this case, 
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and the instability above mentioned may be detected 
by putting »=2 in (4.4) or (5.7). 
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APPENDIX. EVALUATION OF THE CHARACTERISTIC 
EXPONENT FOR THE VARIATIONAL EQUATION (4.3) 

As has been indicated in Section 4, the variational 
equation associated with the periodic oscillation is given 
by (4.3) in which the periodic coefficient involves sine 
series as well as cosine series. (If all the arguments «¢,’s 
are zero, it reduces to a Hill’s equation.) Since the 
closer evaluation of the characteristic exponent will be 
necessary in the case when the stability condition of the 
higher order approximation is desired, we shall write 
down some expansions of the characteristic exponent u 
for the following equation 


2m , 
rg [O+2 >> 0, cos(2vr—«,) n=O. 


dr? v=] 


(a) For the unbounded solution associated with the 
first unstable region: 
The characteristic exponent yu is given by the follow- 
ing expansion** 
| 1 
p= - sin2o+ gous sin(20-+ 2€,— €2) 


1 
+20 sin(20+ €:+ €2— €3) 
4 


1 
+—630,4 sin(2o+ é;+ a €4)+ ee. 
48 
in which the parameter a is to be determined by 


1 1 1 
60= 1+-0; cos20+ (-+- costo JO," 
4 8 6 


l 1 1 
—_ —§;?— “ -6,?+ —00 cos(20¢+ 2e,— €2) 
16 0 4 
1 
+ = cos(20+ €:+ €2— €3) 
1 


1 
— cos(20+ éi+ €3;— €4)+ bk 


{| An application of the generalized stability condition to the 
subharmonic oscillation of order 1/3 will be reported in an- 
other paper. 

** The computation was carried out by making use of Whit- 
taker’s method of change of parameter. 
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(b) For the unbounded solution associated with the 
second unstable region: 

Similarly to the preceding case, the expansions for y 
and 4 are given by 


1 1 
u=-O, sin2do——4#,? sin(20—2¢,+ €2) 
4 16 
1 


+—#46; sin(2o+ e+ €2— €3) 
2 
1 
+ —6 6, sin(2o+ 2eo2— €4,)+ “oe 
64 


1 1 
69>=4+ 62 cos2a+ |-- — cos(20—2€,+ o) fo 
6 4 


1 1 1 1 
+ ( -—+— costo ast —9;2——0,? 
16 32 10 24 


1 
+610; cos(20+ é:+ €2— €3) 
6 


1 
+—644 cos(20+ 2eo— €4)+ oon 
16 


(c) For the unbounded solution associated with the 
third unstable region: 


1 1 
Lh= —O; sin2do— —60. sin(2o— i €2+ €3) 
6 24 
1 
+—6,04 sin(20+ €:+ €3— €4)+ °°", 
48 
1 1 
o= 9+ 6; cos2o+-—6;?+— 6,’ 
16 10 
8 
+ (-—+— coste JO 
36 72 
1 1 
— —§,— 965 cos(20— oes éa+ €3) 
4 4 
1 


+-610, cos(2¢+ €é:+ €3— €4)+ oon 
8 


The periodic functions (7) and ¥(7) in the solutions 
[see Eq. (2.7) ] are obtained at the same time. They 
have, however, no direct concern to the stability 
problem, so that the lengthy expansions for (7) and 
¥(r) will be omitted here. 











youl 


T 


resul 
suffic 
negli 
treat 
adeq 
amp! 
char; 
A 
adeq 
pear 
one 
perfe 
flow 
desc 
inter 
is al 
veloc 
collic 
In 
pose 
collic 
valu 
sym 
in F 
Gen 
collis 
plish 
men: 
Pr 
upor 
tion 
Met: 
Lab 
men 


* v 
Com: 
1B 


563-5 





JOURNAL OF APPLIED PHYSICS VOLUME 24, NUMBER 3 MARCH, 1953 


the } Limiting Conditions for Jet Formation in High Velocity Collisions 


J. M. Watsu, R. G. SHREFFLER, AND F. J. WILLIG 











oT pb Los Alamos Scientific Laboratory, Los Alamos, New Mexico* 
(Received August 22, 1952) 
The high velocity collision of two solids is discussed as a problem in compressible fluid hydrodynamics. 
Such collisions may conveniently be divided into jetless and jet-forming categories. A theory is presented 
which describes flow in the collision region for the jetless case and determines a critical collision angle 
(as a function of material velocities and equation-of-state properties of the materials) above which a jet 
must arise from the collision. 
The experimental study of solid collisions utilizes metal plates driven by high explosives, the impact of 
the plates being recorded with a high speed smear camera. Two experimental arrangements are used, and 
data for collisions employing Dural, mild steel, brass and lead are presented. Jetless and jet-forming col- 
lisions are observed, and critical angles separating the two types are compared with theoretical predictions. 
Agreement seems sufficiently good to indicate that the theory is valid. 
I. INTRODUCTION as a check on both the theory of the flow and the 
HE collision of two solids gives rise to internal equation-of-state data. 
pressures in the vicinity of the collision. Pressures Il. THEORY 
resulting from an extremely violent collision may be : a 
sufficiently high that the strength of the material is 1. The Symmetric Jetless Collision 
negligible, so that motion in the collision region can be We now turn to the mathematical description of the 
treated as a problem in fluid hydrodynamics. Velocities symmetric collision for a sufficiently small angle be- 
adequate for such collisions may be attained, for €X- tween the impinging surfaces. The postulated configura- 
ample, by accelerating metal plates with high explosive tion, which is jetless, is shown in Fig. 2. (Motion is 
charges. i referred to a coordinate system in which instantaneous 
A well-known treatment of the collision problem, point of collision M is stationary, as illustrated in 
adequate for many important applications, has ap- Fig. 1B.) This configuration was first proposed by 
| the peared in the literature.’ The problem was treated as K. Fuchs and P. Stein of the Los Alamos Scientific 
one in the classical hydrodynamics of a compressible Laboratory.” 
perfect fluid, and the role of shock waves within the Although the above configuration is postulated, the 
flow was ignored. With these assumptions, equations following remarks indicate it to be the only plausible 
describing the flow were obtained. It is of particular stationary jetless flow. Since, by hypothesis, U» is 
interest to note that a forward stream of material (jet) supersonic, it follows that a sonic disturbance from the 
is always predicted by this treatment and that jet collision cannot remain stationary in the entry flow. 
‘) velocity becomes infinite as the angle between the The flow must, then, first encounter a shock wave. If 
colliding plates approaches zero. such a shock wave is ahead of M, however, the pressure 
In the following an alternative jetless model is pro- behind the shock will be released at the free surface by 
posed for collisions in which the angle between the flow of fluid into the cavity, and jetting results. Ex- 
colliding surfaces is smaller than a certain critical cluding disturbance ahead of M, a discontinuity (shock) 
value, determined in the theory. The steady-state at M must exist, since a discontinuous change in flow 
symmetric collision of two identical plates, illustrated direction is required by the boundary condition that 
in Fig. 1, is emphasized because of its simplicity. flow cannot cross the line of symmetry BM. Finally, if 
Generalizations to asymmetric and nonsteady-state the deflection ¢ is to be accomplished in stages by two 
collisions are also presented. Experiments which accom- or more shocks through M, one finds that the com- 
plish the desired collisions are described and experi- ponent of flow normal to the second shock is always 
mental data are compared with both models of the flow. subsonic, which is impossible. The deflection ¢, then, 
Predictions of the following theory are dependent if the configuration is to be jetless, must be accom- 
upon equation of state of the materials involved. Equa- * Los Alamos (1945). Critical angles were calculated employing 
¥ tion of state data are taken from work by Feynman, 4 variation technique. Although the present treatment more 
Metropolis, and Teller at the Los Alamos Scientific oa = - — of mie = ~ ee sea 
. . aah | ow problem by A. Busemann (Handbuc x periment 
Laboratory (see Appendix I). A correlation of expert Physik, Vol. IV (1931)), it — may be considered as an 
tions mental results with theoretical predictions then serves extension of the earlier work of Fuchs and Stein. As such it also 
, includes considerations of plausibility for the postulated con- 
They * Work done under the auspices of the U. S. Atomic Energy figuration, the sonic angle, increased pressure from oblique col- 
bility ommission. lisions, lower limit of applicability for configurations and time- 
. and ' Birkhoff, MacDougall, Pugh, and Taylor, J. Appl. Phys. 19, dependent collisions. Critical angles calculated by the two methods 
563-582 (1948). are in agreement. 
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Fic. la. The symmetric collision of two plates, referred to 
a laboratory system of coordinates. 








COLLISION 
REGION 


Fic. 1b. The symmetric collision of two plates referred to a 
coordinate system moving with the collision region. The flow 
configuration, in this coordinate system, is reduced to that of 
two impinging streams. 


plished by a single shock through M, as indicated in 
Fig. 2. 

If Uo is held fixed and ¢ increased, one reaches a 
critical angle ¢., above which this flow is no longer 
possible. The following analysis determines the flow 
configuration for ¢<¢,, and ¢, as a function of both U5 
and properties of the colliding material. 

Solution of the problem is aided by reference to 
Fig. 2. Here the initial and final velocities Up and U 
are resolved into components normal (subscript ”) and 
tangent (subscript #) to the shock wave. Prior to col- 
lision, the material is further defined by its density po 
and zero pressure. The analysis largely depends upon 
the mechanical shock equations; i.e., the equation of 
continuity 


UonPo= Up. (1) 


The conservation of momentum perpendicular to the 
shock front, 


Uonpo(Uoa— U,) _ P, (2) 
and the conservation of momentum parallel to the 
shock front, 

UVo=U:. (3) 
It is convenient to replace Eqs. (1), (2) by their explicit 
solutions for velocity 





rP(u+1) |} 

Geum ———| (4) 
L pow 
- P } 

U,= ——|, (S) 
L pou (ut 1) 
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where y is a measure of compression defined by 








u=(p/po)—1. (6) 
Further, by geometry from Fig. 2, 
Uu=U.=(U?— Uon*)! (7) 
U=(U2+U,2)! (8) 
Von U, 
¢=tan"! = tan~!'—. (9) 
U, U; 


In order to determine the system completely, these 
equations must be supplemented by equation-of-state 
data for the materials concerned. This information, in 
the form 


P= P(u) (10) 


is obtained from work by Feynman, Metropolis, and 
Teller. Their data, for aluminum, iron, and lead, is 
presented in Appendix I. The use of known formulas 
is precluded in the following, by the nonpolytropic 
form of (10). We proceed without making special use 
of the analytic form of (10), except for purposes of 
numerical calculations. 

A simple representation of the problem is that of a 
shock polar in the hodograph plane.’ It is convenient 
to take pp and U» as fixed initial conditions for a given 
polar diagram, while yu is regarded as an independent 
parameter by variation of which the shock polar is 
plotted. Values of U», and U, for given values of u are 
obtained by substitution in Eqs. (10), (4), (5). Associ- 
ated values of the remaining variables are computed 
from Eqs. (7), (8), and (9). A plot typical of all materials 
investigated is shown in Fig. 3. The curved locus defines 
all possible shock transitions associated with a stream 
of initial velocity U> and density po. The parameter 4, 
not shown in this plot, increases monotonically along 
the curve, from zero at the right intercept with the 
ray ¢=0, to a maximum value at the left intercept. 

A ray ¢>¢@- does not intersect the shock polar. The 
deflection defined by such a ray is therefore not possible 
by means of a shock, and the above jetless flow cannot 
occur. 

A ray ¢<¢, intersects the shock polar at two points s 
and w corresponding to a strong and a weak shock. 
Both are compatible with the preceding equations and 
lead to the same predicted no-jet and jet regions for 
the steady-state symmetric collision. The choice be- 
tween them may be made by the usual argument of 
physical continuity: for the limiting case ¢=0, there is 
no disturbance in the “impinging” streams. (In the 
laboratory system, this corresponds to two plates 
“colliding” head-on, at zero velocity.) Hence the strong 
shock must be discarded in this case, while the weak 
shock w is retained. For small angles, then, and indeed 


For a more complete discussion of shock polars see, fot 
example, R. Courant and K. O. Friedrichs, Interscience 306-317 
(1948). 
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JET FORMATION IN HIGH VELOCITY COLLISIONS 351 
all angles satisfying ¢<¢., the assumption of a con- — a= T 
tinuous behavior requires that the weak shock w de- 
scribe the experiment, while s is discarded. 
We now proceed to a calculation of the critical » i 7 
angle ¢-. Equation (9) can be rewritten 
(Uon— U,)U;, ) Vate 
tang= —____—_- 9’ E J \ 
U?+ Uo.U, g Pl i 
or, substituting from Eqs. (4), (5), (7) ; ~ 
“u 2 Open 4 sec 7 
P| poUo?| —— }—-P _ 
u+1 - v Use -U 
tan*@ = e (1 1) te 2°5 , . 
(poUo?— P)? 0 = 20mm /ysec : - <0 % +100 


At ¢-, do/du=d/dy(tan?¢)=0. Differentiating, with pq, 
Up fixed, 


dP P(P— poVU 0’) 


ee > for d= de. 
du (u+1)[upoUo?— P(u+2) J 


This relation, together with Eq. (10) and its derivative 
with respect to wu, determines the critical values of P 
and yw for given initial values po, Uo. The associated 
critical angle, ¢., is then obtained by substitution in 
Eq. (11). 

The above calculation is carried out for a range of 
values of Uy. One may then construct a plot for Up 
versus $-. It is more convenient however, to plot plate 
velocity in the laboratory system, V,= Us tang, versus 
the angle 2. These plots are shown in Figs. 14 and 15 
for aluminum and iron. Collisions described by the 
region above a given critical curve must form jets, 
while those below the critical curve are assumed 
jetless. 

Several remarks, pertinent to the above discussion 
and that which follows, may now be made. 

Since the shock wave of Fig. 2 is oblique, flow in the 
coalesced streams may be supersonic, sonic or subsonic 
(?=dp/dp=1dp/podu). The calculation of several cases 
indicates that supersonic flow exists for small collision 
angles @, and subsonic flow is observed for values of @ 





(12) 























Fic. 2. Postulated jetless configuration for the symmetric 
collision. The flow is for an infinitesimal region about the point 
of collision, M, and is referred to a coordinate system in which M 
18 motionless. 


VELOCITY 


Fic. 3. Shock polar for aluminum, Up= 10 mm/ysec (10 km/sec). 


within about 30’ of ¢,. Within this small region, then, 
the above configuration may interact with rarefaction 
waves from the free boundaries of the coalesced streams. 
The question of ascribing breakdown of the jetless 
configuration to the critical angle or to the sonic point 
has not been resolved, either theoretically or experi- 
mentally. The assumption that breakdown occurs at 
the sonic point would lower the theoretical curves of 
Figs. 14 and 15 only about 1°. 

The lower limit for applicability of the above model 
has not been discussed quantitatively; it was only 
required that collisions be “sufficiently violent.” Specifi- 
cally, shocks necéssary for the above description of a 
mild collision may not be stable; such an assumed 
initial disturbance may split into two or more dis- 
turbances which separate as time increases (e.g., the 
familiar elastic and plastic waves which are observed 
in solids). In Appendix I, estimated values of stable 
shock thresholds are given, along with equation-of-state 
data. Above such thresholds, stable shock waves will 
occur and the “sufficiently violent” condition is satis- 
fied without approximation. The treatment of mild 
collisions (below such thresholds) is outside the scope 
of this paper. 

Finally, one interesting feature of the calculations 
will be mentioned: For the symmetric collision of two 
plates of given velocity (normal to their free surfaces), 
the shock pressure (and compression) resulting from 
the collision is a minimum for the head-on collision 
(¢=0). Shock pressure and compression then increase 
monotonically with ¢ throughout the jetless domain, 
attaining their maximum values at the critical angle. 
The pressure arising from an oblique collision at the 
critical angle is of the order of twice that for the head-on 
collision. For example, in the shock polar of Fig. 3, 
the critical configuration is given by Up=10 mm/ysec 


Much the same problem has arisen in the theory of shock 
wave reflection, W. Bleakney and A. H. Taub, Revs. Modern 
Phys. 21, 600 (1949), where uncertainty in the breakdown of 
regular reflection is discussed. 
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Fic. 4. Jetless configuration for the asymmetric collision 
(unlike materials, unequal velocities). 


(or km/sec), ¢=12° 52’ and P.=0.82 megabar.’ Re- 
ferring to the coordinate system of the impinging plates, 
plate velocity is given by V,=10.0 tani2° 52’=2.28 
mm/ysec. The pressure arising from the head-on col- 
lision of two such plates (computed from the condition 
that the particle velocity for the shocks must be 2.28 
mm/sec) is only 0.45 megabar. 


2. The Asymmetric Collision of Dissimilar Solids 


The extension to asymmetric collisions of the pre- 
ceding work is straightforward. The postulated jetless 
flow, analogous to that shown in Fig. 2, is given in 
Fig. 4. Pressure must be constant across the contact 
surface which separates the two dissimilar streams and 
the flow velocity components normal to this surface 
must be zero. The velocity components parallel to this 
surface may be unequal, however, so that a slipstream 
results. From Eqs. (10) and (11), the angle of flow 
deflection for a given stream may be regarded as a 
function of shock pressure. Then 


26(P)= ¢:(P)+¢2(P). 


A breakdown of the jetless configuration must occur 
when either ¢:(P) or ¢2(P) reaches the critical angle 
associated with that stream. The critical angle is then 
given by 
2¢-(P) = $:(P.)+¢2(P.), 

where P, is the shock pressure associated with maximum 
possible deflection of either stream 1 or 2, whichever is 
smaller, and is given by direct calculation from Eggs. (10) 
and (12). 


3. Time-Dependent Flows ; The Symmetric Collision 
of Curved Surfaces 


The time-dependent collision V,= V(t), ¢=¢(#) can 
be regarded as a succession of separate (noninteracting) 
collisions between infinitesimal plane surfaces at con- 


‘It is interesting to note that breakdown of the jetless con- 
figuration is accompanied by a further increase of pressure, at 
least locally: At the stagnation point for a jet-forming collision, 
all kinetic energy must be transformed to enthalpy, in accordance 
with Bernoulli’s theorem. Application of the theory of reference 1 
to the above geometry indicates a pressure maximum (at the 
stagnation point) of 2.25 megabars. 
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stant @ and V,, provided a simple criterion is met: 
the laboratory-system velocity of the coalesced ma- 
terial, immediately behind the shock waves, must not 
decrease with time, i.e., 


d 
—(V.—U)>0. (13) 
dt 
This condition must be imposed to insure noninteraction 
of successive members of the infinitesimal collisions, 
(In addition to this condition it is also necessary to 
bear in mind that the proper collision at one stage of 
the process may be precluded by jets from an earlier 
stage). For a prescribed collision configuration, it is 
then possible to test applicability of the above theory. 
One of the experimental approaches described below 
employs collisions in which the angle 2¢ between the 
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Fic. 5. Wedge-type arrangement and smear camera photo 
graph. The rey eg illustrated is the 10° collision of two 
aluminum plates ( 
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free surfaces varies in a continuous manner while plate 
velocity V, remains effectively constant. In Appendix 
II, it is shown that (12) is satisfied for d¢/dt>0, and is 
violated for d@/dt<0. Hence collisions in which the 
angle 2¢ is constant or increases with time are described 
by the above theory, which is invalid for collisions in 
which 2¢ decreases with time. This conclusion is based 
on the assumption of the weak shock, as discussed 
above. If the strong shock (described above) were 
assumed, these conclusions would be reversed; the 
theory would apply to d¢@/di<0O and be invalid for 
d¢/dt>0. Success of predictions for the time-dependent 
collision with d¢/dt>0 can, then, be regarded as an 
experimental confirmation of the physical continuity 
argument. 


4. Concluding Remark 


It should be noted again that the jetless flow con- 
figuration is postulated. While it is compatible with the 
ordinary conservation equations and the properties of 
solids at high pressures, the questions of its uniqueness 
and stability have not been proved. It is the purpose of 
the experiments described below to test predictions of 
this theory and of that given in reference 1. 


Ill. EXPERIMENTATION 
1. Wedge-Type Collision Experiments 


Two experimental methods were employed to produce 
the desired collisions. The first of these is illustrated in 
Fig. 5. This arrangement uses two identical 12X12 in. 
plates, the free surfaces of which form a wedge angle 29. 
Each was backed by an 8X8X2 in. block of Com- 
position B (60 RDX, 40 TNT), and a plane wave 
generator. Plate material, the angle 2¢, and plate 
thickness were varied, all other parameters were held 
constant, at values indicated in the figure. 

The collision process was photographed by a smear 
camera, through a #-in. wide slit viewing the median 
plane of the assembly (see Fig. 5). The direction of 
sweep of the camera was at 90° to the slit, so that the 
resulting record is simply a Cartesian space-time plot of 
motion along the axis of the assembly. The camera 
used was capable of writing speeds as high as 3.20 mm 
on film per microsecond. 

The high intensity illumination required for such 
photography was obtained by means of an argon flash 
lamp,’ which backlights the wedge region (see Fig. 5). 
The explosive assembly used to activate this lamp is 
identical with that which backs each plate. 

Simultaneity of detonation® can be obtained by using 
one detonator for all three plane wave generators, with 





* These plane wave generators are a lens-type combination of 
two explosives with slow and fast detonation velocities, such that 
point initiation is converted into a plane detonation wave. See 
J. H. Cook, Research 1, 474 (1948). 

™R. H. Cole, Underwater Explosions (Princeton University 
Press, Princeton, 1948), pp. 213-14. 

* Pugh, Heine-Geldern, Foner, and Mutschler, J. Appl. Phys. 
22, 487 (1951). 
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Fic. 6. Framing camera record of motion for a }-in. brass 
a Time separation between pictures shown is 2.25 usec. 
istance between vertical reference wires is 6 in. 


equal lengths of primacord extending from the detonator 
to each of the three detonation points. 

A typical smear camera record is also shown in Fig. 5. 
Distance (along the axis, from the wedge vertex) in- 
creases to the right. Tape distance markers, placed 
across the slit, serve to identify various positions. Time 
increases downward, with a zero time arbitrarily defined 
as the beginning of argon flash illumination. At a later 
time the light path is obstructed by the impinging walls 
of the wedge. From the position and slope of this 
extinction line, one obtains a shadowgraph record of 
motion along the axis of the wedge. Finally, a jet is 
produced near the edge of the wedge region, and is 
observed to proceed to the right. Light necessary for 
the record of jet motion is produced by self-luminosity 
of the jet. 
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Fic. 7. Distance-time plot for the 10° collision of aluminum plates. 


A simple auxiliary experiment facilitates interpreta- 
tion of the collision record. The trajectory of a single 
plate when accelerated by the above explosive assembly 
is examined separately. This is accomplished by pho- 
tographing the motion (in shadowgraph) by means of 
a Bowen® type framing camera, which takes photo- 


























’ Fic. 8. Smear camera record for the 60° collision of 
aluminum plates (line 6, Table IA). 


* The Bowen 76 Lens Camera, NOTS, September, 1948. 
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graphs having a time separation of 0.9 microsecond 
(or more) between successive frames. Figure 6 shows 
frames selected from such a record. From the motion 
observed by this method it is a simple matter to calcu- 
late the expected motion of the instantaneous point of 


collision, for two such plates inclined at a given angle. . 


This calculation was carried out for each configuration, 


and the resulting “‘predicted collapse” motion was com- : 


pared with the “observed collapse” from the collision 
shot. Figure 6 also shows that the edges of the plate lag 
behind, while the central region remains effectively 
plane. This condition causes final stages of the collision 
to take place at an angle which is greater than the 
original wedge angle. Near this extreme end one must 
expect jetting, since the collision angle approaches 180°. 
It is possible, however, to distinguish between these 
afterjets and jets associated with collision at the proper 
wedge angle. Jets from edge effects also arise from the 
sides of the impinging plates, as may be noted by 
inspection of Fig. 5. Such jets are directed toward the 
observer and are identified as luminosity appearing 
shortly after the collapsing plates have obscured the 
flash lamp. 

Figure 7 is a plot of the pertinent features of the 
photograph shown in Fig. 5. The plates were of Dural 
3-in. thick and the collapse angle 2¢ was 10°. The 
jetless nature of the collision is readily established. 
Good agreement between the predicted and the ob- 
served collapse is evident. Further, although a jet 
(actually an afterjet) is present, its velocity is lower 
than that of the collapse point near the center of the 
wedge; hence it could not have been formed in that 
region. 

Figures 8 and 9 show the photographic record and 
data plot for a jet-forming 60° collision of }-in. Dural 
plates. An accurate determination of the point of origin 
of the jet is obtained by taking its position and velocity 
near the open end of the wedge and extrapolating back 
to the collapse line, as shown in Fig. 9. (Jets are 
luminous, and motion in the wedge region is observed 
by shadowgraph; as a result both the jet and collapse 
point positions become obscure after a-jet is formed in 
the wedge region.) The jet is seen to come from a point 
before the center of the wedge clearly indicating that 
the 60° collision is jet-forming. This extrapolation pro- 
cedure and the criterion that a jet must have a higher 
velocity than the moving collision point from which it 
emanates are sufficient to establish the jet-nojet char- 
acter of every collision. 

Results for shots fired by the above technique are 
shown in Table I. 


2. Angle-Variation Collision Experiments 


The second technique employed to produce collisions 
is shown in Fig. 10. The plates are aligned and one end 
of each is backed by an 8X4X4-in. block of high 
explosive, either Composition B or Baratol (75 percent 
barium nitrate, 25 percent TNT). Detonation is accom- 
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plished by a small rectangular-shaped plane wave 
generator to accomplish approximate line initiation as 
indicated in the figure. This arrangement gives a con- 
tinuous range of collision angles, which can be controlled 
by variation of plate separation and angle between the 
plates. For the experiments described below, it was 
convenient to use parallel plates with a two centimeter 
separation. Plate thickness and material were varied. 
The photographic procedure (not indicated in the 
figure) is the same as that for the previous technique. 
In order to interpret these experiments it is necessary 
to know the behavior of one plate when driven by the 
explosive assembly to be used. This information is 
again obtained by use of a framing camera which 
observes plate motion by shadowgraph. Frames from 
such a record are shown in Fig. 11. The “predicted” 
collapse point motion is then calculated for the collision 


TABLE I. Data from wedge-type collisions. 








Angle 





Metal between 
thick- free sur- 
Metal ness faces2¢ Plate velocity Results 
Dural 24ST 4 in. 10° 3.58 mm/sec Jetless 
94% Al Same 25° 3.58 Jetless 
Same 30° 3.58 Jetless 
Same 34° 3.86 Jet velocity =20.17 
mm/sec 


Same 45° 3.86 - Jet velocity =17.41 


mm/sec 
Same 60° 3.86 Jet velocity =13.57 


mm/sec 


Steel (mild) Same 25° 2.52 Jetless 
99+% Fe Same 30° 2.52 Jet velocity =15.11 
mm/sec 
Lead } in. 30° 2.30 +0.10 Jetless 
4 in. 45° 2.30 +0.10 Jet velocity = 11.09 
mm/sec 
4 in. 60° 2.30 +0.10 Jet velocity =9.00 
mm / usec 
Brass (yellow) 4 in. 10° 2.22 Jetless 
67% Cu Same 20° 2.22 Jetless 
33% Zn Same 45° 2.38 Jet velocity =12.17 
mm/sec 








of two such plates in a given geometry. The angle of 
collision is also measured directly from the film. It 
should be noted that this angle increases throughout 
the collision, so that d¢/di>0, and that the plate 
velocity, V,, is approximately constant. (These condi- 
tions are shown, in the theoretical section, to be 
sufficient to assure applicability of the jetless configura- 
tion theory.) 

Figure 12 shows a plot of the collision photograph 
given in Fig. 10, together with data obtained from the 
framing camera record. Observed and predicted col- 
lapses are seen to agree closely, until a certain point 
after which a marked velocity increase is found. This is 
presumably where jetting begins. Values of plate 
velocity and collision angle at the jetting point are 
obtained from the framing camera record. Results for 
shots fired by this technique are shown in Table II. 

An interesting qualitative record of the collision 
Process is shown in Fig. 13. These shadowgraph pictures 
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Fic. 9. Distance-time plot for the 60° collision of aluminum plates. 


were taken by a framing camera (0.9 usec between 
frames) and clearly indicate the jetless nature of early 
phases of the collision process. This collision used the 
variable angle technique illustrated in Fig. 10. 
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Fic. 10. Angle-variation arrangement and a typical record 
(experiment listed in line 2, Table IB). 
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Fic. 11. Framing camera record of }-in. steel plate, driven by 
charge assembly shown in Fig. 10. Time separation between 
pictures is 2.7 usec. Distance between vertical markers is 6 in. 


IV. COMPARISON OF THEORY AND EXPERIMENTS 


The jet-nojet character of a collision can be compared 
with predictions of the theory. For this purpose, the 
alloys used in actual collisions are compared with 
theoretical curves for their predominant element. Hence 
24ST Dural (94 percent Al) is approximated as alu- 
minum and mild steel (99+Fe) is approximated as 
iron. The lead used in the experiments was essentially 
pure. 

Results for collisions employing Dural and steel are 
compared with their theoretical curves in Figs. 14 
and 15, respectively. Points indicate the wedge-type 
experiments given in Table I. Angle-variation collisions, 
taken from Table II, are plotted as lines. The latter are 
jetless in early stages and each produces a jet within 3° 
of the theoretical value of 2¢,; aluminum is seen to jet 
slightly below the theoretical curve and iron jets 
slightly above. These trends, different for aluminum 
and iron, seem to suggest that most of the existing 
error is due to equation of state approximations. The 
wedge-type experiments are seen to be jetless if they 
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lie below the theoretical curve and jet-forming above, 
with an exception in the case of the 25° iron collision 
which was jetless. This collision could also be made to 
agree by shifting the theoretical curve for iron upward 
some 2°, as suggested by the results of the angle. 
variation collisions. Wedge-type experiments for lead 
and brass are listed in Table I. The 30° collision for 
lead was jetless, while 45° and 60° collisions produced 
jets; these results are in agreement with theory, which 
indicates a critical angle of 36°. Lead free surfaces, 
when accelerated by high explosives, emit a spray of 
lead (presumably of low average density). This spray 
makes free surface motion difficult to observe and per- 
mits only a crude bracketing of the theoretical curve. 
Three brass (57 percent copper, 33 percent zinc) col- 
lisions, at 10°, 20°, and 45°, are reported in Table I. 
The first two are jetless and the 45° collision formed a 
jet, indicating the existence of a jetless configuration 
and a critical angle for brass. (These results would be 
predicted for pure copper. Equation-of-state data for 
brass are not available at present.) 

When jets are observed, their velocities can be com- 
pared with the predictions of reference 1. This is done 
in Fig. 16 where jet velocities reported in Table I are 
plotted and compared with the theoretical curve from 
reference 1. Experimental results are seen to agree 
closely with theory for the wide-angle collisions. The 
collisions which take place at angles only slightly 
greater than the critical angle, however, produce jets 
which are slower than those indicated by the theoretical 
curve. 


Vv. CONCLUDING REMARKS 


Agreement between the theory and experiments on 
the jetless collision seems excellent; all deviations lie 
within the combined uncertainties of experimental 
measurement and equation-of-state data. This agree- 
ment may be regarded as the necessary experimental 
verification of the jetless flow configuration postulated 
in the theory section. Comparison of the angle-variation 
collisions and theory, in particular, supports the con- 
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Fic. 12. Distance-time plot of record shown in Fig. 10, together 
with “predicted collapse,” ¢ and V, as measured from the 
framing camera record. 
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clusions given in Sec. II, where existence of the weak 
shock was determined theoretically by the assumption 
of physical continuity. 

The authors wish to express their appreciation to 
Mr. R. A. Frame, for conducting most of the experi- 
ments from which data and figures for the paper were 
taken, and to Professor Garrett Birkhoff of Harvard 
University, for helpful suggestions made during the 
preparation of this report. 


APPENDIX I 


Equation-of-State Data for Al, Fe, and Pb. 
Stability of Shock Waves 


Equation-of-state data are obtained from tables com- 
piled by N. Metropolis at the Los Alamos Scientific 
Laboratory. A relation between shock pressure P and 
compression 4= p—1/po of the form 


aut Bu?+ yuP+ butt ex? 
1+1.5y? 


was assumed where a, «++ are parameters characteristic 
of a given metal, making possible a five point fit with 
data. Two such points, extending to pressures of about 
0.04 megabar, were taken from Birch’s Handbook of 
Physical Constants. The remaining three points, in the 
region of 75 megabars, were calculated from a general- 
ized Fermi-Thomas model of the atom.'® Resulting 
values of the parameters are listed in Table III. 

A shock wave will be assumed stable provided it 
cannot be split into two disturbances which separate as 
time increases. We divide a shock wave of pressure P 
into two shocks (stable or unstable), the first of which 
connects the initial state Po, to>= 1/po to the state P’, 7’. 
The second, propagating into the state P’, r’ then raises 
the pressure to the final value P. It is convenient to 
refer the motion of each disturbance to a coordinate 
system in which the intermediate state is at rest. The 
two shock velocities are then given directly from the 
conservation of mass and momentum and are, respec- 





TABLE II. Data from angle-variation collisions. 











Plate Plate 
thick- sepa- 
Metal ness ration Charge Results 
Dural fin. 2cm 8 X4X4in. Jet at: 26 =36° 44’ 
24ST Composition B Vp =4.54 mm/ysec 
Jet velocity = 19.33 mm/sec 
tin. Same Same Jet at: 2¢ =34° 
Vp =3.98 mm/ysec 
Jet velocity = 17.61 mm/ysec 
tin. Same 8X4X4in. Jet at: 26 =24° 
Baratol V» =2.08 mm/sec} 
Jet velocity = 10.31 mm/sec 
Steel tin. Same 8 X4X4 in. Jet at: 2¢ =28° 07’ 
Composition B Vs =2.86 mm/sec 
Jet velocity =15.79 mm/sec 
} in. Same 8 X4 X4 in. Jet at: 2¢ =18° 56’ 


Baratol V» =1.29 mm/sec 


Jet velocity =9.21 mm/sec 








es 


Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949). 
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Fic. 13. The collision of two }-in. Dural plates, 2-cm separation, 
as recorded by the framing camera. Note jetless nature of early 
stages of the collision. (Side jets are evident as luminosity follow- 
ing the instantaneous collision point.) Time separation between 
adjacent pictures is 0.9 usec. 
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PLATE VELOCITY, Vv, (mm/usec) 


Fic. 15. Theoretical curve and collision data 
for iron (mild steel). 


For stability of a shock from Pp to P, it is necessary 
that V>V’, or 


P—-P P’—P, 
Scene 


/ 
er" 





7’ — T 
for all values of P’ in the range P> P’> Po. 
The above criterion for stability of a shock wave was 
first given by J. von Neumann. 
The equation-of-state data listed above satisfies the 
~shock stability condition, even for very weak shocks. 
This is brought about by use of data points produced 
by uniform hydrostatic pressures. A consideration of 
the effects of material rigidity, however, leads to the 
familiar elastic and plastic waves at low pressure. The 
theoretical curves of Figs. 14 and 15 are terminated in 
accordance with estimated stable-shock thresholds of 
about 0.20 megabar for aluminum and about 0.40 mb 
for iron. The treatment of mild collision (below such 
thresholds) is outside the scope of this paper. 
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T r 7 APPENDIX II Subs 
va | ALUMINUM To show d/dt(V,,—U)=0 for V, constant and 
=> . 
. ical , do/di=0. Consider 
Wh | JETLESS 1 d/do(V m?— U?) 
2 sETLESSO where, from Fig. 1 jor 
& 20° j V n= V,/sing 
2 and from Fig. 2 
. er. — ATLESS MESS ] U*=U2+U,2=U0?— Uo,?+ U,? 
P*O2Mb JETLESS REGION = (V,?/tan*¢) lias (Von? — U,). “— 
But Divi 
oO i 2 3 4 5 U,.2—-U.2= P w+2 
PLATE VELOCITY, Vv, (mm/psec) - - p+ 
Fic. 14. Theoretical d collision dat 
7 ier aes (Dural), — by combination of Eqs. (4) and (5). Substituting But, 
d d P(ut+2)] 1 df wt2 
, ) —(Va_2— v=] V+ |-— Pa 
po | IRON J do do po(u+1)J podgl pw+1 
JET REGION ‘ad Equivalently, since 
eT TicAL 2 
30° . e at d du d 
2¢ JETLESS, Ce ee eae 
d@ dodp 
20° Jey, 7 
M—JETLESS d 1 du dP u+2 P 
—(V,2— U?)=— — a i | 
ot He JETLESS a do po dgdidu ut+1 (u+1)? 
JETLE. 
PsO4Mb But the shock stability condition (Appendix I), for the 
‘ limiting case P’—>P, implies 
1?) ' 2 3 7 > 





dr t-—T 





or equivalently, since Pp>=0 and r= 79/(u+1), 
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Fic. 16. Theoretical jet velocity curve from reference 1, 4/% 
= (1+cos¢)/sing, and experimental data from Table I. 











Substituting, 
and d 1 du 2P 
—(V,.§~U*z— -{——] 
do po dol u(u+ 1)? 


The right side of this expression is positive, since 
du/d¢> 0 on the weak root of the shock polar. Hence 


d dV, dU 
—(V »’— U?)=V,,———- U— > 0. 
do do dd 
Dividing by U, 
VndV, dU 
————>0. 
U do do 


But, from Fig. 1, V,.>U>0 and 


é Vs 
=v m)= 





dd sing 


> the 
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TABLE ITI. 
Metal a B Y 8 € 
Aluminum 0.733 1.190 0 2.380 0 
po =2.70 g/cc 
Iron 1.6832 2.275 12.362 7.7865 0.3741 
po = 7.86 
Lead 0.42481 0.67146 3.65693 1.23617 0.32732 
po =11.35 
Hence 
dV, aU d 
——=—(V,,— U) <0, 
dp dd dd 
and we conclude 
d do d aa . “= 
—(V,,—U)=— —(V»—U)=0 for —=0. 
dt dt dd dt 
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Attenuation in the Shock Tube* 


R. J. Emmicu anp C. W. Curtis 
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By timing the successive arrivals of a shock at stations placed along the channel of a shock tube, measure- 
ments have been made of the decrease in shock velocity with travel. These measurements were carried out for 


shocks moving into air at atmospheric pressure. 


The attenuation per unit length of travel is greater for stronger shocks and in smaller tubes. Representing 
distance along the tube by x and using fractional increase in pressure across the shock, (P— P»)/Po=z, as 
a measure of shock strength, the dimensionless quantity R(ds/dx)/z is found to lie in the interval (3.52) 
X10~ for shocks ranging in strength 0.1<s<1.0 and in tubes of hydraulic radius 0.30<_R<3.80 cm. It is 
believed that this attenuation is due to wall interaction rather than to nonideal rupture of the diaphragm. 
However, the exact physical nature of this interaction has not as yet been determined. | 





DEVIATIONS FROM IDEALIZED FLOW 
IN A SHOCK TUBE 


REDICTIONS of the gas flow in a shock tube’ 
are customarily based on two simplifying assump- 
tions. First, it is supposed that immediately upon burst- 
ing of the diaphragm a shock and a rarefaction form at 
the junction of the chamber and the channel. At this 
instant and at this position, the shock and rarefaction 
are taken to be plane and fully developed. Second, by 
assuming that the subsequent flow is one dimensional, 
adabiatic, and inviscid, interactions with the walls of 
the tube are neglected. It is considered that the flow is 
uniform and steady between the shock and rarefaction 
with a contact surface moving with the gas from the 
diaphragm position. 

Under conditions at which shock tubes are usually 
operated, calculations based on the preceding assump- 
tions agree reasonably well with experimental results. 
It is generally recognized, however, that the agreement 
is not exact. Measurements, both of the shock velocity‘ 
and of the density change across the shock! have indi- 
cated that the actual strength of the shockT is less than 
predicted.{ The amount of this discrepancy depends on 
several factors, one of which is the distance of the meas- 
uring station from the diaphragm. That the position of 
the measuring station plays a part is evident from other 
data® which showed that the shock loses velocity, and 
therefore strength, as it travels along the tube.§ 


* Partially supported by the U. S. Office of Naval Research. 

( mn Weimer, and Fletcher, Rev. Sci. Instr. 20, 807 
1 ; 

?F. W. Geiger and C. W. Mautz, Engineering Research Insti- 
tute Report TO/V, University of Michigan (1949). 

a o. ei Fitton, and Delpino, NACA Technical Note 1903 

* Fletcher, Read, Stoner, and Weimer, Princeton University 
Station Report OSRD 6321 (1946). 

t Herein, shock strength is defined as the fractional increase in 
pressure across the shock, i.e., as z=(P—P )/Po where Po is the 

ressure in the channel ahead of the shock, and P is the pressure 
immediately behind the shock. 

t Predictions made by use of the Taub formula, Eq. (10) in 
reference 1. 

*R. J. Emrich and F. B. Harrison, Phys. Rev. 73, 1255 
(1948); R. J. Emrich, Princeton University Technical Report to 
U. S. Office of Naval Research on Project NR061-020 (1948). 

§ This loss occurs before the shock is overtaken by the rarefac- 
tion reflected from the end of the chamber. 


The present report summarizes recent shock velocity 
measurements which not only confirm the existence ofa 
loss with travel, but also indicate how the magnitude 
of the loss varies with shock strength and with the size 
of the tube. 


METHOD OF MEASUREMENT 


In these tests, the progress of a shock was followed 
by measuring the times at which it passed detection 
stations placed at accurately located positions along the 
tube. The resulting time and distance intervals give a 
velocity-travel curve whose slope represents the loss 
in shock velocity per unit distance of travel. 

Details of the specially designed detection stations 
and recording chronograph are reported elsewhere.** 
In brief, the arrival of a shock at a detection station 
momentarily reflects a beam of light into a 931-A photo 
cell and thereby generates an electrical pulse of short 
duration. This signal, together with those from other 
stations, deflects the spot of a cathode-ray tube and this 
is recorded on film in a rotating drum. 

Figure 1 shows a portion of a typical record. By 
interpolation between the time markers, transit times 
for a shock can be determined within +1 microsecond. 
During one run, the chronograph records continuously 
for 30 milliseconds. 

Positions of the knife edges defining the light beams 
of the detection stations were located within +0.02 cm. 


SHOCK TUBE DIMENSIONS AND DISPOSITION OF 
DETECTION STATIONS 


The measurements which first demonstrated that 4 
shock loses velocity resulting from wall interaction’ 
were made in a tube having a circular cross section 
15.3 cm in diameter. With this tube the observed losses 
were extremely small and only slightly greater than the 
scatter in the data. To increase the magnitude of the 
losses, and consequently the relative accuracy of the 
measurements, two tubes were used in subsequent tests 
which had smaller hydraulic radii,|| ie., greater ratios 

: , . 

i Hiydraalc radius isthe area of a cross section divided by th 
length of its perimeter. 
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ATTENUATION 


of wall area to tube volume. As contrasted to a hy- 
draulic radius of 3.80 cm for the 15.3-cm diameter tube, 
the values for the newer tubes were 0.88 cm and 0.30 
cm. The first of these tubes was circular with a diameter 
of 3.5 cm; the other, rectangular in cross section, had 
lateral dimensions of 0.64 cm and 7.6 cm. 

Longitudinal dimensions of the newer tubes are indi- 
cated on the schematic diagrams of Fig. 2. The tube 
with a circular cross section was made of drawn brass 
and polished Lucite sections, fitted with flanges and 
bolted together with “0” ring seals. Utilization of 
Lucite for the portion of the channel in which measure- 
ments were carried out provided flexibility in the 
placement of detection stations. Although only four 
stations were used, it was possible to obtain a detailed 
and consistent time-travel curve for each initial shock 
strength investigated by piecing together data from 
several station arrangements. This cumbersome piecing 
procedure was avoided in later measurements with the 
rectangular tube by using twelve detection stations. 
As indicated in Fig. 2, the number of stations was 
increased from four to twelve without adding to the 
electronic circuitry by using Lucite guides to “pipe” 
the light from three detection stations to one photocell. 
Another advantage of the rectangular tube resulted from 
the use of heavy metal walls, which consisted of } by 6 
inch drawn Duralumin plates separated } inch by brass 
strips and small Lucite windows. Owing to their high 
thermal conductivity, the temperature never varied 
along the length of the tube by more than 0.2°C, while 
special care had to be taken to maintain the tempera- 
ture of the Lucite tubing constant along its length to 
within 1°C. 


OBSERVED ATTENUATION 


In each tube, measurements were made for a series of 
shocks ranging in initial strengthT from 0.1 to approxi- 
mately 1.0. For all trials, the air in the channel was 
originally at atmospheric pressure and at a temperature 
of 25+3°C, precise values having been determined with 
each trial. 

Results appear in Fig. 3. In: these graphs, shock 
velocities expressed in Mach numbers{] M are plotted 
as a function of distance from the diaphragm x for 
various starting pressures. 

The precision of velocity measurement is such that 
the errors are too small to be shown on the graphs of 
Fig. 3. In the case of the 3.5 diameter tube, the scatter 
of the points about smooth curves may be attributed to 
the lack of reproducibility of velocities among trials 





{ M, the Mach number of the shock, is U/co, where U is the 
shock velocity and ¢o is the sound velocity in the air at rest ahead 


of the shock. The velocity of sound was determined from the 
formula 


co= C1[1+(¢—25.5)/597.2][1+(f—13.5) /4000], 


“&=347.4 m/sec=sound 5) in air at 25.5°C and 55 


rcent 
telative humidity. t=centigrade temperature of the sh 


tube. 


f=partial pressure of water vapor in air, in mm Hg. 


IN THE SHOCK 


TUBE 
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Time increasing 








Fic. 1. Chronograph film record. Shock transits at stations 
are identified by arrows. The saw-tooth pattern is produced by 
sweeping the image of the cathode-ray spot back and forth at 
right angles to the direction of film motion. Time markers are at 
5 usec intervals, and one marker coincides with each reversal of 
the sweep. Time increases in direction of longer arrow. 


and to the addition of these fluctuations in piecing 
together the data. The deviation of the points from 
smooth curves in the case of the rectangular tube is 
systematic and probably results from a non-uniform 
cross section of the tube.** 

Considerably less accurate shock velocity measure- 
ments were made very near the diaphragm by means of 
timed spark shadowgraphs taken through a glass 
walled section of the rectangular tube. The results, ob- 
tained for a starting pressure ratio of 3.1, are indicated 
by the vertical lines in the lower graph of Fig. 3. 


** Arching of the Duralumin plates between assembling bolts 
spaced at 7-inch intervals resulted in longitudinal variations of 
+1 percent in the }-inch (0.64 cm) internal dimension, while 
transverse arching produced up to a 6 percent greater separation 
at the center of the tube than at its edge. Variations of +0.8 
percent were present in the 3.5-cm diameter of the Lucite tubing. 
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Fic. 2. Dimensions of shock tubes and arrangement of optical 
detection stations. One arrangement of stations is shown for the 
3.5-cm diameter tube; other positions to which the stations were 
moved are indicated by broken lines. 


DEPENDENCE OF ATTENUATION ON SHOCK 
STRENGTH AND TUBE SIZE 


By means of the Rankine-Hugoniot relations, the 
values of any flow variable immediately behind the 
shock can be calculated from the measured shock 
velocities. In particular it is found that expressing the 
measured losses as fractional changes in shock strength 
per unit length of travel, namely (dz/dx)/z, gives a 
measure of attenuation which varies only slowly with 
the shock strength z. In Fig. 4, the shaded bands include 
the values of (dz/dx)/z calculated from the measured 
values of shock velocity by means of the shock relation 
z=7(M?—1)/6; the scatter of the points within the 
bands reflects the deviations of the points in Fig. 3 
from smooth curves. The fractional error in z, and 
therefore in (dz/dx)/z, is larger for smaller z values. 
Data in the band for the 15.3-cm diameter tube are from 
previously reported measurements.® Measurements (not 
shown in Figs. 3 and 4) of shock velocity loss in the 
3.5-cm diameter tube with starting chamber pressures 
up to 37 atmos showed that the quantity (dz/dx)/z 
increases to 0.051 per meter for a shock strength of 
z=2.8. Thus (dz/dx)/z only doubles as z increases 
28-fold from 0.1 to 2.8. 

Among various trials, the same shock strength z 

occurred at various distances from the diaphragm x and 
there is no @ priori reason why the rate of loss of shock 
strength should not be different for the same z but 
different x. These measurements, however, reveal no 
such difference. 
* The fractional loss of shock strength with travel is 
greater, the smaller the tube cross section, as is shown in 
Fig. 4. If the loss is expressed as fractional loss in shock 
strength per hydraulic radius R of travel, i.e., as 
R(dz/dx)z, this dimensionless quantity varies only 
slowly with R. A velocity loss measured in a 0.63-cm 
diameter tube (to be described in the next section) 
indicated a value for this quantity only 4 times larger 
than for the 15.3-cm diameter tube whose hydraulic 
radius is greater by a factor of 24. 


EMRICH AND C. W. CURTIS 


For rough calculations one can, therefore, use a value 
of 3.5X10~ for R(dz/dx)/z to estimate within a factor 
of 2 the amount of attenuation to be expected in tubes of 
various hydraulic radii and for shocks of various 
strengths. 


EFFECT OF NONIDEAL RUPTURE OF THE 
DIAPHRAGM 


Spark shadowgraphs showing rupture of the dia- 
phragm and the ensuing flow indicate, in agreement 
with the results of others,’* that the shock does not 
form immediately with a plane front as supposed for 
the idealized flow. This is true even when, as in the 
present measurements, care is taken to employ light 
diaphragms which disintegrate as quickly and as com- 
pletely as possible. 

To investigate the effect that this might have on the 
measured attenuation, tests have been made with 
diaphragms of excessive strength. It appears from these 
tests that the chief effect of imperfect diaphragm break- 
age is to delay the development of the shock rather 
than to cause greater attenuation. 

Furthermore, the existence of losses of the expected 
magnitude has been demonstrated in the complete 
absence of a diaphragm by an experiment suggested by 
Bleakney. A shock impinging on the open end of a 
small tube placed with its axis parallel to the flow in the 
large shock tube at Princeton! was observed to propa- 
gate more slowly inside than outside the small tube. 
This was detected by spark shadowgraphs which showed 
that the shock traveling in the small tube, 0.63 cm in 
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Fic. 3. Measured shock Mach numbers along the shock tubes 
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ATTENUATION IN 


_ diameter and 63 cm long, arrived at the far end after 


the shock traveling outside had gone 0.7 cm past the 
end. The shock strength was 0.25 in this case. 


EFFECT OF WALL FRICTION 


From independent considerations, Donaldson and 
Sullivan’ have ascribed the loss of shock strength in the 
shock tube to wall friction. They propose that the mass 
of gas set into motion per second by the shock may 
decrease in the same way that the mass flux decreases 
in an infinite tube of uniformly moving viscous gas 
when the gas is suddenly put in contact with fixed walls. 

The nature of effects predicted is in agreement with 
the observations: there are greater losses for tubes of 
smaller cross section, and for stronger shocks, and the 
rate of decrease of shock strength with travel becomes 
less as the shock gets farther from the diaphragm. 
Equating of the mass fluxes as suggested gives quantita- 
tive values for the attenuation which, although in 
reasonable agreement with measurements made by a 
different method,’ do not agree with the observed 
values reported here. The numerical values for the 
dimensionless quantity R(dz/dx)/z, evaluated at the 
most favorable distance from the diaphragm employed 
in the experiments, are less than } the measured values 
and decrease with increasing z rather than increase as 
do the measured values. 

We feel that the attenuation is due to wall inter- 
action, even though quantitative agreement with this 
simplified application of the wall friction mechanism is 
lacking. For reasons given in the preceding section, it is 
not likely that the attenuation is due to the nonideal 
rupture of the diaphragm. In addition, the general 
nature of the measured attenuation is such as might be 
expected from wall interaction. For example, the attenu- 
ation continues for as long as the shock motion has been 
studied—up to 2000 hydraulic radii in the case of the 
rectangular tube—, and the attenuation is greater for 
tubes having greater wall area to volume ratios. When 
sand was attached to the walls of the tube, greatly 
increased velocity losses were observed. 


DISCUSSION 


Several modifications suggest themselves as a means 
of adapting the mechanism mentioned in the preceding 
section to a theory in closer quantitive agreement with 
the observations. 

One modification would be to include the effects of 
heat transfer between the gas and walls. Lobb*® has 
included the effects of heat conduction in a treatment 
of a laminar boundary layer growing in time, but 


7C. du P. Donaldson and R. D. Sullivan, NACA Technical 
Note 1942 (1949). 


*R. K. Lobb, Phys. Rev. 84, 612 (1951). 
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Fic. 4. Fractional changes in shock strength per unit distance 
of travel in three shock tubes with hydraulic radii 3.80 cm, 0.88 
cm, and 0.30 cm. 


explicit equations have not been derived which apply 
to the flow in the shock tube. 

A second modification would consider the departure 
of the flow from laminar. The pipe Reynolds number for 
the flow behind the shock in the 3.5-cm diameter tube 
is over 50 000 for the weakest shocks considered and is 
over 1000 000 for the stronger shocks. Eventually the 
transient flow induced by the shock will cease to be 
laminar, and perhaps the flow becomes unstable almost 
immediately after it is started. 

A third possible modification concerns the assump- 
tion that, at any instant in time, the mass flux at all 
points in the tube between the shock and rarefaction is 
the same. This assumption is based on the belief that 
waves generated at the walls by friction travel so 
rapidly in the flow behind the shock that the flow is 
“quasi-steady,” i.e., that an insignificant fraction of the 
waves have failed to catch up to the shock and are 
present in the flow at any instant. In a flow which is so 
highly transient, this may not be a valid approximation. 

It is not known which of these additional mechanisms 
is most likely to improve the description of the transient 
flow in the shock tube. A physical understanding of the 
processes would appear to be aided most by more 
detailed measurements. 

All the results presented so far refer only to what 
happens at the shock front. Knowledge of the whole 
flow in space and time would in itself help to evaluate 
the role of the various mechanisms. Preliminary meas- 
urements being made along this line with the chrono- 
interferometer® indicate that the density at a point in 
the flow continues to increase after the abrupt change 
with the passage of the shock, and that measureable 
fluctuations in density are present in the flow. 

A. B. Laponsky, A Leeming, J. H. McGinn, R. A. 
Shunk, and W. R. Smith assisted in construction of 
apparatus and performance of measurements. Their 
help is gratefully acknowledged. 


* Curtis, Emrich, and Mack, Phys. Rev. 87, 913 (1952). 
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Summation of Fourier Series 
-.J A. McFappEN 


Naval Ordnance Laboratory, White Oak, Silver Spring, Maryland 
(Received November 10, 1952) 


ECENTLY there have appeared in this journal three 

methods for the summation of certain Fourier series. It is 

the purpose of this note to compare these three with two other 

standard procedures with regard to the ease of computation and 
the range of applicability. 

First, let us summarize the first three methods. 

Method A. Pipes' applies the Laplace transformation to certain 
Fourier series and recognizes the result as an expansion of a 
hyperbolic function in rational fractions. He then re-expands the 
hyperbolic function in a series of exponentials and plots the graph 
of the inverse transform. 

Method B. Morrison? points out that all of Pipes’ examples can 
be summed directly with known formulas for the Bernoulli and 
Euler polynomials. 

Method C. Spiegel’ takes linear combinations of a given Fourier 
series and its derivatives, so as to obtain the easily recognizable 
(divergent) series for the delta-function or a difference of delta- 
functions. He solves the resulting differential equation by the 
Laplace transformation; however, one of the initial conditions 
is usually not known and must be determined later by an 
orthogonality condition. This method appears to be applicable 
to all series summable by A and B and also to some others 
[e.g., Spiegel’s Example 2, reproduced below as Eq. (3)]. 

In addition, let us consider two other methods. The first, which 
will be called Method D, is as follows. The series is written as the 
real part of a complex series which is recognized as the Taylor 
expansion of an elementary function. As an example of Method D, 
consider the following from Pipes’ paper. Let 


¥(x)=— 3 [(—1)*/n] sine. (1) 
awl 


V(x) =Rti 2 [(—1)*/nJe™) 


= R{ —i log(1+e*)} 
= tan tan(x/2). 


By the periodicity of tan(x/2), 


Y(x)=2/2, —x<x<z, 
Viet+2")=¥iz). } (2) 


Since: the series for log(1+-z) is valid only for |s| <1, the final 
result must be verified by the standard Fourier procedure. 

Method D is not quite so direct as Method B but is much more 
widely applicable. On the other hand, D is much simpler than C, 
and, although certain series [e.g., Eq. (3) below] are summable 
by C but not by D, there are other series, such as 


z= r*cosnx, |r| <1, 

m n~0 
which are handled easily by D but not by any of the other 
methods. 

One should note that Methods A, B, C, and D all require that 
a series be recognized in order that the original series may be 
summed. The following procedure, Method E, is a bonafide sum- 
mation. With the aid of a contour integral, the series is summed 
by the evaluation of a finite number of residues.‘ The following 
example is taken from Spiegel’s paper. Let 


V(x)= 5 (n®-+1)-! cosme. (3) 
n~0 
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We consider the integral 


 cosrzdz 
(z?+-1) sinxz 


around a square having corners z= (m+ }4)(+1+i). If —*<r<r, 
then on this path the function cosrz/sinwz is bounded. Since the 
integrand is of order O0(1/n*), the integral vanishes as n—-~, 
Consequently, the sum of the residues at z= +n is equal to minus 
the sum of the residues at s= +i. Then 


ke 


5 (—1)"cosnur x coshr 
ao «0s #*-+-1 sinhx © 


Substitution of r=x—- yields the desired series summed from 
—« to «; then a simple manipulation gives the result, 





1. xcosh(x—7z) 
V(x)=5+5 — O<x<2r. (4) 
By the periodicity of (3), we conclude that Y(x+2zx) = Y(x). 

Method E requires that each term be an even function of m and 
that the Fourier coefficient be of order 0(1/n?). The second con- 
dition may be overcome in series such as (1) if we consider a 
second series whose x derivative is the first, then differentiate the 
result; however, Method D seems more direct whenever it is 
applicable. If D is not applicable, then E is somewhat shorter 
than C. 

This writer’s conclusion is that in a given problem Method D 
should be tried first because of its simplicity and wide applica- 
bility. If D fails, then either C or E can be tried, the choice 
depending on the individual’s preference for Laplace transforms 
or for complex variables. 

''L. A. Pipes, J. Appl. Phys. 21, 298 (1950). 

21. F. Morrison, J. Appl. Phys. 21, 939 (1950). 

3M. R. Spiegel, J. Appl. Phys. 23, 906 (1952). 


* See, for 7 T. M. Macrobert, Functions of a Complex Variable 
(MacMillan and Company, Ltd., London, 1938), pp. 113-118. 





On the Rigidity of Elasto-Viscous Liquids 


Au A. K. IBRAHIM 
Physics Department, University of Alexandria, Alexandria, Egypt 
(Received October 2, 1952) 


HE object of the present note is to obtain a relation for the 
modulus of rigidity N of an elasto-viscous liquid, whose 
behavior in shear at small amplitudes is characterized by the 
two relaxation times \1, Az: and the coefficient of viscosity mo. 
The problems of viscosity can be approached by two theoretical 
methods: the first, by consideration of the implications of the 
kinetic theory of matter, while the second is by analogy with 
the elastic properties of solids. 
If the material considered were a liguid with equation of state, 


(1 +B miX) stress) = nf + re4) (rate of shear), (1) 


then, according to Oldroyd, 


at= _ twp(1+iwds) 

no(1-+-iwns) ’ 

where p is the density of liquid and w is the angular velocity 

of the forced harmonic oscillations applied to the liquid. But, if 

the material considered were a Kelvin solid with equation of 
state, 


(2) 


C (stress) =(w+ £ (rate of shear) (3) 


then, it follows, according to Ibrahim,? that 


wp 


6? (4) 





~ Nien’ 
where 7 is the apparent viscosity. 
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Now «* and 6? have the same dimensions; therefore, 
4. wp a iwp(1+-iwd:) 
~ N+iwn no(1+-iwnrs) ’ 


A being a constant (pure number) for equality. Since there appears 
to be no reason why A should be either real or imaginary, there- 
fore to be on the safe side consider the square of Eq. (5). 


wp? _ wp(1+2iwd —w?*),?) 





(5) 








= ; 6 
‘N2+2iNwn—w*n? no*(1+ 2iwd2— w?A2*) (6) 
Equating the real and imaginary parts we have, 
A*o*w*(1 —w*do*) = (1 —wAx?)(N?—w*y?) —40*NAiy (7) 
and 
w*2A 2no?= Nn(1 —w?Ax?) +A (NW? — wy). (8) 
Cancel the real constant A? from (7) and (8), and then, 
2 3 453 am 2 
neg NEL terra) wt") ated, (0) 





(1-+-w?AjA2) (Ar — Az) 


Equation (9) is of the second order and it has two roots; one 
gives a positive value for N, while the other gives a negative 
value. We will consider the positive one since N cannot be 
negative. 

Therefore, it follows from Eq. (9) that 


(10) 


The validity of this equation will be given later. 

Now it appears from Eq. (10) that, when low frequency is 
applied, the rigidity of elasto-viscous liquids is negligible, while 
the viscosity is predominant (i.e., Newtonian); but if high fre- 
quency is applied, Eq. (10) becomes 


and the liquid is Maxwellian. 


1j. + Oldroyd, Quart. J. Mech. and Appl. Math. lv, pt. 3, 271 (1951). 
2A. A. K. Ibrahim (in preparation). 





Measurements of Clustering in Solid Al-Zn Alloys* 


P. S. RupMAN, P. A. Fiinn,t AND B. L. AVERBACH 


Department of Metallurgy, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


eudad December 3, 1952) 


EASUREMENTS have been made of the x-ray diffuse 
scattering from solid solutions of aluminum containing up 

to 50 atomic percent zinc. Observations were made at 400°C, 
which is above the solubility gap, and all of the alloys were single- 
phase, face-centered cubic solutions. Polycrystalline transmission 
samples were used, and data were obtained by a combination of 
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Fic. 1. Diffuse scattering in electron units from solid solution of 
aluminum-20 atomic percent zinc at 400°C obtained with monochromatic 
CoKa-radiation. 
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photographic and Geiger-counter spectrometer methods using 
CoKa-radiation monochromated by a bent fluorite crystal. 
Figure 1 shows representative data obtained from an alloy 
containing 20 atomic percent zinc. The intensity was put in 
terms of electron units by means of a standardization with 
Lucite and Pyrex glass. A theoretical correction for temperature 
diffuse scattering was made, and the short-range order coefficients 
were obtained by means of a Fourier transform of the corrected 
intensity. A typical transform is shown in Fig. 2. The transform 
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Fic. 2. Fourier transform of Fig. 1 showing excess of like nearest neighbors. 


represents the average deviations from randomness in the crystal 
as a function of interatomic distance. The short-range order 
coefficients, a;, are proportional to the area under the peaks 
associated with each interatomic distance, r;. Figure 2 shows that 
there is a positive deviation from randomness at the first inter- 
atomic distance, and higher order interactions are unresolved. 
The peaks near the origin probably arise from an imperfect cor- 
rection for temperature diffuse scattering or from other small 
systematic additions to the diffuse intensity. 

The coefficients a;= 1—(p;/ma), where p; is the probability of 
finding an A atom in the ith shell about a B atom, and mz is the 
fraction of A atoms. From the data in Fig. 2, a,=0.14. Thus a 
zinc atom in this solution has, on the average, 3.7 zinc nearest 
neighbors, whereas it would only have 2.4 like neighbors if the 
solution were random. Such an arrangement could arise from the 
presence of small zinc-rich clusters in the solid solution, and 
the x-ray data may be considered as evidence for the presence of 
zinc-rich nuclei in the equilibrium solid solution above the solu- 
bility temperature. 

Similar results have been obtained for aluminum-silver alloys 
at equilibrium above the solubility temperature and the results 
agree qualitatively with similar measurements reported recently 
by Walker, Blin, and Guinier.’ 

* Research sponsored by the U. S. Atomic Energy Commission under 
Contract AT (30-1). 1002. 
wot t address: Department of Physics, Wayne University, Detroit, 


igan. 
1 Walker, Blin, and Guinier, Compt. rend. 235, 254 (1952). 





Growth of Metal Whiskers 


S. ELorse Koonce anp S. M. ARNOLD 
Beli Telephone Laboratories, Murray Hill, New Jersey 
(Received December 8, 1952) 


URING the course of our study 'of filamentary growths 

(whiskers) which may develop on the surfaces of some 

metals,' the accompanying electron micrographs were made and 
appear to be of general interest. 

An annular ring of steel, slightly smaller than the cap on the 
specimen holder of the electron microscope, was plated with tin. 
A series of some 160 overlapping pictures was then taken of the 
periphery of the 0.024-inch diameter hole in the ring. 

At intervals over a period of months the edges of the hole 
were examined and finally the beginnings of tin-whisker growth 
were noted. These were photographed at 2-week intervals, and 
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Fic. 1. Electron microscope study showing stages in growth of 
tin “‘whiskers."" Magnification, 1275. 


several series were obtained showing stages in the growths of 
individual whiskers. The pictures shown are a portion of one such 
series (Fig. 1). 

It will be noted that the general shape of the initial tip end 
and the irregularities there have persisted during the interval of 
growth. These and similar pictures, we feel, establish the fact 
that growth takes place as a result of the addition of material at 
the base. 

This finding appears to be particularly significant because some 
recent interpretations of whisker growth have assumed that 
material accretes at the tip rather than at the base end. 

Subsequent to submission of this letter but prior to publication, 
still another tentative explanation of whisker growth has ap- 
peared.? In this proposal growth takes place as a result of diffusion 
along the core of a screw dislocation. However, here again the 
underlying assumption is made that growth takes place at the 
tip rather than at the base. This is contrary to the evidence shown 
in the accompanying electron micrographs. 


1 Compton, Mendizza, and Arnold, Corrosion 7, 327 (1951). 
2M..O. Peach, J. Appl. Phys. 23, 1401 (1952). 





The Preferred Direction in a Magnetically 
Hardened Permanent Magnet Alloy 


M. McCaicG 


Permanent Magnet Association, Central Research Laboratory, 
She field, England 


(Received December 11, 1952) 


N several papers published from this laboratory, it has been 
stated that in a magnetically hardened permanent magnet 
alloy the easy direction of magnetization in each crystal is along 
the nearest [100] direction to the field applied during cooling. 
This statement has been assumed by Hoselitz and McCaig'“ to 
be true for the theoretical explanation of magnetostriction and 
torque curves in Alcomax III. On the other hand, Nesbitt*-* has 
found that the direction of easy magnetization lies between the 
direction of the hardening field and the nearest [100] direction and 
is frequently nearer to the field direction. 

“An investigation has now been carried out in which columnar 
disks of Alcomax III were cut so that the columnar axis was along 
a diameter. The nominal composition of Alcomax ITI is 25 percent 
Co, 14 percent Ni, 7.8 percent Al, 3 percent Cu, 0.8 percent Nb, 
balance iron; the structure of the columnar material is such that 
all the crystals have a [100] direction parallel to the columnar 
axis. The disks were then cooled in a magnetic field parallel to a 
diameter making an angle @ with the columnar axis. Using a 
torque magnetometer, the easy direction of magnetization, i.e. the 
disk diameter which tends to become aligned to a strong magnetic 
field, was determined. In Table I the angles a and 8 between this 
direction and the direction of the hardening field and columnar 
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axis, respectively, are given. The table also includes full details 
of the heat treatment (the cooling rates are the means between 
1250°C and 600°C extrapolated where necessary), and the maxi- 
mum torque per unit volume, which is a measure of the degree of 
anisotropy produced. 

In all cases the easy direction of magnetization does lie between 
the hardening direction and the columnar axis. For the normal 
rate of cooling (1.4°C per sec) and not too large values of 0, the 
easy direction of magnetization is close to the columnar axis, and 
the assumption for theoretical purposes that the two directions 
coincide is reasonable. When @ exceeds 45° the columnar axis in 


TABLE I. @=Angle between columnar axis and hardening field; a =angle 
between preferred axis and hardening field; 8 =angle between preferred axis 
and columnar axis; A =maximum torque per unit volume. 











A 

B dynes 
Cooling rate cm? 

°C/sec Remarks Tempering ] a 8 xX10-5 
1.4 eee 22.5 20.5 2 5.5 
1.4 48 hrs 590°C 22.5 17.5 5 9.2 
3.9 eee 22.5 20.5 2 4.1 
3.9 48 hrs 590°C 22.5 15.0 7.5 7.4 
4.6 eee 22.5 17.0 $3 3.7 
4.6 48 hrs 590°C 22.5 130 95 68 
9.6 eee 22.5 17.5 5.0 2.0 
9.6 48 hrs 590°C 22.5 10.5 120 59 
app. 1.4 thermocouple eee 35.0 25.0 10.0 4.8 
app. 1.4 broken 48 hrs 590°C 35.0 24.0 11.0 7.9 
1.4 eee 50.0 10.0 40.0 2.1 
1.4 48 hrs 590°C 50.0 10.0 40.0 3.5 
1.2 removed from cee 22.55 140 85 18 
1.2 magnet and on 22.5 12.5 10.0 2.6 
1.2 water quenched eee 22.5 85 140 1.3 
1.2 at 800°C Reheated 800°C 22.5 13.5 90 3.9 


and cooled at 
normal rate 
without field 








all crystals is not, of course, the nearest [100] direction to the 
hardening field, consequently the preferred direction is no longer 
close to the columnar axis. 

For faster rates of cooling and for specimens removed from the 
magnet and quenched when they had cooled to 800°C the angle a 


is less and the angle 8 greater as found by Nesbitt. The difference . 


in the results found by Nesbitt and the author is therefore due to 
the different cooling conditions used. 

It may be observed that continuing the interrupted cooling 
from 800°C without a magnetic field reduced the angle 8 between 
the easy direction and columnar axis from 14.0° to 9°. On the 
other hand, tempering at 590°C increases 8 slightly. 

If the production of magnetic anisotropy is due to a nucleation 
and precipitation process the following sequence of processes 
appears to be indicated. 

(1) The production of nuclei parallel or close to the direction 
of the hardening field. 

(2) The growth of these nuclei during cooling along the nearest 
[100] direction. 

(3) A disturbance of the easy direction during the production of 
a high coercive force by tempering. This change is. not so easy to 
understand but may possibly be associated with the tendency of 
the [111] axis to become the easy direction during the tempering 
of an isotropic sample. 

The author thanks the Permanent Magnet Association for per- 
mission to publish this paper. Mr. R. Hoole was responsible for 
most of the measurements. 


1K. Hoselitz and M. McCaig, Proc. Phys. Soc., London B62, 163 (1949). 
2K. Hoselitz and M. McCaig, Proc. Phys. Soc., London B64, 549 e198 ° 
* K. Hoselitz and M. McCaig, Proc. Phys. Soc., London B65, 229 (1952). 
4M. McCaig, Proc. rave. Soc., London B62, 652 (1949). 

SE. A. Nesbitt, J. Appl. Phys. 21, 879 yo. 

* E. A. Nesbitt and R. D. Heidenreich, J. Appl. Phys. 23, 366 (1952). 
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On the Looseness of Wear Fragments 


E. RABINOWICZz 


Lubrication Laboratory, Department of Mechanical Engineering, 
Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received December 15, 1952) 


N a recent paper Feng! discusses the significance of loose and 

of tightly adhering wear fragments produced during sliding. 
Some simple experiments have been carried out, therefore, to 
investigate the relative importance of these two types of frag- 
ments under standard sliding conditions. 

The sliding experiments were of a clean, radioactive, hemi- 
spherically ended, low carbon steel slider of radius of curvature 
} in. on a low carbon steel flat specimen that had been cleaned by 
dry lapping on 3-0 emery paper. The sliding speed was 0.1 cm/sec 
and the load 1000 g, the coefficient of friction being 0.53. From 
the experimental results of Bowden and Ridler? and Morgan, 
Muskat, and Reed,’ obtained by thermoelectric methods which 
measure the temperature at the actual sliding interface, we may 
calculate the temperature rise in the present experiments caused 
by frictional heating at a few tenths of a degree centigrade, far 
smaller than would be required to produce atomic interdiffusion. 

The metal fragments were detected by autoradiographic tech- 
niques similar to those described by Rabinowicz and Tabor.‘ 
After sliding, a piece of photographic film was placed on the steel 
flat, which until then had been kept in a horizontal position and 
protected from jarring. The autoradiograph thus obtained shows 
all the metal fragments transferred, both loose and tightly bound. 
The steel specimen was then given progressively severer treat- 
ment, and after every treatment an autoradiograph was taken 
so that the looseness of each fragment could be separately de- 
termined. 

Thus the specimen was inverted ; a gentle jet of air was directed 
for some seconds at the surface; it was tapped lightly with a 
hammer; a strong jet of water was directed at the surface for one 
minute; it was dropped ten times on to a stone floor from a height 
of 2 meters; a few drops of cetane were placed on the surface, 
which was then wiped clean with filter paper; while the surface 
was covered with a paste of emery paper and water, it was 
vigorously brushed for two minutes. 

Of the fifty largest and most prominent fragments present 
initially on the surface, only one was absent at the end of the 
experiments, having been removed by the light tapping with a 
hammer. Figures 1 and 2 show autoradiographs of a small section 
of the friction track before and after the experiments. The large 
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Fic. 1. Autoradiograph of part of the friction track 
immediately after sliding. 
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Fic. 2. Autoradiograph of region shown in Fig. 1 after 
surface treatments. 
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fragment (mass 4.10~* g) present in Fig. 1 but not in Fig. 2 is 
clearly seen. 

In interpreting these results, it must be borne in mind that 
loose wear fragments are often produced during sliding. They are 
formed as the result of a secondary mechanism, probably a filing 
action, the tips of the asperities of one surface ploughing through 
the other surface and leaving loose debris. If, as in these experi- 
ments, smooth sliding surfaces are used, such loose debris will be 
nearly imperceptible, and the tightly welded wear fragments will 
be the most prominent. The results provide good support for the 
“welding” theory of friction, rather than for a “mechanical inter- 
locking” theory. 

It is with pleasure that I thank Professor B. G. Rightmire for 
helpful discussions. 


11.-Ming Feng, J. Appl. Phys. 23, 1011 (1952). 

? Bowden and Ridler, Proc. Roy. Soc. (London) A154, 640 (1936). 

3? Morgan, Muskat, and Reed, 7. Appl. Phys. 12, 743 (1941). 

* Rabinowicz and Tabor, Proc. Roy. Soc. (London) A208, 455 (1951). 





A Method of Increasing Photographic Sensitivity 
by Electrical Discharges* 


K. S. Lion 


Department of Biology, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received January 5, 1953) 


HE photographic method using silver-halogen emulsion 
layers is comparatively efficient for the two-dimensional 
detection of radiation. The method has, however, some serious 
limitations in sensitivity, so that long exposure times are required 
at low levels of radiation intensities. Different methods have been 
proposed and used to reduce this limitation. In the x-ray range, 
e.g., in radiology, intensifier screens are being used which convert 
those x-ray quanta which are not absorbed in the emulsion into 
visible and ultraviolet light, which in turn acts on the photo- 
graphic emulsion. This method increases the number of quanta 
available for the photographic process, but it cannot make avail- 
able energy for effecting the exposure of the photographic emulsion 
additional to that energy inherent in the incident photons. Another 
proposal for increasing the sensitivity of low level light or x-ray 
images consists in scanning the image, amplifying point after 
point, and synthesizing the picture by means of an electronic 
instrument, such as a cathode-ray tube (Moon’). 

The new method makes use of an electric discharge, similar to 
the one in a proportional or Geiger counter, which is triggered off 
by incident radiation and which acts upon a photographic emul- 
sion. For this purpose a photographic film or plate is fastened to 
one of the plates of a plane parallel counter, the counter is filled 
with a gas and a quenching agent, and a voltage is applied. Any 
incident radiation triggers an electric discharge pulse in the 
counter which, under appropriate experimental conditions, has 
been found to be highly localized (does not spread laterally) and 
gives rise to a picture point in the photographic emulsion. The 
localization of the discharge permits a relatively high resolving 
power in the resulting picture. The number of individual discharge 
pulses produced is proportional to the number of incident quanta, 
and the photographic density increases with the number of dis- 
charges at any picture point. 

Preliminary experiments were carried out in the following way : 
Magnesium plates served as electrodes, and a photographic paper 
(Kodabromide) was cemented upon one of these electrodes. The 
counter was filled with an air-ether mixture; the distance between 
the photographic emulsion and the other electrode (thickness of 
the gas layer) was of the order of 0.1 mm. The applied voltage 
was 1100 volts. When exposed with x-rays an increase of photo- 
graphic density of the order of 100 was obtained, as compared to 
pictures obtained with the same arrangement but without the 
application of a voltage. Control experiments indicated that the 
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Fic. 1. (a) Schematic diagram of set-up. (b) Result: Radiograph of a 
wire screen and a lock washer; Kodabromide paper FS; distance emulsion- 
upper electrode, 0.1 mm; voltage, 1200 volts; air-ethyl-ether mixture; 
distance focus-film, 16.5 cm; x-ray machine adjusted to approx. 1 r/hr; 
2-min exposure time. 


effect was not due to secondary radiation from the electrodes or 
the effects of electric currents in the emulsion. 

A reproduction of a picture thus obtained is shown in Fig. 1. 
The photographic emulsion can be replaced, of course, by other 
discharge sensitive media, for instance, phosphorescent or fluores- 
cent materials or any other material that responds to the dis- 
charge. 


* tty iy sponsored by the U. S. Office of Naval Research. 
R. J. Moon, Science 112, 389 (1950). 





Sparking Potentials between Separating Contacts 


C. W. KLee anv H. E. Stauss 
Naval Research Laboratory, Washington, D. C. 
(Received December 31, 1952) 


HE spark across a short gap between stationary electrodes 
has been studied by several observers.':? The results indicate 
the existence of a minimum sparking potential below which the 
voltage will not fall as the gap is decreased. This potential is about 
300 volts in air and occurs at a critical spark length of about 
0.01 mm at atmospheric pressure. At gap lengths smaller than 
this, the spark potential remains constant at its minimum value 
if a longer, alternative path of discharge is available.* At gap 
lengths larger than the critical value, the relationship between 
spark potential and separation is approximately that of a straight 
line with a slope of 69 000 volts/cm for gaps up to about 0.01 cm. 
For gaps larger than 0.01 cm the slope becomes less.* 

The short length spark constitutes a part of the voltage 
transients that: occur in some circuits when an electric current is 
interrupted by the separation of switch contacts, but the gap 
length-sparking potential relationship has not been investigated 
until now. A type of voltage transient which has been observed‘ 
with inductive circuits contains a rapid succession of sparks, 
each corresponding to a different gap length. One such transient 
taken by Berg and Stauss* is shown in Fig. 1. It is the purpose of 
the present study to interpret this transient in order to show the 
gap length-sparking potential relationship and its comparison 
with results found from the usual studies of breakdown. The 
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Fic. Strikeover transient between separating iron contacts, together 


with 3 phototube trace of contact separation and phototube calibration 
mar 


transient was obtained by interrupting a direct current of 0.0 
ampere in a series RL circuit of 150 ohms and 9 henries. An in- 
herent capacity of the circuit of 6 10~* farad shunted the switch. 
The contacts were crossed cylinders of cp iron, ;s inch in diameter, 
operated in the open air. 

A method of evaluating instantaneous contact separation by 
means of a phototube has been reported,’ and gap length can be 
related with sparking potential. Use has been made of Fig. 1 to 
secure the relationship for this one case. The photograph contains 
the transient, the phototube trace (whose vertical deflection is 
characteristic of the gap length at any instant of time), and 
calibration marks. The results of this analysis are shown by 
curve C in Fig. 2; the results of Earhart! and of Holm,? both of 
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Fic. 2. Electrical breakdown in air at atmospheric pressure—A between 
stationary electrodes (Earhart), B between stationary electrodes (Holm), 
between separating switch contacts. 


whom worked with stationary electrodes, are shown for com- 
parison as curves A and B. 

The initial spark occurred at 284 volts, at a contact separation 
too small to be determined, and appears in Fig. 2 as the first 
plotted point of curve C. This value is in agreement with the 
reported minimum sparking potential. Holm* has shown the same 
to be true for initial sparks in similar transients photographed by 
Curtis. The low spark potentials found by Earhart for very small 
values of separation are presumably due to field emission.* The 
range of contact separations in which sparking occurred extended 
up to 0.266 mm, and the spark potentials steadily increased 
through this range up to 1390 volts in the manner shown by 
curve C. It is not known whether the differences that exist between 
curve C and curves A and B are significant. However, comparison 
of the curves shows that the spark potentials reported here for 
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ANNOUNCEMENTS 


separating switch contacts essentially follow the previously de- 
termined relationships for sparking. 


1R. F. Earhart, Phil. Mag. 1, 147 (1901). 

*Ragnar Holm, Electric Contacts (Almqvist and Wiksells, Stockholm, 
Sweden, 1946), pp. 256-257. 

3J. J. Thomson and G. P. Thomson, Conduction of Electricity ae 
Gases (Cambridge University Press, Cambridge, 1933), Vol. 2, p. 478 

M. Curtis, Trans. Am. Inst. Elec. Engrs. 59, 360 (1 940). 

‘F Fe. Martin and H. E. Stauss, Trans. Am. Inst. Elec. Engrs. 70, 304 
1951 

40. E. Berg and H. E. Stauss, unpublished work (1950). 

70. E. Berg and H. E. Stauss, Rev. Sci. Instr. 22, 153 (1951). 

tJ. J. Thomson and G. P. Thomson, Conduction of Electricity ao 
Gases (Cambridge University Press, Cambridge, 1933), Vol. 2, p. 493 





Temperature Rise in a Heat-Producing Solid 
behind a Surface Defect 


C. J. TRANTER 
Military College of Science, Shrivenham, England 
(Received January 5, 1953) 


N a recent paper published under the above title in the 

Journal of Applied Physics [23, 1191 (1952) ], W. Karush and 
G. Young consider the semi-infinite solid z>0 in which heat is 
being produced and is leaving the solid though the boundary 
:=0 at a constant rate g per unit area. The temperature field is 
disturbed by introducing an insulating region at the boundary 
and the steady-state increment temperature T is found when the 
insulating region is (a) an infinite strip and (b) the interior of a 
circle. In case (a) the solution is obtained by conformal mapping, 
and using this solution, case (b) is solved by analogy. 

An alternative method of solution is to make use of the known 
solution of a pair of dual integral equations. Karush and Young 
suggest in a footnote to their paper that this alternative method is 
applicable only to case (b), and I give below the solution to case 
(a) on these lines. 

Let the insulating strip be given by —a<x<a, —~<y<o@ 
and let & be the thermal conductivity of the solid. Then T(z, 2) is 
harmonic in the domain — © <x< «©, 0<z, approaches zero for 
large positive z, and when z=0, 

oT 
6 for T=0 for 


xt<a?, x?>a?. (1) 


Taking 
T(x, 2) = : f(b) cos(tx)e~ “dt, (2) 
all the conditions are satisfied if 
k  ¢ tf(t) cos(tx)dt=g for x*<a?, 
[% f(t) cos(tx)dt=0 for x*>a?. as 


Writing X =x/a, T= at, cos(tx) = (wtx/2)4J_,(tx), Eqs. (3) become 


t ri(2)srmar=(2)' for X?<1, 
ta ri(7)rrxar=0 for 


The solution of these dual integral equations is given by Titch- 


marsh! as 
_ (2T)* fa 1 (2) ga* = ptdp 
n(7)- (xe wJo(uT du I, x] kp (1—p*)? 
T 2 d, 
(7)=2 2 ga? TJ, wolut dn f° 7a 


ga? JT) 
k Jo k 2 


(4) 
X*>1. 
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Since T=at, this gives 
Jy(at 
f= e. 1( oe, 
as found by Karush and Young. 


1E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals 
(Oxford University Press, London, 1937), pp. 337-339. 





Erratum: On the Use of the Joule-Thomson Effect 
to Measure the Work Equivalent of Heat 
Thermodynamic Theory 


[J. Appl. Phys. 23, 1119-1121 (1953)] 


Joun R. RoEBuCcK 
The University of Wisconsin, Madison, Wisconsin 


Equation (6) page 1121 of the above article should have 


read 
Let I Ge) -jeeele 





Announcements 








Nonlinear Circuit Analysis is the topic of an international 
symposium to be held on April 23 and 24, 1953, at the Engi- 
neering Societies Building Auditorium (33 West 39 Street) 
in New York City. This symposium, organized by the Poly- 
technic Institute of Brooklyn with the cooperation of the 
Institute of Radio Engineers Professional Group on Circuit 
Theory and with the co-sponsorship of the U. S. Office of 
Naval Research, Air Research and Development Command, 
and the Signal Corps, will be of particular interest to those 
working in the field of nonlinear systems. It is intended to 
cover the basic exposition of nonlinear phenomena and the 
fundamental mathematical methods of analysis as well as 
illustrative applications to nonlinear electronic circuits, mag- 
netic circuits, feedback systems, and feedback control systems. 
American and European authorities, who have made original 
contributions to the art, will participate. 

No registration fee will be charged for admission to the 
Symposium. Proceedings of the Symposium on Nonlinear 
Circuit Analysis will be published by October, 1953, at a 
cost of four dollars ($4.00) per copy. Members of the Institute 
of Radio Engineers Professional Group on Circuit Theory 
may obtain copies at three dollars ($3.00) per copy. Orders 
for the Proceedings, accompanied by check or money order 
made out to “Treasurer, Nonlinear Symposium,” will be 
accepted in advance. Copies of the detailed program, hotel 
accommodation information, and registration forms are avail- 
able on request. All correspondence should be addressed to 
Polytechnic Institute of Brooklyn, Microwave Research Insti- 
tute, 55 Johnson Street, Brooklyn 1, New York. 


The American Association of Spectrographers will hold a 
symposium on “Emission Spectroscopic Determination of 
Metals in Non-Metallic Samples” in Chicago, May 1, 1953. 
Contributed papers in the fields of petroleum, geology, agri- 
culture, pharmacy, biology, and ceramics are invited. Inquiries 
should be addressed to J. P. Pagliassotti, Standard Oil Com- 
pany (Indiana), Box 431, Whiting, Indiana. 
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The Third Conference on High-Frequency Measurements 
was held in Washington on January 14-16, 1953, under the 
joint sponsorship of the American Institute of Electrical 
Engineers, the Institute of Radio Engineers, and the National 
Bureau of Standards. ; 


The first meeting of the Western Computer Conference 
was held in Los Angeles, February 4, 5, and 6, 1953. It was 
sponsored by the joint Computer Conference Committee of 
the Institute of Radio Engineers (IRE) and the American 
Institute of Electrical Engineers (AIEE). 


The American Society for Metals has established a visiting 
lectureship program. The society will defray the expenses of 
visiting scientific lecturers for a maximum of four days at a 
given university, and local chapters will cooperate in organiz- 
ing the lecture or seminar course. Only one program may be 
secured by a university during any single school year. Requests 
for application blanks should be addressed to the executive 
offices of the society, 7301 Euclid Avenue, Cleveland 3, Ohio. 


Consolidated Engineering Corporation announces the fol- 
lowing appointments: Dr. Paul Brock as Engineering Mathe- 
matician; Dr. Wilson S. Brubaker as Senior Physicist; Mr. 
Gardner P. Wilson in charge of the Mass Spectrometer Group. 

The Department of Defense has named Dr. Robert W. 
Cairns, assistant director for the Hercules Powder Company, 
Wilmington, Delaware, as one of the two vice-chairmen of 
the Research and Development Board; Lewis M. Clement as 
chairman of a recently formed Advisory Group on Reliability 
of Electronic Equipment; Dr. Richard A. Kern of Philadelphia 
as chairman of the Panel on Shipboard and Submarine Medi- 
cine; Dr. Charles M. Mottley as Director of the Planning 
Division; Henry Randall as executive director of the RDB 
Committee on Electronics; Allen E. Puckett, head of the 
Aerodynamics Section of the Hughes Aircraft Company, has 
been appointed to the Committee on Guided Missiles; James 
C. Starks, on leave from the Sandia Corporation, Albuquerque, 
New Mexico, has been named executive director of the RDB 
Committee on Atomic Energy. 

Dr. Charles A. Domenicali, a former associate professor 
at Alfred University, has joined the technical staff of the Solid 
State Physics Division at Franklin Institute Laboratories, 
Philadelphia. 


Dr. Raymond H. Hartigan is now Assistant Director of 
Research at the Mellon Institute of Industrial Research, 
University of Pittsburgh. 

Wayne H. Keller has been appointed director of the Chem- 
istry Department at National Research Corporation. 

Dr. James H. McMillen has joined 'the staff of the National 
Science Foundation as a member of the physics staff of the 
Division of Mathematical, Physical and Engineering Sciences. 


ANNOUNCEMENTS 


Dr. William E. Taylor has been appointed to Research: 
Physicist in charge of the Phoenix Arizona Motorola Research 
Laboratory transistor and semiconductor research. 


Stackpole Carbon Company, St. Marys, Pennsylvania hag 
announced the following appointments: L. D. Andrews, direc. 
tor of research and engineering on magnetic materials; Henry 
M. Dressel, director of research and engineering for the firm's 
electronic components division; E. F. Kiefer, director of 
research and engineering on carbon products; Dr. E. 
Shobert, manager of carbon research and engineering; F. X, 
Sorg, director of research and engineering on fixed resisto 


At the University of Denver Institute of Industrial Re 
search, Dr. A. Raymond Jordan has been named associat 
research physicist. Dr. Robert Fisher has also joined the staff. 
He formerly did research work at the Oak Ridge Institute ¢ 
Nuclear Studies and the University of Texas. 


Dr. James G. Baxter has been appointed assistant director} 
of research at Eastman Kodak Company’s Distillation Prod- 
ucts Industries Division. 


Formation of a physical sciences council at Brown Unie 
versity, to be headed by Professor William Prager, has been 
announced. 

Professor Erastus H. Lee will replace Dr. Prager as chair-7 
man of the graduate division of applied mathematics, while 
Professor Daniel C. Drucker will replace Professor John H. 
Marchant as chairman of the division of engineering. Dr, 
Marchant is going on sabbatical leave for study at the Tech- 
nische Hochschule in Zurich. 

Working with Dr. Prager, the chairman, on the council 
will be Dr. Lee, Dr. Drucker, Professor Rohn Truell, Dr. 
Robert H. Cole, chairman of the department of chemistry; 
Dr. Donald F. Hornig, director of the Metcalf research labora- 
tory and associate dean of the graduate school; Dr. Harry E. 
Farnsworth, professor of physics, and Dr. R. Bruce Lindsay, 
Hazard professor of physics and physics department chairman. | 

Dr. Truell, in addition to his present capacity as director 
of research for the graduate school of applied mathematics, 
will take on the duties of director of research for the depart- 
ment of engineering. 


New England Radio Engineering Meeting (NEREM), 
sponsored by the North Atlantic Region of the Institute of 
Radio Engineers, to be held Saturday, April 11, 1953, at the 
University of Connecticut, Storrs, Connecticut. If interested, | 
please get in touch with B. R. Kamens, c/o Robert A. Waters, 
Inc., 1150 Whalley Avenue, New Haven, Connecticut. 





